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Preface

The subject of the geometry of the Laplace operator has undergone a
veritable explosion in the past fifteen years, characterized by a dizzying
wealth and variety of subject matter and techniques. The only systematic
treatment available, with a Riemannian geometric viewpoint, is the lec-
ture-notes volume by Berger—Gauduchon—Mazet [1], which appeared in
1970. It therefore seemed to me, ten years later, that an updated introduc-
tion would be most desirable.

The basic goals of the book are: (i) to introduce the subject to those
interested in discovering it, (ii) to coherently present a number of basic
techniques and resuits, currently used in the subject, to those working in
it, and (iii) to present some of the results that are attractive in their own
right, and which lend themselves to a presentation not overburdened with
technical machinery.

I have made no attempt to give an exhaustive definitive account of the
subject with a grand overview—in fact, I have resisted any temptation to
do so. More particularly, I have restricted the subject matter to the La-
placian acting on functions (except for an appendix, graciously contrib-
uted by J. Dodziuk, on the Laplacian on forms), to questions concerning
eigenvalues of the Laplacian for compact manifolds and domains with
compact closure, and to the study of the associated questions concerning
the heat equation. (The study of the heat equation for noncompact mani-
folds was viewed as a natural extension and application of the study of
Dirichlet heat kernels of domains with compact closure.) Even in this
area, I did not present, fully, all the topics deserving a detailed presenta-
tion. In some cases I settled for remarks on the results and, in others, for
references (e.g., the inequalities of Hayman and Osserman relating the
inradius of a domain to its lowest Dirichlet eigenvalue). In still other
instances, I simply relied on the bibliography to put the reader on the
track to related topics.

1 also add that there is no overarching philosophy, nor big questions
point-of-view, to my presentation. The hallmark of the subject, to my
mind, is the lively and variegated interaction of the fields of topology and

Xi



Xii Preface

Riemannian geometry with the fields of partial differential equations,
probability, and number theory; and it is precisely this quality that I have
tried to capture in these pages.

The first chapter introduces the Laplacian or, more precisely, the La-
place—Beltrami operator, acting on functions on Riemannian manifolds,
summarizes the basic facts of the existence of eigenvalues, and their
associated Weyl formulas, and then presents the classical Rayleigh char-
acterization of eigenvalues, followed by the max—min method.

The second chapter gives a discussion of the basic examples, emphasiz-
ing, in some detail, the Dirichlet and Neumann eigenvalues of geodesic
disks in simply connected constant curvature space forms. The third
chapter then develops the comparison arguments with which to estimate
the lowest Dirichlet eigenvalue of a geodesic disk in a Riemannian mani-
fold in terms of the corresponding eigenvalue in a constant curvature
space form, the constant in question being an upper or lower bound of the
sectional curvatures of the geodesic disk of the original manifold. These
estimates are then applied to derive the theorems of Obata and Topo-
gonov. A summary of information about the exponential map, Jacobi
fields, and geodesic spherical coordinates is presented in the beginning of
Chapter I11.

Chapters IV and V are devoted to isoperimetric inequalitics. We start
with the celebrated Faber—Krahn solution to the Rayleigh conjecture and
with a number of variations of the argument. Then we discuss the Cheeger
and isoperimetric constants and their effect on estimating eigenvalues and
eigenfunctions. Chapter V is devoted to estimating the Cheeger and iso-
perimetric constants in terms of Riemannian data of the underlying mani-
fold. It starts with the contributions of M. Berger and J. L. Kazdan
toward the solution of the Blaschke conjecture, which are then applied,
by arguments of C. B. Croke, to the estimation of the Cheeger and isoper-
imetric constants.

In Chapters VI-IX we focus on the heat equation. We give the exist-
ence theorems for eigenvalues (of the closed and Dirichlet eigenvalue
problems) and the convergence of temperature distributions (for large
times) to steady state, following the arguments of A. N. Milgram and P.
C. Rosenbloom, which, in turn, require the existence of the heat kernel,
for which we use the construction of S. Minakshisundaram. (The advan-
tage of this approach is that the most advanced spectral theorem required
is the one for compact operators on Hilbert space.) Also included are the
Wey! formulas for these two eigenvalue problems. We then study the heat
kernel on noncompact Riemannian manifolds, starting with the unique-
ness and existence theorems of J. Dodziuk, followed by the comparison
theorems of J. Cheeger and S. T. Yau, and concluding with the estimates
of J. Cheeger, M. Gromov, and M. Taylor.
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In Chapter IX we present the work of E. A. Feldman and myself on
topological perturbations of the underlying manifold with negligible spec-
tral effects. Besides my obvious interest in these questions, 1 consider
these results quite suitable for the book, as they draw on much of the
earlier material, and as they provide an appropriate context for introduc-
ing considerations of Brownian motion to the study of the heat kernel and,
thereby, the study of eigenvalues.

The next two chapters study compact surfaces of constant negative
curvature. In Chapter X we study the interaction of the geometry-topol-
ogy of the surface with low eigenvalues, using the arguments of P. Buser,
B. Randol, and S. Wolpert-R. Schoen-S. T. Yau. These arguments re-
quire only Chapters I-IV. (In fact, one might construct a convenient
introductory short-course from Chapters -V followed by Sections 1, 3,
and 4 of Chapter X.) The whole chapter contrasts sharply with the elegant
and powerful theory of the Selberg trace formula, presented in Chapter XI
by B. Randol. One enters, here, to a completely fresh enterprise revealing
a development of the subject of eigenvalues along totally different lines
from those featured earlier in the book.

The final chapter is what the title says it is: Miscellanea—those matters
that did not fit smoothly into the flow of the text, but which I did not want
to exclude. The Appendix is an essay, by J. Dodziuk, summarizing some
of the basic features of the theory of the Laplacian on forms—most nota-
bly, the heat equation approach to index theorems.

The bibliography is far from complete, but I think that it is sufficiently
serviceable to the reader wishing to continue exploring the subject. I only
hope that there are no gross injustices in the inclusion—exclusion of refer-
ences, and in the attribution of results.

To my knowledge, earlier surveys and collections of articles are as
follows: (i) Volumes 16(1970), 23(1973), 27(1975), and 36(1980), of the
Proceedings of American Mathematical Society Symposia in Pure Mathe-
matics, with Volume 36 completely devoted to the geometry of the La-
place operator. (ii) The books Polya-Szego [1], Bandle 1], and the survey
articles of Payne [1] and Osserman [3; 4], on isoperimetric inequalities.
(iii) The articles of M. Berger in Volumes 16 and 27 of the above AMS
Proceedings, the survey articles of Simon-Wissner [1], Li [4], the lecture-
notes Berger—Gauduchon-Mazet [1], the bibliography Bérard—-Berger
[1], and the broad survey article of S. T. Yau [3] on partial differential
equations in differential geometry.

It is a pleasure to thank the geometers and analysts of the doctoral
faculty of the City University of New York for their extended help and
discussions since I came to C.U.N.Y. in 1970—J. Dodziuk, E. A. Feld-
man, S. Kaplan, B. Randol, and R. Sacksteder. A special thanks goes to
J. Dodziuk for his appendix on the Laplacian on forms.
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I am especially grateful to B. Randol for his chapter on the Selberg
trace formula and am proud that his essay is included in this book.

And, finally, I am delighted to acknowledge my debt to Edgar A. Feld-
man, with whom 1 have worked on this subject for more years than it is
wise to announce. There is hardly a worthwhile insight that I brought to
the pages of this book in which he does not have a major share.

Riverdale, New York Isaac CHAVEL
July 1984



CHAPTERI

The Laplacian

In this chapter we present the basic definitions and facts to be used in the
subsequent chapters. Few proofs are presented here-—our main interest is in
the interplay between the eigenvalues of the Laplacian and the global
geometric invariants of the underlying manifold, and we wish to get to this
topic as quickly as possible. Thus, for example, we shall consider the heat
equation later, in some detail, and content ourselves in Section 4 with the
formal calculation connecting the phenomena of eigenvalues and diffusion.
Only in Section 5 do we start sketching the arguments. Nearly all the
background material is available in the book references. (We note that the
max—min arguments are based on the classic: Courant—Hilbert [1, Vol. I,
Chap. VI].)

1. DEFINITIONS AND PRELIMINARIES

We let M be an n-dimensional, n > 1, connected, C®, Riemannian
manifold. Should M have a boundary dM, we shall assume that M is
oriented, and that (unless otherwise noted) M is also C*.

For each point p € M, the tangent space to M at p will be denoted by M,;
and the tangent bundle, that is, the union of all the tangent spaces of M
endowed with its natural differentiable structure, will be denoted by TM.

We denote the real numbers by R. For any differentiable mapping of an
interval of R into any manifold, differentiation with respect to the inde-
pendent variable in R is denoted by a prime. Mappings from intervals of R
into manifolds are usually referred to as paths.

Given p in our manifold M and a C! real-valued function f defined on a
neighborhood of p, then to each ¢ e M, is associated the directional
derivative of f at p in the direction £, denoted by &f, and defined by

(1) = o)),

1



2 I. The Laplacian

where o(t) is any path in M satisfying «(0) = p and ©'(0) = . The map
M, - R given by ¢ — £f is linear. For functions f, h onc has

) Ef+h) =& + &h,
(3 &(fh) = h(Ef) + f(Eh).

The Riemannian metric on M associates to each p € M an inner product
on M,, which we denote by ¢ , >. The associated norm will be denoted
by | |. The Riemannian metric is C* in the sense that if X, Y are C*® vector
fields on M, then (X,Y) is a C® real-valued function on M.

DEFINITION 1. Given a real-valued C* k > 1, function f on M, we
define the gradient of f, grad f, to be the vector field on M for which

(4) Cgrad f, &) = &f
forall e TM.

There is no question of the existence of grad f, since, as noted, the map
¢ &f is linear on each tangent space. The calculation below (cf. (22))
shows that grad f is a C*~ ! vector field. One has for functions f, h,

(5 grad(f + h) = grad f + grad h,
(6) grad(fh) = h(grad f) + f(grad h).

Whereas the differentiation of functions on a manifold is naturally
determined by the differentiable structure, the differentiation of vector fields,
on the other hand, is not naturally determined but involves the choice of a
connection, that is, a rule which associates to each pe M, { e M,, and C !
vector field X defined on a neighborhood of p, a vector V. X € M, satisfying

(7) VX +Y)=V,X + V.,
®) VfX) = (N X(p) + [PV X,

where X,Y are C! vector fields, and f is a C* real-valued function, all
defined on a neighborhood of p. It is required that V, X be linear in { € M,
and that for X,Y e C* we have that V, Y is a C® vector field. The vector
V: X is traditionally referred to as the covariant derivative of X with respect
to €.

The Riemannian metric on M does determine a unique connection, called
the Levi-Civita connection, when one adds the requirements

©) WY -V X =[X,Y],



1. Definitions and Preliminaries 3

where [ , ] is the Lie bracket of the indicated vector fields, and
(10) XYY =<V X, Y) + (X, V;Y),
for all C! vector fields X,Y on M, and ¢ € TM.

DEFINITION 2. Given a C¥ k > 1, vector field X on M, define the real-
valued function the divergence of X, div X, by

(11) (div X)(p) = trace(¢ — V: X),

where £ ranges over M,,.

The divergence of X is a C*~! function on M; and for the function f, and
vector fields X, Y on M, we have

(12) div(X + Y) = div X + divY,
(13) div(fX) = f(div X) + {gradf, X).
DEFINITION 3. For any C* k > 2, function f on M we define the
function the Laplacian of f, Af, by
(14) Af = div(grad f).

One has that Af € C*~2; and for functions f, h we have

(15) A(f + h) = Af + Ah,
(16) div(h(grad f)) = h(Af) + (grad h, grad [,
a7n A(fh) = W(Af) + 2{grad f, grad h> + f(Ah).

We now calculate the expressions of the above operators in local
coordinates. Let U be an open set in M, and x: U — R" a diffeomorphism of
U into R" that is, a chart on M. Then associated to the chart are n
coordinate vector fields, written as d/0x’ or as dj,j=1,...,n. The direc-
tional derivative determined by 0; satisfies

(18) @Ap)S = (8(f = x™ 1)/ox))(x(p)),

where p is any point in U and f is any differentiable function defined on a
neighborhood of p. For each p € U, the vectors {0,(p), .. ., 3,(p)} span M,.
Therefore, for

n

(19) &= Y o,

i=1



4 I. The Laplacian

and f e C, we have

(20) & =388,/
J
For the given Riemannian metric, define
= {8;, 0, G =(gy),
( 21 ) g Jjk J k> (g _]k)
g = det G, G '= (951

where j, k = 1, ..., n, and (henceforth) det denotes the determinant. Then

25’6 f= Z &gug* o f <¢‘ Z(g"’ 0:1), >
for all ¢£. From (4) and (20) we have
(22) grad f = kZ;(gm 0, f) 0.

To calculate the divergence, one certainly has n* functions I,
i,j,k =1, ..., n known as Christoffel symbols, determined by

(23) Vs, 0 = Y 50,
on U. Thus for ¢ given by (19) and X given by
(24) X =Y n'o;,
j
we have, using (7) and (8),
(25) VX = ;‘é’{ﬁjn" + ;n' E‘,‘}ék
J»
Therefore

(26) divX=Z{ n’+Zn ,,},

so it remains to give an explicit calculation of [}
Recall that if X is given by (24) and Y is given by

(27 Y =) o;,
i
then

(28) [X, Y] = {n'9;0* — {'0;1*} 6,
ik



2. Green's Formulas 5

One immediately has, by setting X = 0, and Y = ,, that (9) is equivalent
to

(29) I, =T}
forall j,k,l=1,..., n If one also sets £ = ¢, then (10) becomes
(30) 0igjn = 2{1"}.-9& +gu T,
from which one deduces, with (29), by a standard argument,
(31 L= %;g"’{aigz,- + 0,94 — 09:}
In particular, we have, by (26) and (31),
divX = Z{@;ni + njg %g"'éjg&}
j ,
= S {9, + b1/ tr(G™18;G)}
j

= 2 {0;n" + in'd(In g)}

J
= (1/\/9) T 94n'/9),
that is,
(32) dix X = (1/3/9) Y 34n'\/9).

In the above calculation we have let tr denote the trace, d;G the matrix
obtained from G by differentiating each of the entries with respect to the jth
coordinate. To go from the second line to the third, one uses the standard
formula for differentiating determinants.

Finally, (22) and (32) combine to imply

(33) Af = (I/9) T 849™/9 80 1).

2. GREEN’S FORMULAS

M is our given Riemannian manifold. With the Riemann metric is
associated an integration theory in which (i) the function f is measurable if,
for every chart x: U — R" on M, f o x~! is measurable on the image of U in
R", (ii) for every covering {x,: U, — R": o € I}, where I is some set, of M by
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charts with subordinate partition of unity {¢,:a €I}, the Riemannian
measure on M is given by the density
(34) av = Z¢a Ga dx: "'dx:,

where dx. - - - dx© is the density of Lebesgue measure on x,(U,) < R" and g,
is the determinant defined in (21) for the chart x,: U, — R". The point is that

the density \/5 dx! ... dx" on the domain U is independent of the mapping
function x. The partition of unity is then the device with which the measure
is defined globally on M.

Formula (32) admits the following interpretation: Given the vector field
X on M, let {®,} denote the induced flow on M. Fix any compact set K in

M, and set
u(t) = f dv.
®,(K)
Then standard calculation shows that
v'(0) = f (div X) dV.
K

Thus div X measures the infinitesimal distortion of volume by the flow
generated by X.

DIVERGENCE THEOREM (I). If X is a C! vector field on M with
compact support, then

(35) f (divX)dV = 0.

GREEN’S FORMULAS (I). Let h e C!, f € C? be functions on M such
that h(grad f) has compact support. Then

(36) f (hAf + (grad h, grad f3}dV = 0.
M
If we also assume that h € C? and both f, h have compact support, then

(37) J.M{hAf — fAh}dV = 0.

To derive Green’s formula from the divergence theorem, one simply lets
X = higrad f) and substitutes (16) into (35). Equation (37) follows easily
from (36).



3. Basic Facts for Eigenvalue Problems 7
Now assume that M has boundary 0M, with induced Riemannian metric

and measure, the density of the measure being denoted by dA. Let v denote
the outward unit normal vector field on oM.

DIVERGENCE THEOREM (I1). Let X be a vector field which is C! on
M and with compact support on M. Then

(38) fM(div X)dv =f {(X,v)dA.
oM

GREEN’S FORMULAS (II). Let he C'(M), f e C*M) such that
h(grad f) has compact support on M. Then

(39 IM {hAf + (grad h,grad f>} dV = h(vf)dA.

oM

If we also have h € C%(M) and both f, h have compact support on M, then

(40) fM{hAf ~ fAR} YV = | (hOf) - fOR)} dA.

3. BASIC FACTS FOR EIGENVALUE
PROBLEMS

We let I*(M) be the space of measurable functions f on M for which
f IfI?dV < + 0.
M
On I*(M) we have the usual inner product, and induced norm, given by

(41) (/. ) =j fhav,  1f1? =40

for f, h e I2(M). With the inner product, I*(M) is a Hilbert space.
Our fundamental interest is in the following eigenvalue problems.

Closed eigenvalue problem: Let M be compact, connected. Find all real
numbers A for which there exists a nontrivial solution ¢ € C*(M) to

42) Ap + 19 =0.
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Neumann eigenvalue problem: For 0M # ¢, M compact and connected,
find all real numbers 4 for which there exists a nontrivial solution
¢ € C¥(M) n CY(M) to (42), satisfying the boundary condition

43) v =0

on 0M (recall: v is the outward unit normal vector field on dM).

Dirichlet eigenvalue problem: For oM # @f, M compact and connected,
find all real numbers A for which there exists a nontrivial solution
¢ € CHM) n CO%M) to (42), satisfying the boundary condition

44) ¢$=0
on oM.

Mixed eigenvalue problem: For M # &, M compact and connected, N
an open submanifold of dM, find all real numbers A for which there exists a
nontrivial solution ¢ € C3(M) n CY{M u N) n C%(M) to (42), satisfying
the boundary conditions

45) ¢=0 on OM — N, vp =0 on N.

The desired numbers 4 are referred to as eigenvalues of A, and the vector
space of solutions of (42) for a given eigenvalue 4 [eq. (42) is linear in ¢}, its
eigenspace. The elements of each eigenspace are called eigenfunctions.

THEOREM 1. For each one of the above eigenvalue problems, the set of
eigenvalues consists of a sequence

0<, <1, < 1+,

and each associated eigenspace is finite dimensional. Eigenspaces belonging
to distinct eigenvalues are orthogonal in (M), and I*(M) is the direct sum
of all the eigenspaces. Furthermore, each eigenfunction is C* on M.

We first note that as soon as we know that the eigenfunction
¢ € CY(M) n CY(M), then its eigenvalue A must be nonnegative. Indeed one
sets f = h = ¢ and applies the appropriate Green formula [viz., (36) or
{39)] to obtain

(46) A=) j lgrad $I2 dV > 0.
M
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From (46) one has that A = 0 implies ¢ is a constant function. Therefore
in the closed and Neumann eigenvalue problems we have 1, = 0, and in the
Dirichlet and mixed (N # dM) problems we have 1, > 0.

We also note that the orthogonality of distinct eigenspaces is a direct
consequence of the Green formulas (37) and (40). Indeed, let ¢,y be
eigenfunctions of the respective eigenvalues 4, 7. Then

0=f{¢Aw—wAmuV=wi—rd'¢de
M M

and the remark follows.
We refer to the dimension of each eigenspace as the multiplicity of the
eigenvalue. It will also be convenient to (henceforth) list the eigenvalues as

O<A =<1+

with each eigenvalue repeated according to its multiplicity.

If ¢, d,,...is an orthonormal sequence (in I?(M)) of eigenfunctions so
that ¢ is an eigenfunction of 4; for each j = 1,2,..., then ¢;,¢,,...is a
complete orthonormal sequence of IZ(M). In particular, for f € [2(M) we
have

@) 1= T U84
in I2(M), and
“9) 111 = 3 (4"

These last two formulas are referred to as Parseval identities.

Weyl’s asymptotic formula (Weyl [1]): In each of the above eigenvalue
problems, let N(A) be the number of eigenvalues, counted with multiplicity,
<A. Then

(49) N(%) ~ o, (vol M)i"?/2x)"

as A — + o0, where ®, is the volume of the unit disk in R" and vol M is
(henceforth) the volume of M. In particular,

(50) (A" ~ {2n)"/od,} kjvol M

as k - +00.
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For now, we just consider Weyl’s formula when n = 1. R will have its
usual Riemannian structure, and, for the boundary value eigenvalue prob-
Jems, we will have M equal to some compact interval, say, [0, L]. For any
function fon M = [0,L], Af = f", and Eq. (42) is

(51) ¢" + A¢p = 0.

If we consider the Dirichlet eigenvalue problem on [0, L] then the as-
sociated boundary condition is

(52) #(0) = ¢(L) = 0,
from which one has, fork = 1,2,...,

(53) dx) = /2/L sin(zkx/L)
and

(54) Ay = {mk/L)%

Thus we obtain equality in the Weyl formula for all k.
For the Neumann eigenvalue problem the boundary conditions are

(55) ¢'(0) = ¢'(L) =0,
from which one has
(56) A = (n(k ~ 1)/L)?,

and the Weyl formula is again satisfied.
In the case of the mixed eigenvalue problem one has boundary conditions

(57) $'(0) = ¢(L) =0

or

(58) #(0) = ¢'(L) = 0,
and

(59) A = (n(k — 3)/L)*.

Weyl’s formula follows immediately.
Finally, if we set

(60) w(x) = (L/2m)e'*™k,

then w(R) is a circle in R? of length L, parametrized with respect to arc
length along the circle, and the eigenfunctions of the circle consist of the L-
periodic solutions of (51) (cf. Section IL.2 for more details). Thus

A’l = O,
Az = Aapsr = (27k/L)?,

forallk = 1,2,..., and Weyl's formula follows.

(61)



4. The Wave and Heat Equations 11
4. THE WAVE AND HEAT EQUATIONS

The Weyl formula is our first example of the relation between analytic
and geometric properties of the Riemannian manifold. At the same time, the
eigenvalues and their eigenfunctions arise from mathematical idealizations
of physical problems.

For example, if we think of M as a vibrating homogeneous membrane
with fixed boundary, then for “small oscillations™ the transverse vibration
would be given by a function v: M x (0, o0) — R satisfying the wave equation

(62) Av = (p/t)8%v/o13,

where p is the density and 7 the tension of the membrane, with boundary
condition

(63) v|0M x (0,0) = 0.
The search for solutions to (62) begins with functions of the form
(64) v(x, 1) = xx)T().

Should a solution to (62) of the form (64) exist, then one is immediately led
to the existence of a constant A for which

(65) T" + (J1/p)T = 0,
(66) Ay' + Ay =0, x|6M =0.

So 4 is a Dirichlet eigenvalue of M with eigenfunction y. From (46) we have
A > 0—of course, our physical intuition demands that the motion be
oscillatory with respect to time, and the only way to achieve it in (65) is to
have 1 > 0.

The general solution to (65) will be

(67) T(t) = A cos/At/p(t — B),

where A, § are arbitrary constants. The number ,/At/p/2x is the “pitch” of
the vibration and is that which our ears detect. The inverse proporfionality
of the pitch and length of the vibrating string with fixed endpoints, deduced
immediately from (54), was known to the Pythagoreans.

Since (62) is a linear equation, any finite linear combination of solutions
of the form (64) is again a solution. We therefore consider the formal
solution

vix, 1) = Z Ay ddx) COS./ AT/p(t — B,
K=1

where A4, < 4, < --- are the Dirichlet eigenvalues of M, ¢y, ¢,,... a com-

plete orthonormal sequence in (M) with ¢, an eigenfunction of 4, for each
k, and A,, i, are arbitrary constants.
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Assume that at time ¢t = 0 we have
(68) v(x,0) = f(x), (0v/o1)(x,0) = 0,

where f is some given function on M, that is, we are thinking of the
membrane as deformed to a given position and then released (without being
pushed) at time t = 0. The second condition of (68) implies v can be written
as

o0

vx, 1) = Y A, ddx) cos/ 4 T/pt,

k=

which implies

16 = 3 At

and by (47) we have
A = (£, b
that is,
(69) ) = [ wlx,300) V)
M
where
(70) wix,p, 1) = 3 &(x)d(y) cos\/A,T/pt.
k=1

Similarly, if we think of heat diffusing through the homogeneous
medium M with insulated boundary, then the temperature function
u: M x [0, 0) - R satisfies, after suitable normalization of the physical
constants, the heat equation

(71) Au = dujot
with boundary condition
(72) vyu=20

on all of M x (0, «0). Again we seek solutions of the form
u(x, t) = y(x)T(0),
and are led to the equations
T + AT =0, Ay + Ax =0,
with boundary condition

vy =0 on oM.
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So 4 is a Neumann eigenvalue of M with eigenfunction y. T(t) is now of the
form

T(t) = Ae ™.
If we wish to find the temperature function under the assumption
ulx, 0) = f(x),

where f is a given function on M, then the above arguments lead to

(73) u(x, 1) = f px, 3, 010) AV,
M

where

(74) px, 3. 0) z e M dix) B).

i=1
In (74) the A;’s are Neumann eigenvalues with eigenfunctions ¢;.

We emphasize that the above are formal calculations with no pretense to
their validity. Also the choice of boundary conditions was predicated on
appeal to experience. Any of our four eigenvalue problems can be derived
with the exact same manipulations from a corresponding initial-boundary
(possibly empty) problem for the wave and heat equations.

5. RAYLEIGH AND MAX-MIN
METHODS

For continuous vector fields X, Y on M, we define the inner product
oy = vy,
M
with norm
(79) X1 = | 1x@ay,
M

and complete the resulting metric space to an I2-space, denoted by Z%(M).
As usual, #%(M) may be identified with those measurable vector fields X
{i.e., vector fields whose coefficient functions, in any chart, are measurable)
for which the integral in (75) is finite. The inner product and norm extend to
Z*(M)—and #*(M) is a Hilbert space.
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If we are given a C? function f on M, and a C! vector field X on M with
compact support, then (13) and (35) immediately imply
(grad f, X) = —(f, div X).

We now consider this formula for a broader range of functions.

DEFINITION 4. Given a function f e I(M) we say that Y € #*(M) is
a weak derivative of f if

¥, X) = —(/, div X)

for all C! vector fields X with compact support on M.

It is known that there is at most one such Y € ¥%(M), and we may
therefore write

Y = Grad f.

We shall let # (M) denote the subspace of I12(M) (referred to as the Sobolev
space) consisting of those functions in I*(M) possessing weak derivatives; on
# (M) we shall define the inner product

(£, h), = (f, h) + (Grad £, Grad h)

with associated norm

(76) IAI1E = 1£1* + (|Grad f||%
It is also known that (M) is the completion of

{f e C*(M): | flly < +oo}

in the metric induced by (76). Moreover, since dM (when nonempty) is C%,
we also have that C®(M) is dense in /(M) in the given metric.

On #(M) we consider the symmetric bilinear form, known as the
Dirichlet or energy integral, and given by

(77 D[ f, h] = (Grad f, Grad h)
for f, h € H#(M).

In what follows we shall be concerned with the validity of the formula
(78) (A, f) = —D[¢. f],

where ¢ is usually an eigenfunction in one of our eigenvalue problems, and
[ is in some subspace of #(M).

In the closed eigenvalue problem we have M compact (in particular
M = M) and (78) is certainly valid by (36) when ¢ € C*(M) and f € C*(M).
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Therefore, for a fixed ¢ € C*(M), formula (78) defines a linear functional F,
on C*(M) as a subspace of #(M), satisfying

IFo(f) < ligrad ¢l |lgrad f|| < llgrad ¢ [ f1l;-

So F, is a bounded linear functional on C*(M) < #(M) with norm
<|lgrad ¢||, and can be extended to a bounded linear functional on all of
H#(M). Thus (78) will be valid for ¢ € C*(M), f € #(M).

For the Neumann eigenvalue problem we start with the validity of (78) for
¢ € C*(M), satisfying v¢ =0 on oM, and f e C®(M)—the appropriate
Green formula is (39). Again one extends the validity of (78) to allow
f e #(M).

For the Dirichiet eigenvalue problem we proceed as follows: (78) is valid
for ¢ € C3(M), satisfying ¢ =0 on 0M, and f e C*(M) with compact
support—again by (39). The validity of (78) will now be extended to let f be
in the completion of C® functions, with compact support in M, in #(M).

For the mixed eigenvalue problem we obtain the validity of (78) when
¢ € C*(M) with ¢ =0 on M — N, v¢ =0 on N, and f is in the com-
pletion of functions in C*(M) compactly supportedin M U N.

We summarize the discussion:

DEFINITION 5. Given each of the above eigenvalue problems we
define the space of admissible functions H(M) to be #(M) in the case of
closed, and Neumann eigenvalue problems, the completion of C* functions
compactly supported on M in the case of the Dirichlet problem, and the
completion of the C* functions compactly supported on M U N in the
mixed problem.

Before proceeding, we comment that, in what follows, not all our
manifolds, with nonempty boundary, will have C® boundary. In some
situations we will require the discussion for when M is only piecewise C*,
namely, (i) when M is 2 nodal domain on a surface (cf. below), (ii) when M is
an n-dimensional rectangle in R" n > 2 (cf. Section 11.3), and (iii) when M is
a two-dimensional geodesic triangle (cf. Sections X.3 and 4). In all these
cases, the divergence theorem and resulting Green’s formulas are valid (with
appropriate formulation of the hypotheses) (see Whitney [1, p. 100]). All the
basic facts in Section 3 about solutions to the eigenvalue problems remain
unchanged except, of course, the differentiability of the solutions at the
singularity of the boundary. We also note, in this case, that the functions,
which are C* on M and the smooth part of M, are dense in #(M). To
distinguish between the cases when dM is C*, and when dM is possibly only
piecewise C*, we refer to connected M with compact closure and nonempty
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C* boundary as a regular domain, and to connected M with compact
closure and nonempty piecewise C* boundary as a normal domain.

RAYLEIGH’S THEOREM. We are given a normal domain with fixed
eigenvalue problem having the function space $(M), and eigenvalues

(79) A<l <

where each eigenvalue is repeated the number of times equal to its
multiplicity. Then for any f € (M), f # 0, we have

(80) A < DLLSI/ISI?

with equality if and only if f is an eigenfunction of 4,. If {¢, ¢,,...} is a
complete orthonormal basis of L*(M) such that ¢ is an eigenfunction of 4;
foreachj = 1,2,..., then for f € H(M), f # 0, satisfying

(81) fid)==fh-1)=0,
we have the inequality
(82) A < DLSSINSAN?

with equality if and only if f is an eigenfunction of 4,.

PRrROOF: The argument is based on our earlier considerations, namely, if
¢ is an eigenfunction, and f € H(M), then (78) is valid.
For any given f € H(M) set

o = (f ¢J)

For k > 1, (81) is equivalent to saying ¢; =---=0o,_, = 0. So for all
k=12...,andr =k k + 1,... we have

OSD[f— é:kaj@,f— 'Z;:kaj¢j:|

= DLAf1-2 % D1+ 3 suDld, 4]

hi=k

= DUA1+2 5 alfi80) ~ 3w, A

= D4 f1~ ¥ hyal.

We conclude that

8

Ao} <+
i=k

Il
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and

DUz ) hof =4 ) of = LIfI3
j=k j=k

by the Parseval identities. The case of equality follows easily.

MAX-MIN THEOREM. Given vy, ..., v, € [2(M), let
w=inf D[S fY/ISI?

where f varies over the subspace (less the origin) of functions in $(M)
orthogonal to v,, ...,v,_; in [2(M). Then, for eigenvalues given in (79), we
have

U< A

Of course, if vy, . .., v,_; are orthonormal, with each v, an eigenfunction of
A‘\.I,l = 1,...,k - l,thenﬂ =A’k'

PROOF: Consider the functions f of the form
k
f=2X %4,
ji=1

where ¢, ..., ¢, are orthonormal, with each ¢; an eigenfunction of 4,
j=1,...,k and where f is orthogonal to v,, . . ., v, _, in I}(M), that is,
k

(83) 0= ) af¢,v), I=1..,k—1

j=1
If we think of ay, ..., o, as unknowns and (¢;, v)) as given coefficients, then
system (83) has more unknowns than equations and a nontrivial solution of
(83) must exist. But then

k
HIfI> <DL f1= Zl Ao < Al f1?

which implies the claim.

Domain monotonicity of eigenvalues (vanishing Dirichlet data): Let
Q,,...,Q, be pairwise disjoint normal domains in M, whose boundaries,
when intersecting dM, do so transversally. Given an eigenvalue problem on
M, consider, for each r = 1, ..., m, the eigenvalue problem on Q, obtained
by requiring vanishing Dirichlet data on dQ, n M and by leaving the
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original data on 0Q, n dM unchanged. Arange all the eigenvalues of
Q,,...,Q, in an increasing sequence

0<v, <v, <---

with each eigenvalue repeated according to its multiplicity, and let the
eigenvalues of M be given as in (79). Then we haveforallk = 1,2, .. .,

84 A < v

PROOF: We use the max-min method. For functions in I? pick
1y Forj=1,... klet y: M — R be an eigenfunction of v; when
restricted to the appropriate subdomain, and identically zero, otherwise.

Then y; € $(M), and ¢,, ..., may be chosen orthonormal in I2(M). As
before, there exist «,, . . ., &, not all equal to zero, satisfying

k
Y afty, ) =0, I=1... k-1

=1

Therefore the function
k
f=2Y %y
i=1
is orthogonal to ¢, . . ., ¢, _; in I}(M), which implies

A2 <DUA S = ) viof < wlfI?
i=1

which is the claim.

COROLLARY 1. If Q < M, then for the Dirichlet eigenvalue problem
on {, and any eigenvalue problem on M we have

(85) AdQ) = A
If M — Qis open in M, then the inequality is strict.

Domain monotonicity of eigenvalues (vanishing Neumann data): Let
Q,,...,Q, be as above, and also assume

M=Q,u.. U0

For each r = 1,...,m, add Neumann data to ¢Q, ~ M and leave original
data on 0Q, n M unchanged. Again arrange all the eigenvalues of
Q,,...,Q, n increasing order, with repetition according to multiplicity:
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Then foreach k = 1,2, ... we have

(86) i < Ay

PROOF: Let ¥: M — R be the eigenfunction of x4, when ¥, is restricted to
the appropriate subdomain, and let ‘¥, be identically zero otherwise.

Now if f is any function in H(M), then f € H(Q,) foreveryr =1,...,m.
We can therefore argue that if f is orthogonal to '¥,, . . ., ¥, _, in (M) then

D[f f1= }: IIGradeI av > Z #kf fde wll £ 1%
But there exists a nontrivial
k
f=2 4%
i=1
orthogonal to ¥,, ..., ¥, in L*(M). Then
DL f, f1< Al SN2

which implies the claim.

Remark 1: We note the contrast in the hypotheses of the two domain
monotonicity theorems for eigenvalues, the addition of vanishing Neumann
data requiring a complete partition of M. To employ this result in a fixed
geometric setting, with good choices of Q,...,Q,,, one requires a priori
some knowledge of the decomposability of M. Such an application is given
in Theorem X.3.

DEFINITION 6. Let i M — R € C° Then the nodal set of f is the set
£ '[0], and a nodal domain of f is a component on M\ f ~[0].

COURANT’S NODAL DOMAIN THEOREM. Let (79) be our list of
eigenvalues and {¢,, ¢,,...} a complete orthonormal basis of I*(M) with
each ¢, an eigenfunction of 4;, j =1,2,.... Then the number of nodal
domains of ¢, is less than or equal to k, forevery k = 1,2, . ...

PrROOF: We will give proofs for two distinct cases: (i) All the nodal
domains of ¢, are normal domains; and (ii) no assumption is made on the
nodal domains, but then we:only consider the closed and Dirichlet eigen-
value problems.

In case (i) we argue as follows.
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Let G,,...,Gy, Gy, q, ... be nodal domains of ¢,. Foreach j=1,...,k
define

v = & G; on G_j,
I 0 on M—G,.

One then obtains, as above, the existence of a nontrivial function

k
f=2 %y
satisfying
0= (f,d’l) == (f,d)k—l)

One verifies that y; € $(M) for each j = 1,.. ., k. Then Rayleigh’s theorem,
the max—min method, and the divergence theorem imply

A < DLLSYISN? < Ay

So f is therefore, an eigenfunction of 4, vanishing identically on G, . But
then the maximum principle {cf. Section XII.i1) implies that f vanishes
identically on M—a contradiction.

Before proceeding to case (ii) we first note an immediate consequence of
the nodal domain theorem.

COROLLARY 2. ¢, always has constant sign; 4, has multiplicity equal
to 1; and ¢, has precisely 2 nodal domains. 1, is characterized as being the
only eigenvalue with eigenfunction of constant sign.

In the special case (i), we also have, immediately,

COROLLARY 3. If a normal domain € in M is a nodal domain of an
eigenfunction of some eigenvalue 4, then A is the lowest eigenvalue for the
eigenvalue problem of Q with original boundary data on 0Q n M, and
vanishing Dirichlet boundary data on 0Q N M.

In the following, we will be using some elementary facts about the
foliation of a noncompact manifold with compact closure M by the level
surfaces of a function in C%M) n C®(M) which vanishes on dM. We refer
the reader to Section 1V.1 for a summary.
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DEFINITION 7. Let Q be an arbitrary open set in a Riemannian
manifold M. Define #,(Q) to be the completion, in H#(Q), of the collection of
C™ functions on Q which are compactly supported in Q, with respect to the
norm (76). Then the fundamental tone of Q, A*(Q), is defined by

Q) = inf DLS, fUIf1?
where f ranges over nonidentically vanishing functions in #,(<).
We note that one can show that if u e #(Q) n C%Q), and u|dQ = 0,
then u € #,(Q) (remark of J. L. Kazdan).
Also note that if Q is a compact manifold (resp., a normal domain), then
Rayleigh’s theorem implies that 1*(Q) coincides with the lowest eigenvalue

of the closed (resp., Dirichlet} eigenvalue problem.
Finally, if Q is given by

Q=q,
where Q, is a domain in M, for each a, then
A¥(QY) < inf A%(Q,).

We now fix M to be either (i) a compact Riemannian manifold, in which
case we are considering the closed eigenvalue problem, or (ii) a regular
domain, in which case we are considering the Dirichlet eigenvalue problem.

LEMMA 1. Let u be an eigenfunction with eigenvalue 4, and let Q be a
nodal domain of u. Then u € # (), and

A = A¥Q).
PROOF: Assume u > 0 on Q, and for each ¢ > 0, set

Q. = {xeQ:ux) > &},

_ju-—c¢ on O,
=0 on M\Q,.

Then, by Sard’s theorem (Narasimhan [1, p. 19 f.]), there exists a sequence
¢;, of regular values of u, decreasing to 0 as j —» +00. Set

Q_,.=Q€j, u=u

£

Then u; € #H(Q) < #,(Q), as mentioned earlier, and it is clear that
u; — u|Qin H(Q).
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Since 9€; is C* we also use the Green’s formula to obtain

2Jf wudV = —ff ujAu; dv
Q Q;
=J’J. grad uf dV
Q;
> l*(Qj)J-J. uf av
Qy

> 2@ ([ wav,
Q;

which implies, by letting j — + oo,
A_U urdv > 2*(Q)ff u*dv.
Q Q

A > A¥Q).

Therefore,

To show the opposite inequality, let ¢ > 0 be a regular value of u, and let
v, > 0 be the eigenfunction of the Dirichlet eigenvalue 4,(Q) = A*(Q,).

Then
AJ.J vudV = —ff v(Au) dV
‘€ QE

= —J‘J. (Av)udv +»[m w(0v,/ov)dA

< —ff (Av)udv

= @[ vuav,
which implies
A< Q)

for all regular values ¢ > 0.
We now show

(87) lim A%(Q,) = 1¥(Q),
£l0
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which will conclude the proof of the lemma. Given any é > 0 there exists
[ € C*(Q), compactly supported on £, such that

DLLFINFI? < %) + 4.

But there certainly exists ¢ > 0 for which

supp f € Q,;
SO

A*Q) < DLLSVISI

We therefore have, for given & > 0, the existence of ¢ > 0 for which
©A¥Q) < A Q) < A¥Q) + 4.

Since A*(Q,) is increasing with respect to &, we obtain (87), which implies the
lemma.

To prove the Courant nodal domain theorem for case (ii), one can now
argue as above. However, instead of invoking the maximum principle, one
must invoke the unique continuation principle (Aronsajn [1]).

Remark 2: For f an eigenfunction of the Laplacian, the regularity of the
nodal sets, that is, f ~'[0], has been studied in Cheng [4]. His results are
that except on a closed set of lower dimension (i.e., <n — 1) the nodal set of
f forms an (n — 1)-dimensional C® manifold. The singular points are those
at which, not only f vanishes, but the gradient of f vanishes (that is, the
critical points of f). In the neighborhood of these points, the nodal set is C*
diffeomorphic to the nodal set of a homogeneous harmonic polynomial on
R"

As a result of these statements, Cheng proved the general nodal domain
theorem as though case (ii) never need arise. However, C. deVerdiere has
noted that the regularity argument of Cheng has a gap when
n=dimM > 2, and that one can even give a counterexample to the
argument {though not, necessarily, the result) as it stands {see Bérard-
Meyer [1]). Hence the necessity of considering case (i) in the above
argument. The argument given for case (ii) is that of Bérard—Meyer [1].

When n = 2, that is, M is 2-dimensional, then Cheng’s results are valid,
and one can actually say more, namely (Cheng [4]) (i) the critical points on
the nodal lines are isolated; (ii) when the nodal lines meet, they form an
equiangular system—the number of lines being equal to the order of the
vanishing of f; (iii) the nodal lines consist of a finite number of C*> immersed
one-dimensional closed submanifolds. Therefore, when M is compact, the
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nodal lines consist of a finite number of C? immersed circles; (iv) the
geodesic curvatures of intersecting nodal lines vanish at the point of
intersection. In the compact case, upper bounds on the order of the
vanishing of the kth eigenfunction can be given in terms of k and the
topology of the manifold, which, in turn, imply upper bounds on the
multiplicity of the first nonzero eigenvalue. In particular, if M is ho-
meomorphic to $2 then the nodal line of an eigenfunction, corresponding
to the first nonzero eigenvalue, consists of one C* simple closed curve, and
the multiplicity of the eigenvalue is less than or equal to 3. The upper
bound 3 is best possible as it is realized by the standard metric on S? (cf.
Proposition I1.1). Besson [1] sharpened Cheng’s original argument to give
best possible upper bounds of the multiplicity of the lowest nonzero
eigenvalue of the real projective plane, and two-dimensional tori. He also
showed that the upper bounds do not characterize the standard metrics.

Remark 3: An old conjecture (Payne [1]) was that, given a convex
domain Q in R" then the level sets, of the eigenfunction of the lowest
Dirichlet eigenvalue of Q, are convex. It was settled affirmatively in 1976 by
H. J. Brascamp and E. Lieb [1], and reinvestigated, using more elementary
arguments, in Cafarelli-Spruck [1]. We refer the reader to this last paper
for other results and references on this and related questions.

We now consider the possibility that we have equality in Courant’s nodal
domain theorem for infinitely many k.

PLEIJEL’S THEOREM (Pleijel [1]). Consider M with either the closed
or Dirichlet eigenvalue problem. Assume that for any domain Q in M we
have the isoperimetric inequality

(88) {A¥Q)}"? vol Q > (2n)"/®,.
Then, letting n, denote the number of nodal domains of A,(M), we have
(89) limsupn/k < 1.

k- w

Thus equality in Courant’s theorem can be achieved for only a finite
number of eigenvalues.

PRrOOF: If Q is a nodal domain of 1,(M), then
A¥Q) = (M),
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which implies there exists a constant o > (2n)"/0, such that

{AM)}"? vol M > nya.

Thus
lim sup m/k < (1/a) lim (1/k) {A,(M)}"? vol M
k— o k-
= (27)"/o0,
<1

by Weyl’s asymptotic formula.

Remark 4: Of course, it remains to investigate the validity of (88), so we
may in fact conclude the inequality (89). For the case of Dirichlet eigen-
values, the matter has been affirmatively settled in Bérard—Meyer [1]—cf.
our discussion in Remark IV 4.

One may persist by arguing that even though equality in Courant’s
theorem might be achieved only a finite number of times [if one has the
isoperimetric inequality (88)], it is still true that given the manifold M, one
can guarantee the existence of an integer k such that for all [ > k, the /th
eigenfunction has more than 2 nodal domains. This is false. A metric on S3
exists which provides a counterexample (see Bérard Bergery-Bourguignon

[1]).



CHAPTER 11

The Basic Examples

In this chapter we present the basic examples which, to a large extent,
motivate the subsequent theory. In general, we provide more detail when
systematic treatment is yet to be available in book form. Two comments are
in order here: (i) Our presentation of hyperbolic space is limited to
providing what is necessary for the work in Section §. More detail will be
provided in Chapters X and XI. (ii) Some of the techniques of estimation
have greater validity than their employment in Section 5, where we are only
interested in the case of constant sectional curvature. We refer there to the
literature to, obviously, give credit to the authors, and to inform the reader
of the broader possibilities.

1. SOME GENERALITIES

If we are given Riemannian manifolds M, N, then the product manifold
has a natural Riemannian metric, determined as follows: For any
(p,q) € M x N, the tangent space (M x N),, , is canonically isomorphic to
the direct sum M, @ N,. For vectors {,n e M,, {,ve N, we define the
inner product of ¢ @ {and n @ v by

<é @ C; 1’[ @ v>(p,q) = <£3 7[>p + <Cs v>qs

where the subscripts indicate the tangent space in which the different inner
products are to be calculated. In particular, M, ® {0} is orthogonal to
{0} ® N,. The associated Riemannian measure on M x N is the product
measure determined by dV,, and dVy.

For C? functions F: M x N — R of the form

(1) F(p. q) = f(p)h(g),

where £ M —» R, h: N —» R are both C? on their respective manifolds, we
have (using obvious notation)

(Apxn F)Dp. q) = (Ay f) D) I(g) + f(PHAyR)(q).
26
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Thus if f is an eigenfunction of A, with eigenvalue ¢ and h is an
eigenfunction of A, with eigenvalue t, then F is an eigenfunction of Ay« y
with eigenvalue ¢ + 7. One knows (Berger—Gauduchon—-Mazet [1, p. 144])
that given eigenvalue problems on M, N, the collection of eigenfunctions of
the induced eigenvalue problem on M x N, which come from the algebra of
C? functions on M x N generated by those of the form (1), is the complete
set of eigenfunctions of that induced eigenvalue problemon M x N.

We recall some facts about isometries. Given manifolds M, N and a C*®
map ®: M — N, associate to @ the maps ®*: CO(N)— C%M) and
®,: TM — TM in the usual manner:

Qf =fo®, (D) = DY)

To any Riemannian metric B on N is associated, via @, a symmetric,
positive semidefinite, (0, 2)-tensor field, ®*B, on M, by

(@*B)(¢, n) = B(®, ¢, D7)

for any ,ne M,, pe M. If b is a given Riemannian metric on M, we say
that @ is a local isometry of b onto B if b = ®*B. In such a case, ® is an
immersion. We call ® an isometry if ® is a diffeomorphism and a local
isometry.

Let M,N have the Riemannian metrics b, B, respectively, and let
®: M — N be a local isometry of M onto N. Then for any C? function f on
N, we have

O, (grad, ®*f) = gradg f.

For any vector field Y on M, for which @, Y is a globally well-defined vector
field on N, we have

div,Y = ®¥*(divy @, Y).
And for any C? function f on N we have
03] A(@*f) = ®*(Ag f).

If, in addition, M = N, b = B, then @ is an isometry of M onto itself, and
®* acts as an orthogonal transformation of I*(M). From (2) one has that ®*
leaves every eigenspace invariant.

Recall that a map p: M - M of Riemannian manifolds M, M is a
Riemannian covering if p is a differentiable covering and a local isometry.
Given any covering q: M — M of manifolds M, M, the deck transformation
group of the covering q is the group of homeomorphisms ¢: M — M
preserving q, that is,

qo ¢ =q.
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It is known that the deck transformation group acts properly discon-
tinuously on M (i.e., to each p € M there exists a neighborhood U of p such
that the collection of open sets {¢(U)} are pairwise disjoint)—in fact, the
deck transformation group determines the covering. When p is a
Riemannian covering, the elements of the deck transformation group are
isometries.

When p: M — M is a Riemannian covering, the functions on M may be
naturally considered as functions on M invariant under the action of the
deck transformation group of p. Therefore, for M compact, the eigenvalues
of M are precisely those eigenvalues of M in whose eigenspace there are
nontrivial eigenfunctions of M invariant under the action of the deck
transformation group of p. The invariant subspace of the M-eigenspace in
question is precisely the M-eigenspace of the given eigenvalue. Note that if
M is not compact, then the invariant eigenfunction of M is not in I*(M).

2. TORI

We start with R", n > 1, considered as a group under vector addition,
and a lattice I, that is, a discrete subgroup of R". The lattice acts on R” by

X)) =7y + x

for y e I, x € R"; the action is properly discontinuous, and determines the
Riemannian covering p: R" —» R"/T". We shall assume that the rank of ' is n,
that is, there exists n linearly independent vectors {v,, ..., v,} in I for which

r= {Z vt e Z,j = 1,...,n},
j=1
where Z denotes the integers. In this case R"/T" is compact and is diffeomor-
phic to the torus (S')", the Cartesian product of the circle S* with itself n
times. For convenience we denote R"/T" by T.
We shall find it convenient to consider the functions on T to be complex-
valued; so I*(T) will, now, be a Hilbert space with Hermitian inner product

(f,h)=j fhav.
T

The Laplacian will act on complex-valued functions by acting on their real
and imaginary parts separately, namely, for real-valued functions u, v on 7,
we have

A(u + iv) = Au + iAv.
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One checks that the same eigenvalues are obtained, as when only admitting
real-valued functions, with the same multiplicity.

To obtain a collection of eigenfunctions on T we proceed as follows:
Associate to the lattice I', the dual lattice, I'*, given by

M* ={yeR":{(x,ypeZforallxeI}.

Then I'* is indeed a lattice of rank n, and to the above basis {v,,...,v,} of
T is associated the dual basis {w,, ..., w,} of I'*, determined by

(w0 = of,
where 8, is the Kronecker delta. Naturally,
(C'*)* =T.

Now to each y e I'* associate the complex-valued function ¢, defined on
R" and given by

¢y(x) = e2mi<xy>_

One easily sees that ¢, is invariant under the action of I', and
Ad,(x) = —4n?|yl*,.

Thus ¢, determines an eigenfunction on T with eigenvalue

3 i = 4Pyl

The functions ¢, determined in this manner are known to span IXT)
(Berger—-Gauduchon—Mazet [ 1, pp. 146-148]).
We remark that if given y,, . . ., y, € I'*, then the functions

{¢,,:j=1,...,k}

are linearly independent. Indeed, if k = 1 then all is well. Assume now that
for given [ > 1 our remark is true for any choice of | — 1 distinct elements
of I'*. Should the [ distinct elements y,, ..., y; € I'* satisfy

;1 ﬂj¢)’j =0

for a given choice of complex numbers f,, .. ., f,, then, since

¢, 9y, = ¢yr+y,

for all y,, y, € I'*, we would have

H -1
0 = 'gl Bj¢yj—y1 = ﬁl + 'Zl ﬁj¢yj—y,‘
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Now calculate the Laplacian of both sides; then
-1
0= 3 By~ yi*dy,-
i=1

from which one easily concludes: 8, =--- = §,=0.

Thus for a given A > 0, the cigenspace of 1 has dimension equal to the
number of solutions y € ['* of (3), and the summatory function N(4) is equal
to the number of elements of I'* inside the closed disk in R" about the

origin, of radius ﬂ/2n.

THEOREM (Weyl’s asymptotic formula). For the torus T we have
) N(A) ~ o, A"%(vol T)/2n)"

as 4 —» + .

PROOF: Let B"(r) denote the open disk in R", centered at the origin and
having radius r, and let .4 *(r) be the number of points of I'* in B"(r). Then
(3) implies that (4) is equivalent to
(5 N*¥(r) ~ @,r'(vol T)

asr — 4o0.

Let {v,,...,v,} be the basis of I" referred to at the beginning of our
discussion. To each

v=Y aly
=
in T associate the parallelopiped P(v) defined by
P@v) = {x =Y td<¥<dd+1,j=1,.. .,n}.
ji=1

Then P(v) is a_fundamental domain of T, that is, no two distinct points of P(v)
represent the same point of T, and the image of the closed parallelopiped
P(v), under the covering, is all of T. Note that

vol T = vol P(v)

for every v € I'. We simply refer to P(v) as a copy of T.

Also note that if A4:R"— R" is a linear transformation for which
I' = A(Z", then T* = (4*)” 1(Z"), where A* is the adjoint of A. Therefore, if
T* is the torus determined by I'* then we have

vol T = |det 4] = (vol T*)~1;
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80 (5) is equivalent to
(6) A H¥r) ~ @,r"/(vol T*)

asr —» +o0.

For each w e T¥ let P*(w) be the copy of T* determined by w, and d its
diameter. Note that d is independent of w € I'*. If we let 2*(r) denote the
number of copies of T* contained in B"(r), then one easily sees that

PHry < 4*r) < P¥r + d).

Now the open polyhedron C*(r), determined by all copies of T* con-
tained in B%r), has volume equal to {(vol T*}2*(r). Thus

(vol T*)P*(r) < @,r".

On the other hand, if
B(r) = min{]y|: y € T* n 9C*(r)},
then
B(r)>r —d,
which implies C*r) 2 B"(r — d). Thus
(vol T*)2*(r} > @,(r — d)"
By putting the inequalities together, we have

o (r — dy ” o,r +d)"
vol T* < A < vol T* °

and (6) follows.

3. WEYL’'S FORMULA FOR BOUNDED
DOMAINSIN R"

Recall from Section 1.3 that if M = (0,2) = R then the Dirichlet eigen-
values of M are given by [cf. (1.54)]
Ay = K2 ja?, k=12 ....

So if Q is the open n-dimensional rectangle Q = (0, ;) x --- x (0, ,) = R
then, for the Dirichlet eigenvalue problem on Q, the eigenvalues are given
by the collection

{m?(k3fod + - + kijon)}

where each k;, j = 1,.. ., n, ranges over the positive integers.
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To calculate N() for Q, let {e,,...,e,} be the standard basis of R", T
the lattice generated by {o;e,,...,a,e,}. Thus I'* is generated by
{el/ab LR en/an}’ and

N ~ ¥ SAm)2" ~ 0,/ 4/n) (vol Q)/2" = o, i"*(vol Q)/2n)"

Note that, in the first line, when we divided by 2" we ignored the
intersection of I'* with each of the coordinate hyperplanes of R" since each
such intersection forms an (n — 1)-dimensional lattice in R" and therefore
does not affect the limit of N(4)/A"? as A - + 0. So the Weyl formula is
valid for n-dimensional rectangles with Dirichlet eigenvalue problem.

A similar argument yields Weyl’s formula for n-dimensional rectangles
with the Neumann eigenvalue problem.

An immediate consequence is that for any bounded domain Q in R", with
any of our boundary value problems, the associated summatory function
N(2) satisfies

) lim inf N(4)/A"2 > @,(vol Q)/(2n)"

as A — +o00. Indeed, let Gy, ..., G, be pairwise disjoint open n-rectangles,
relatively compact in €, and let N{/) be the number of Dirichlet eigenvalues
of G; which are less than or equal to 4. Then the max-min arguments of
Section L.5 (namely, the domain monotonicity of eigenvalues for Dirichlet
data) imply

1
N@ = ), NA),
ji=1
which implies

]
lim inf N(A)/A"? > Z im inf N(2)/A"? = {o,/(27)"} Z vol G;

j=

for all such choices of G,, . . ., G,. Therefore (7) follows.
We only sketch the argument for

(8) lim sup N(4)/A"* < @, (vol Q)/2n)"

for the Dirichlet eigenvalue problem. Let G,, ..., G, be pairwise disjoint
open n-rectangles with

Qcint(G, U---uU G ),

where int( ) denotes the interior. Let M(1) be the summatory function of the
Neumann eigenvalues of int(G, v --- U G); and for each j =1,...,1, let
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Mj{2) be the summatory of the Neumann eigenvalues of G;. Then the max—
min arguments imply

i
NG < M) < Y M),
j=1
which implies

lim sup N(4)/A"? < {©,/(27)"} Zl: vol G;

j=1
for all such choices of G,,...,G,. Inequality (8) then follows, and, with
it, the Weyl formula for Dirichlet eigenvalue problems on bounded domains
in R".
For the proof of (8) for the Neumann eigenvalue problem, compare
Courant—-Hilbert [1, Vol. I, pp. 432-434].

Remark 1: The eigenvalues of the equilateral triangle have been studied
by Lee—Crandall [1], and Pinsky [3,4]; for Euclidean and spherical
domains associated to crystallographic groups (cf. Bérard [1] and Bérard—
Besson [1]).

More generally, in another direction, it has been conjectured by G. Polya
[1] that for Dirichlet eigenvalues of regular domains in R", one not only
has the Weyl asymptotic formula, one also has one-sided inequalities for all
the Dirichlet eigenvalues, namely,

(A" = {(2m)"/w,} k/vol M

for all k > 1. The conjectured has yet to be proved, but progress has been
made on the question. Compare Polya [1], Lieb [1], and Li-Yau [3].

4. SPHERES AND REAL PROJECTIVE
SPACES

We write
S ={xeR"* i xj=r}, S =871,
and introduce spherical coordinates P: [0, 0) x S" - R"*!, in R"* !, by
x = P(r, &) = ré.
On R"*! — {0} we have the inverse map

Q(x) = (Ix], x/Ix1),
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and if u: U —» R" is any chart on S" then a chart v is determined on the open
cone in R"* 1, P((0, o) x U), by the formula
v(x) = (Ix], u(x/|x])) = (r, u()).
To calculate the Laplacian of R"* ! in spherical coordinates, we note that
Ox/or = ¢, Ox/ow = r 0E/ow’,

from which one has

9) |0x/dr] = 1, {Bx/or, ox/ouly = 0,
forallj=1,...,n and
(10) {Ox/0w, Ox/ou*y = r2{OE/ow’, OE[ou*),

for all j,k = 1,...,n. Thus if G is the matrix of the Riemannian metric on
R*! associated to the chart v, and H the matrix associated to the chart u on
S” then

(11) grr = 1’ grj = 09
(12) gjk(ré) = "zhjk(i),
and

(13) J9rd) = r/h).

Note that (10), (12), and (13) also give the calculation of the Riemannian
metric of §"(r) in terms of the one on S"
One immediately has for a function F,

Agnsi F = 17700, F) + Dgnp(F|S"()
= r "%,r"6, F) + r *Ac.(F|S"(r))

where Agn+1, Agny), Asa are the Laplacians on the indicated Riemannian
manifolds—by Ag.(F|S%r)) we mean that F|S"z) is to be considered as a
function on §" and the Laplacian is to be calculated with respect to the
Riemannian metric of S"

If F has the form

F(x) = R(r)G(J),
then
Agn+ 1 F = r "("R'YG -11 r’R AgnG.
In particular, if for some nonnegative integer k

F(x) = r"G(9),
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we then have
Agni F = 1" 2{As.G + kik + n — 1)G}.

So F is also harmonic on R"*! (i.e., its Laplacian vanishes identically) if and
only if G is an eigenfunction on S$" with eigenvalue k(k + n — 1). When G is
considered as a function on §(r), then it is an eigenfunction of Ag.,, with
eigenvalue k(k + n — 1)/r2

It is known that all eigenfunctions of the sphere are obtained in this
manner. More precisely, the space of homogeneous harmonic polynomials
on R"*! of degree k, when restricted to S”, constitute the eigenspace of the
kth distinct eigenvalue

(14) Ay =kik +n—1),

where, now, k =0,1,2,..., that is, we have labeled the eigenvalues as
starting from 4, = 0. The multiplicity of 4, is

n+k n+k—-1
k k—1 )
Compare Berger—Gauduchon—Mazet {1, p. 159 ff.] and Stein—Weiss [1, p.
137 ff.] for details.

We note for future reference.

PROPOSITION 1. An I2(S")-orthogonal basis of the eigenspace of

(15) A (SN =n
is given by the R"* !-coordinate functions
(16) (xS A=1...,n+1}

Remark 2: If M is a Riemannian manifold with isometry ®: M — M,
and f is a solution to

Au + Au =0,

then, by (2), ®*f is also a solution, that is, ©* preserves the eigenspaces of A.
The existence of a large isometry group of M will therefore tend to imply high
multiplicities for the eigenvalues. It was thought that the standard spheres,
with their highest degree of symmetry, would therefore exhibit the highest
multiplicity for Z,. As mentioned in Remark 1.2, this is indeed correct in
the 2-dimensional case. The result, however, is false in 3-dimensions,
namely, Urakawa [1] has exhibited Riemannian metrics on $3 for which
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the multiplicity of 1, is 7—not 4, as one might expect. Compare also
Bérard Bergery—Bourguignon [1].

We now consider the real projective spaces. The n-dimensional real
projective space P" is obtained by identifying antipodal points of S” that is,
S" covers P" with deck transformation group Z, = {Ig.+:|S", —Iga+1|S"},
where Ig..: is the identity map of R"*'. The space of functions on P" is
therefore identified with those functions f on S”" for which

flx) = f(=x)
for all x € S" Thus
Z(P™ = 1,,(S") = 2k(2k + n — 1),

with eigenspace consisting of homogeneous harmonic polynomials on R"* 1,
of degree 2k, restricted to S™.

5. DISKS IN CONSTANT CURVATURE
SPACE FORMS

We shall be more informal in the calculations that follow, namely, for a
given Riemannian manifold, and chart x: U — R" it is traditional to write
the Riemannian metric in the chart as

ds? =Y gudx) dx’ dx*.
ik

When changing coordinates one substitutes formally into the differential
expressions—and all is well.
Thus for the usual metric in R" we write

ds* = i (dx)? = |dx|%

j=1
where x is the standard chart on R" Upon introducing spherical coor-
dinates about any p € R",

x=p+1
where t € [0, ), £ € $"" !, we write

dx = (dt)¢ + td¢,
ldx|? = (d1)*|E1* + 26(dt)<¢, dE) + 12 |dE)?
= (d1)* + £2|d¢]%,
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wherein we let [d¢|? denote the Riemannian metric on $"~ . So we write in
spherical coordinates on R"
ds? = (dt)? + ?|dé|>

To calculate the Riemannian metric of S" relative to spherical coordinates
in S" we proceed as follows: Fix any p € $" Identify in the obvious manner
(S"),, the tangent space to S" at p, with the orthogonal complement of Rp in
R**! whose intersection with S” would be the “equator of p” that is, S" 1.
For x € S" set

x = (cost)p + (sint)¢,
where ¢ € [0, 7], £ € $"" 1. Then
dx = {—(sin t)p + (cos t)¢&} dt + (sin 1) d¢,
and
ldx|* = (di)* + (sin’t)|dE]

More generally, if we were calculating the Riemannian metric of $%(p)
then the appropriate scaling would produce

ds? = (df)? + p?sin®(t/p)|d&|%

where t € [0, 7p], £ € S" .
Our third example is known as hyperbolic space, namely, on B"(p) = R"
we define the Riemannian metric

(17 ds* = 4ldxI*/{1 - |x/p*}*.
If we now define spherical coordinates about x = 0 by
x=r, r = p tanh(t/2p),

where r € [0, p], t € [0, ), € € $"~, then the same type of caiculation as
above produces

(18) ds? = (d1)? + p? sinh?(t/p)|d&|>

As is well known, the three examples describe the simply connected
spaces with constant sectional curvature k. For k = 0 we have M = R", for
k>0 we have M = S"(p) with « = 1/p% and for « < 0 we have B"(p)
endowed with the metric (17), and satisfying k = —1/p2 Our emphasis on
the geometry of these spaces will come later—here our emphasis is on
calculation.

Note that our spherical coordinates are valid about any point in M in the
first two cases, but it is not obvious that, in the third case, such a coordinate
system may be introduced about any point of the space. To prove that such
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coordinates may be defined about any point in the hyperbolic space, we
consider a different model.

Write a point in R"*! as (x, 7), where x € R", 7 € R, and endow R"*! with
the nondegenerate quadratic form

(19) I, DI = IxI* — 2

where |x| is the Euclidean norm in R" If we restrict the induced pseudo-
Riemannian metric on R"*! to the n-dimensional hypersurface

20) x> =t =-p% 1>0,
for some fixed p > 0, then
(21) ds? = |dx|* — {x,dx>*/{p* + |x|*},

which is positive definite by the Cauchy—Schwarz inequality. Now introduce
spherical coordinates

x = ré,

where r € [0, 0), £ € S"™}, that is, the coordinates will be centered about
(x = 0,7 = p) on the hypersurface; then we obtain from (21)

p*(dr)?

ds? = ———
0?2+ 12

+ r|déP.
Upon setting
r = psinh t/p

and substituting, we obtain (18). The above calculations determine an
isometry between the two Riemannian manifolds.

At first glance, little has been accomplished since, again, the coordinates
are centered about a specific point. But here it is easy to show that the
orthogonal group O(n, 1) preserving the quadratic form (19), not only leaves
the hypersurface invariant—and is therefore an isometry of the hyper-
surface onto itself, but also acts transitively on the hypersurface, that is,
given any two points p,, p, in the hypersurface, there exists an element in
O(n, 1) which determines an isometry of the hypersurface and maps p, onto
p,. Using the transitivity of the action of O(n, 1), one obtains the existence
of a coordinate system for which (18) is valid about any point in the
hyperbolic space.

It will be convenient to summarize the above discussion as

THEOREM 1. For each fixed x € R, let M, be the simply connected
Riemannian manifold of constant sectional curvature « as described above.
About each point pe M, there exists a coordinate system
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(t, &) € [0, n/\/E) x §"1 (where, when k < 0, we are letting n/\/E denote
+ o), relative to which the Riemannian metric reads as

(22) ds* = (dt)* + S¥n)d¢P,
where S,(¢) is the solution to the differential equation
(23) Y" + kY =0,
satisfying the initial conditions

(24) S.(0) =0, S.0) = 1.
Of course,

(1/+/%) siny/xt, Kk > 0,
t

) K = O,
(1/y/—x) sinh./—«kt, k< 0.

In what follows later on, it will be convenient to let C.(tf) denote the
solution of (23) satisfying the initial conditions

(25) S.(1) =

(26) COo=1 CO=0,
that is,

cost, x>0,
27 C() =11, k=0,

cosh./—«kt, x<0.

Then

S.=C,, C.=-xS, C*+«kS!=1,

(C/S) = (8/S) =S,

What we have done thus far is construct geodesic spherical coordinates
about any point p € M, without using the general theory—we shall turn to
it later. For the moment we comment on some metric properties of the
geodesic spherical coordinates.

Recall that for any Riemannian manifold M, and path w: [o, ] = M, the
length of w is defined as

Liw) = f o',

and that for any two points p, g € M, the distance d(p, q) between them is
defined as

d(p, q) = inf L(w),
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where w ranges over all continuous, piecewise C! paths w: [, f] - M for
which w(e) = p, o(f) = g. With this distance function, M is known to be a
metric space whose topology coincides with that of the underlying manifold
structure. One easily sees from (22) that if the coordinate system is centered
at p, and ¢ = g(t, £) denotes any point in M, then

d(p,q) = t.
Thus

B(p;d) ={q=4(t,0):0<1t <4}

is the open metric disk in M, of radius d, centered at p, and its boundary,
S(p; 9), the corresponding sphere. When, as in our discussion below, p is
fixed, we simply write B(d), S() for B(p; 8), S(p; 0), respectively.

It is standard that relative to the given metrics, M, is a complete metric
space.

We now have n > 2, and A the Laplace operator on M,.. Let [J be the
Laplace operator on S§"~ %, For any F: M, —» R € C? with

(28) F(g(t, &) = f(t,9),
we have by direct calculation
(29) (AF)(q(t, &) = S;™"3Sy 10, f) + 8.2 O, f,

where, when writing [, f, we mean that f|S(t) is to be considered as a
function on $" ! with associated Laplacian (1. If f has the form

(30) 1,9 = T G(Q),
then
(31) AF =S ™S8 !'T'YG + S, *TG,

’

where the prime
satisfies

is differentiation with respect to ¢ If, in addition, F

AF + AF =0,

then explicit calculation shows that there exists a constant v such that
0OG +vG =0,

(32) STy + {4 =82S T = 05

an equivalent form of (32) is

(33) T +(n— INC/SIT’ + {A — (v/SHYIT = 0.



5. Disks in Constant Curvature Space Forms 41

In particular, v is an eigenvalue of $"~ ! with eigenfunction G. From (14) we
have (the dimension now is n — 1) that the distinct eigenvalues of S"~! are
given by

(34) vw=K+n-2), 1=0,12,....

A standard argument implies that if F is to be differentiable at p, then
(35) T'0)=0

when [ = 0, and

(36) T(t) ~ (const)#

ast|0,whenl=12,....

We now want to consider the Dirichlet and Neumann eigenvalue prob-
lems on B(d). The vanishing of the respective boundary data on S(d) is
now given by

(37 T(6) = 0,
(38) T'(6) = 0,

respectively. Fix one of the above eigenvalue problems. Then for each
I=0,1,..., the classical 1-dimensional arguments (compare Courant-
Hilbert [1, Vol. I, Chap. 5] and Coddington-Levinson [1, Chaps. 7, 8])
yield that the collection of real A, for which there is a nontrivial solution of
(32), with v = v,, satisfying the given boundary data, consists of a sequence

OSAI:1<A’L2 <---T+OO,

and for each j=1,2,...,4,; determines only a 1-dimensional space of
solutions. One easily checks, using integration-by-parts, that if j # k and
T, ;, Ty, are solutions of (32), with v = v, for 4, ;, 4, ,, respectively, then T; ;
and T, are orthogonal in the I? space on (0,8) whose measure has the
density S;”'(t) dt. In what follows we normalize T, ; to satisfy

.

J TA(nS;™ Hn)dt = 1.

We now wish to show that the function-space, L, consisting of the span,
in I2(B(d)), of all eigenfunctions of B(d) obtained by the above procedure, is
dense in I?(B(5)). A moment’s thought would convince the reader that it
suffices to show that any eigenfunction of our eigenvalue problem is in the
subspace L.
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Let F be such an eigenfunction with eigenvalue 4. Represent F in the
geodesic spherical coordinates by (28). Then for each fixed t € {0,6] we
have the decomposition in I2(§" 1),

K

f6,5) = Y a()G()

=0

where G, is an eigenfunction of v, on $"~ !, with L%(S"~ ")-norm equal to 1.
Thus

@

(39) A, 8 dAQ) = Y ai),

sn-1t 1=0

where we are letting d4 denote Riemannian measure on $" "%, and

a(t) = St §) G(&) dA(S)-

gn-1

Therefore we have

—vaft) = S, &) OG(8) dA(S)

sn-t
- f (0Nt OGE) dA®)
sn- 1

= —AS{(Da(t) — SO {S W a)y

foreach I = 0,1, ... by (29), that is, a,(t), v = v,, and 1 provide a solution of
the 1-dimensional eigenvalue problem given by (32).
Thus there exist o, € R, j € {1,2, ...}, such that

1 = AL.}" a,(t) = tx,'ﬂ,j.
The I2(B(J))-sum

a0

Z o, T, £6) Gi(€)

=0
is the projection of F onto the subspace L; but by (39) we have

e o]

2]
P12 = [ siiod | a0 - 3 o,
] Sn-1 I=0
that is, F € L, which was our claim.

We now let A(6) denote the lowest Dirichlet eigenvalue of B(8), and u(d)
the lowest nonzero Neumann eigenvalue of B(6). Our interest is in the
eigenfunctions of A(d), u(d), the relative size of A(3), u(d), and their behavior
as d — n/\/; .
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Since the eigenfunction of A(d) cannot vanish on B(d) it must correspond

to the lowest eigenvalue A of (32) for v = 0—in particular, the eigenfunction
of A(d) is radial.
To consider the eigenspace of u(d), a little more is required.

PROPOSITION 2. Given
(Si7'¢Y + (@ — aS 2S¢ =0,
Sy + (B 1SS =0,
with ¢, ¥ bounded near ¢t = 0. Then

o0 - v1 S0 = [ 13- B+ (- STISE e,
0
The proof is straightforward.

Now consider the Neumann eigenvalue problem on B(J). For any given
I=1,2,...1t is standard (Coddington—Levinson [1, Chap. 8]) that T;’; has
precisely j — 1 zeros in (0, 8); in particular, T)'; never vanishes on (0, §). One
now uses this fact, in conjunction with Proposition 2, to conclude that
A1 < 4,; whenever | < k. So determining p(d) is reduced to choosing
between 4, , and 4, , (remember: 4, ; = 0).

PROPOSITION 3. Let 7(¢) be any solution of

(40) (Si™IT’y + AS;7'T = 0.
Then for
T =T
we have
41) STy +{A-(n—- 1SS LT =0.

We also have that 7 {(0, ] < 0 whenever we are given that T|(0, f) > O,
A>0.

The derivation of (41) from (40) is straightforward, and the second claim
of the proposition is a direct consequence of

STy = -4 fs:— 'T.
0
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To determine whether u(é) is A, , or 4, ,, set Ty = Ty, Iy = Ty, and
1 = T, then T; and 7| never vanish on (0, 6) (see Coddington—Levinson
[1, Chap. 8]). But

To(0) = F4(0) =0

implies there exists x, € (0, d) for which Z,(x,) = 0. From Proposition 2,
one now easily shows that 4, ; < 4, ,. Thus p(d) = 4, ;.
We summarize the discussion as

THEOREM 2. If B(J) is the n-disk of radius 6 > 0 in M, , then the lowest
Dirichlet eigenvalue, A(8) > 0, of B(d) has eigenfunction F of the form

F(q(z, &)) = T(),
where T is a solution of (40), with 4 = A(d), satisfying
T'0) = T(6) = 0, T|[0,9) # 0.

The lowest nonzero Neumann eigenvalue, u(6) > 0, of B(6) has multi-
plicity equal to n. Any eigenfunction & of u(5) has the form

F(q(t, &) = T () G(),

where G is an eigenfunction of 4, ($""!) =n — 1, and 7 is a solution of
(41), with 4 = u(4), satisfying

T =50 =0, 7|10, 6) # 0.

Thus, by Proposition 1, an I*(B(d))-orthogonal basis of the eigenspace of
1(d) is given by setting

y=t& lyl=t  F=y7Uy)/lIyl
wherej=1,...,n.

THEOREM 3. If x < 0 then
“2) H(d) < A(9)

for all & > 0. If k > 0 then equality (42) is valid for all § < n/2\/; . For
o= 7r/2\/; we have

43) um/2/x) = Mr/2/x) = nx,
and for é € (7:/2ﬁ, 1:/\/; ] inequality (42) is to be reversed.

ProOOF: We assume, for our convenience, that for 7,.7 of Theorem 2 we
have T > 0, 7" > 0 on all of (0, §).
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If we fet V = T’ then V is a solution of (41}, with 1 = A(d), satisfying
V(0) =0, Vi©,0] <0,
by Proposition 3. Since (40) now reads as
(44) V' 4+ (n— INC/S)V + 20T =0,

we have, on one hand, V' < 0 on some neighborhood of ¢t = 0. On the
other hand, if C(d) > 0 then V'(8) > 0, from which we conclude that there
exists t, € (0, ) for which V'(t,) = 0. Inequality (42) would then follow from
Proposition 2 (witht = =(n—1),a = 40, ¢ =V, B = p(d), ¥y = 7, and
t=to).

So inequality (42) is a consequence of C,(d) > 0. This is always true when
k < 0,and when x > 0,6 < n/2\/;—thus (42) 1s valid in these cases.

Ifx>00= n/Z\/E, then T(t) = cos\/;t, T(t) = sin\/Et are the desired
respective eigenfunctions, and (43) is verified directly.

Ifk>0,6> 7r/2\/;, and p(5) < A(S), then V' = T” would have its first
zero, t = t,, in (0, 8] (use Proposition 2). From (44) we would conclude that

t; € (0,7/2,/x). But
A0) < Mn/2 /K) = nk
implies that
{(VC, — V'S)S" '}(1) = {Ad) — n«} f VSe
4]

is nonnegative on (0, ). Therefore at t =1; we have V(t;) > 0—a con-
tradiction. Thus for x > 0,8 > 1/2,/k, we have u(d) > A(5).

THEOREM 4. If x = 0, that is, if M, = R", then there exist positive
constants ¢, Cy such that

M8) = c}/d%,  u(d) = c}/6?
forall 6 > 0.
PROOF: For ¥k = 0 we have
Sx(t) =1, Cx(t) =1,

so the differential equation under study is

-1 (! -2
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Let
= ) = 2();

then our equation becomes
-1 ! -2
(43) 2" + (11—)z' + {1 = %}z = 0.

For [ =0, let ¢, be the first zero of z(r) satisfying (45) with initial
conditions: z'(0) = 0, z(0) = 1. Then one easily has

AS) = c3/5>

Similarly, for [ = 1, let cy be the first zero of z'(t), where z(1) is the solution
of (45) with initial conditions: z(0) = 0, z'(0}) = 1. Then one easily sees that

H(d) = c3/d%,

which was the claim.

To obtain more precise information about z(z) let
J(t) = T2 1z(q).

Then (45) becomes

_ ™2
T 41

so J is a bounded Bessel function of order equal to n/2 + [ — 1. Thus
except for a multiplicative constant,

J= Ju/2+l—1~

In particular, ¢ is the first zero of J,/, _ ,, and cy is the first zero of J, ;.

THEOREM 5. Let k < 0, that is, M, is the hyperbolic space of constant
negative sectional curvature x. Then

46) M) = —(n — 1)*x/4
for all 6 > 0, and

47) lim A(8) = —(n — 1)’*x/4
as 8 » + oo (McKean [1]). We also have

48) lim u(8) = 0

as & — + oo (B. Randol, private communication).
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PROOF: Here we have

S.(t) = (sinhy/—x1)/\/—k,  Cdt) = coshy/—«t.

On the one hand, the Cauchy-Schwarz inequality implies that for any C*
function ¢(t) on [0, §] we have

d J 1/2 ] 1/2
_ Is:—l < ZS:-I rZS:—l .
f0¢¢ = {fo(p } {fo¢ }
On the other hand, ¢(é) = 0 implies that
3 2
~[[sesi = [ @msry,
0 1]
]
- 0= | @8
0

d
> J/w(n — 12 f0¢28:-‘.

Therefore
'] ]

(49) —(n — 12(x/4) f 62811 < f $781.
0 0

It remains to note that (49) will imply (46). Indeed, given f € C*(B(9)),
then

s
—(n~ 1D}k | fP=—(n- 1)2(16/4)J dA(ﬁ)f f2(q(e, £)S ()t
sn-t o

8(3}

]
< f dA) j (64 flalt, O ST (r) de
sn-1 0
Y]
< f dA©) f lgrad f12(g(t, &)S"™ (1) di
sn-1 0

- f lgrad £,
B(d)

and (46) follows by Rayleigh’s theorem (see Pinsky [1]).
To establish (47) we set, for our own convenience, x = — 1. Then Eq. (40)
becomes

(50) T" + (n — 1)(coth )T’ + AT = 0.
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The idea of the proof is that for large values of ¢, coth ¢t ~ 1; so the behavior
of T should be approximated, for large values of ¢, by s(t) satisfying
"+ (n—1)s +4is =0,
that is,
s(t) = e~
with
a=—(n—1)2 % i{i—-@m- 1)}

We therefore let f, defined on B(d), be given by
g, ) = ¢(1)
with
(0) = e~ TV 5in(2n(t — 6/2)/0) if te[d/2,4],
0 otherwise.

Then f is an admissible function for the Dirichlet eigenvalue problem on
B(6), and, on (8/2, J), ¢ satisfies
¢+ (n— D¢ + [(n — 1)?/4 + 4n%/6*]1¢ = 0.
Now
d
¢'? sinh" !
6/2

]

=| {~=(n— Ddd'(coth — 1) + [(n — 1)*/4 + 4n2/6?] $?} sinh" "},

372

which implies

’ {¢'* = [(n — 1)*/4 + 4n?/6*] $?} sinh" !
82

-( (n — 1)$¢'(coth — 1) sinh"~ 1

8/2
&
<| (- 1)¢||¢||lcoth — 1]sinh"~*.
8/2

By the previous argument, Cauchy’s inequality, and

|¢'| = |grad f],

one obtains
lgrad f1* — [(n — 1)*/4 + 4n%/82]]| f|?
< (n — 1)(coth /2 — 1) || f| lgrad f].
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If we set x = |grad f|/I f1, A = [(n — 1)*/4 + 4n?/6%],
B = (n — 1)(coth §/2 — 1), then the above inequality reads as
x2 —Bx < A,
from which one has
x < B/2 + {A + (B¥/4)} V2
Thus, by Rayleigh’s theorem,
JME) < (n — 1)(coth /2 — 1)2
+ {(n — 1)%/4 + 4n?/6? + (n — 1)*(coth §/2 — 1)%/4}1/2

Now let § — + 0 and (47) follows (see Pinsky [2]). In the next chapter we
give a sharper technique due to M. E. Gage [1].

We now prove (48). We still have x = —1. We shall use our original
model of hyperbolic space—thus the space is given as the interior of the
unit disk B” in R" centered at the origin and having the Riemannian metric
given by

ds? = 4|dx|*/{1 — |x|2}2
The disk B(J) is represented now by the disk B*(z) in R" with

T = tanh §/2.
Our method is to estimate u(d) with a test function.
Pick
#{x) = xL.

Then

2n 1 ) n

pdvV = f inlx =0,
B(%) B(1) {1 — |x|*}

and

2" 2gx . dx”
lgrad ¢|2 dV = f T o
L(é) g ¢ B(1) {1- lez} 2

T i 1
= const f ——dr

o {1 —r?n2
1, n=2
< consts jin(1 — 1)), n=3,

(1—13" n>3.
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On the other hand, for = > 1, we have

142
$2dV = 2"f LN
Br(r) Br(r) {1 — x|}
1,2
ZZ"f (X)zndxl"'dx"
{Br(r) - B(1/2))nix! > |x]/v 2} {1 — |x|*}

r rn+1

> const f dr

2 {1 — iy
> const(l — 1)t 7"

Thus, by Rayleigh’s theorem, we have

1 — tanh §/2, n>2,
u(d) < consti(l — tanh 6/2)*|In(1 — tanh §/2)|, n=3,
(1 — tanh 8/2), n>3,

for large 0, and the theorem follows.

THEOREM 6. Let x > 0, that is, M, = S$"(1/,/x). Then

(51) lim A(8) =0
d—+n/yK
and
(52) ud) = (n — Nk
for all § & (0, n/y/x).
PROOF: Here

S.(t) = Gin/kt)/\/x,  C(t) = cos\/xt,

and, for our convenience, we shall set k = 1. Then the Riemannian metric
in our coordinate system is given by

ds* = dt* + sin?t |d¢)2.

We prove (52) first. To this end, let the indices j, k vary from 1 to n, and
the indices «, f from 1 to n — 1. By Theorem 2, a function J(t) is
determined such that the eigenfunctions of u(6) are given by

Fa(t, ) = 7 ()&,

j=1...,n Let u denote a chart on S*” !, with the Riemannian metric of
S"~! given, in the chart by

[dE1> = ). hog(C) du” du.
a,B
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Then for each j = 1,.. ., n we have, by direct calculation,
: e &l oE
rad Z|? = 7 '4&) + )27y g
lgrad Z| (© +6ing 27 Lokt
Since #; is an eigenfunction of p(8) we have
[ lgazrav o[
B(d) 8(5)

foreachj = 1,...,n. Adding the equations we obtain

wo) | T(FHPdv=| 3 lgrad F*av

B(d) j B(d) Jj

=f (T + (n — 1)(sin £)" 272} dV
B(d)
Zf (n—1ngav

B(d)

=m-1| Y(Haw

B(@) j
which implies (52).
To prove (51) set

= In(r — t)/In(x — d), n=2,
$1) = {1 —{(r—0fm—1}"% n>2,

where 0 <t < 4.
For n = 2 we have

¢'(t) = {(n - Yin(x — 5}’

and
y]
f ¢?sintdt
o
s
=In"*n — 6)f (m — 1) 2sintdt
0
G 5
<In %rn— 5)f (m — )" %sintdt + In"*(n — 6)f (m—1)"'dt
0 a

=In"%n — §) fa(n — 1) Zsintdt — In" "} — §)In{(n — d)/(n= — o)}
0
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for every o € (0, ). On the other hand,
] 4
J ¢?sintdt > In"3(n — &) In?{(x — d)/(n — o)} J‘ sin ¢ dt.
0 0
Thus Rayleigh’s principle implies that, for every o € (0, n), we have

A8) < [In~%{(n — d)/(n — a)}]U" sintdt:l_l f(n —~ 1) 2sintde

0 0

a -1
— [In~"Y(z — &)/ — 0)}] I:f sin tdt]

0

for every d € (o, ®). One now easily has

(53) lim sup {In 1/(r — §)} A(¥) < {Jm sin ¢ dt}— 1
d—-n

0o

and (51) follows for n = 2.
For n > 3 we have

P =2 -nm-0 -0

and

o r:]
J ¢?sin" ! =(n — 2)%(n — 6)2‘"‘2’f (m — )72~ Dgin" 1t dt
0 Y .

]
<(n—-2%m - 6)2"'"2’f (m—1t)" Vg
4
<(n—-2(n -8 2
Also, for all d € (o, ), 0 € (0, 7),
I6¢2 sin"! > [1 — {(n — 8)/(n — a)}" 2] Jw sin"~!
0 0

from which we have, by Rayleigh’s theorem,
n -1
(54) lim sup(n — 8)> " "A(d) < (n — 2){f sin" " !¢ dt} .
o—n 0

Thus (51) is valid for n > 2, as well, and the theorem is proven.

Result (51) is part of a more ambitious result, namely, if the eigenvalues of
S*" are denoted by {0 = 1, < 4, < 4, < ---} with repetitions according to
multiplicity, and the Dirichlet eigenvalues of B(d) are denoted by
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{0 < 4,(8) < 4,(8) < A5(6) < -- -} with repetitions according to multiplicity,
then

(55) lim A{d) = 4;_,.
o-mn

for all j =1,2,.... Result (55) is due to H. M. MacDonald {1] (also cf.
Hobson [1, pp. 403-408]), and was generalized for domains in R" in
Rauch-Taylor [2], and for domains in arbitrary compact Riemannian
manifolds in Chavel-Feldman [4] (we treat this result and other related
questions in detail in Chapter IX).

The proof of (51) that we have given is due to Del Grosso—Marchetti [1].
It has the advantage of providing a sharp estimate of A(4), namely, it is
proved in Del Grosso—Marchetti [1] that

S {In1/z — 8} ", n=2,
(56) {L sin" "'t dt}l(é) ~ {(n ) — n>2

as 0 —» n. To prove (56) we require the following:
LEMMA 1. Let Q be a normal domain in a Riemannian manifold with
lowest Dirichlet eigenvalue A. Let v € C*(Q) n C%Q) satisfy
(57) Av = -1
with v|3Q = 0. Then

(58) A > (maxp)~ L
Q

PROOF: A proof is given in Del Grosso—Marchetti [1] via probability,
but a simpler one is available. Let u be an eigenfunction of 1. Then u does
not vanish in Q-—we shall assume it is positive on all of ©. Then

Lu = —fn(Av)u = —L v(Au) = A fvu < l{mgx v} L u,

which implies (58).

We now prove (56). To solve (57) on B(d) with v|S(d) = 0, one easily
derives

] T
v(t) = J sin! "t dr f sin"~ !r dr.
t

0
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By (54), and Lemma 1, it suffices to prove, in the case n > 2, that

1 T
(59) limsup(n — )" ?(maxv,) < —— f sin"~ ¢ dr
n—2Jg

-

(we leave the case n = 2 to the reader). Note that
max v; = v,(0).
Given any ¢ > 0, there exists o, € (0, 7) such that
(l-¢g(m—-1)<sint

for all 7 € (64, #). Thus for any fixed ¢ € (g5, ) we have

J T
max v; = f sin' "t dt J sin""rdr
[} (1]

a T ] T
=J sin! ™"t drj sin" " !rdr +f sin! ™"t drf sin"~ !r dr.
(V] 0 ¢ 0

Since the first integral is bounded, independently of = — 8, we need only
consider

) T
(r — 6)"‘2‘[ sin' "t er sin"~ rdr

0

4 d
< inn—1 d _6!1—2 inl—n d
< {J; sin" " 't r}(n ) J;sm tdt
S{
(1 — 8)1_” 4 N }
< ————(n ) {L sin”” 'tdz .

This, then, implies (59), which in turn implies (56).

4 &
f sin"" 17 dt}(n —-9)" %1 — 8)1_"f (m — 1)t "dr

0

Remark 3: Other discussions of estimating the lowest Dirichlet eigen-
value of a geodesic disk in S” can be found in Barbosa-doCarmo [2],
Friedland—Hayman [ 1], Matsuzawa—-Tanno [1], Pinsky [5], and Sato [1].



CHAPTER III

A, and Curvature

In this chapter we extend the study of eigenvalues to Riemannian manifolds
whose curvature may not be constant, but is, nevertheless, bounded. The
idea is to compare the geometric and physical quantities of a given
Riemannian manifold with the respective ones in a space form of constant
curvature, where the constant is a lower or upper bound of the curvature of
the given Riemannian manifold.

Geometric comparison theorems go back to O. Bonnet and S. B. Myers,
for estimates of the diameter, to H. E. Rauch for estimates of the growth of
Jacobi fields, and to R. Bishop for estimates of the growth of volume
elements of geodesic spheres. Here we present the work of M. Obata [1]
and S. Y. Cheng [1,2] on estimating A, in terms of bounds on the
curvature., Our treatment contains a summary of basic facts about geo-
desics, the exponential map, curvature, Jacobi fields, and geodesic spherical
coordinates, prior to our dealing with the eigenvalue comparison theorems.
Details and other developments of the background material may be found
in Berger-Gauduchon-Mazet [1], Chavel [1], Cheeger-Ebin [1], and
Gromoll-Klingenberg—-Meyer [1].

Just a word on notation: For the rest of the book, given a normal domain
Q we let A(Q) denote the lowest Dirichlet eigenvalue of Q, and u(Q) the
lowest nonzero Neumann eigenvaiue of Q. For a compact Riemannian
manifold M, we let A(M) denote the lowest nonzero eigenvalue of M.

1. GEODESICS AND CURVATURE

M is our fixed Riemannian manifold, TM its tangent bundle with
projection map n: TM — M, that is, if £ € M, then n({) = p. Let V denote
the Levi—Civita connection of the Riemannian metric.

Let w: (o, f) = M be a C' path in M. A vector field X along w is a map
X:(a, ) » TM for which n o X = w, that is, X(t) € M, for all . To define
the derivative of a C* vector field along w, V, X, let x: U — R" be a chart on

55
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M, containing o((z, 8)), and define the Christoffel symbols 1"{5,- as in (1.23),
namely,
(1 V5, 0; = Y. Théy,

k .
where ¢, .. ., 0, are the coordinate vector fields associated with the chart.
Set
) o = x/ o w,
write X as

X = Z ”l(a_] ° (,0),
and define !

) VX =3 {'I" + ) (Mo w)njw"'}(az ° ).
1 ik

One checks that definition (3) is independent of the choice of chart on U,
and thereby determines a well-defined vector field V, X along w {(even if w is
not contained in the domain of one chart on M). Also, one has for C!
vector fields X, X,, X, along w, and f: (¢, B) > R e C?,

) Vz(X1+X2)=VzX1+V:X2,
&) VI X) =X +fVX,
(6 X X0 = VX, X + <X,V XD

DEFINITION 1. Let w: (o, ) » M be a C' path in M. We say that the
vector field X along w is parallel if

VX=0
on all of (a, B).

By (4), (5) we have, that given w, the set of parallel vector fields along w
is a vector space over R. From (3) one has, via the theory of linear ordinary
differential equations, that to each ¢, € (a, B), ¢ € M, there exists a
unique parallel vector field X, along w satisfying X,(t,) = £. In particular,
the space of parallel vector fields along o is finite dimensional, and has
dimension equal to that of M.

Thus we can construct isomorphisms between the tangent spaces to M at
different points of w, namely, let ¢, s € (a, f), and for £ € M, let X, be the
parallel vector field along w satisfying X(t) = {. Now set

TI,s(é) = Xg(s)-
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Then 7, is an orthogonal map to M, onto M,,, and is called parallel
translation along w from M, to M.

DEFINITION 2. A path w: (o, f) > M € C? is called a geodesic if we
have

(7 Vo' =0
on all of («, f).

To write the equation for a geodesic in a chart, let x: U — R" be a chart
on M, T'% asin (1), and ' as in (2). Then (7) reads as

(8) o + Y (T o w0 = 0.
ik

Note that if @ is C!, piecewise C2, and w satisfies (8) when it is C2, then w is
C>.

To every £ € TM there exists a maximal open interval I. in R about the
origin, and a unique geodesic y,: I, - M satisfying

140) = (), Y0 = <.

ASSUMPTION. For the rest of this chapter we assume that M is
geodesically complete, thatis, I, = Rfor all { € TM.

One easily checks that
Par) = Pue{t)
for all , t in R, and that
el = 1€,
that is, y, has constant speed.
It is helpful to define the exponential map exp: TM -+ M by

exp ¢ = y.1)
—thus
7:(t) = exp t&

forallt e R, ¢ e TM. It is known that the exponential map is C* and has
maximal rank on the image of the zero section of M in TM (by the zero
section we mean the identically zero vector field on M, viewed as a map
M - TM). More precisely, if for p € M we define

exp, = exp|M,,
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and we identify M, with its tangent space at each of its points in the usual
manner, then

&) (exp,)xjoé = ¢

where (i) (exp,)«yo is the restriction of (exp,), to the tangent space of M, at
the origin (M), (ii) £ on the left-hand side of (9) is viewed as an element in
(M,)o, and (iii) £ on the right-hand side of (9) is considered as an element of
M,,. Finally, the map

nxexp: TM - M x M,
given by
(. x exp)(§) = (n(), exp ¢),

is C®, and there exists a neighborhood W of the image of the zero section of
M in TM such that (w x exp)| W is a diffeomorphism of W onto its image—
an open neighborhood of the diagonalin M x M.

As mentioned in Section IL.5, for any continuous, piecewise C!, path
w: [o, ] = M, the length of w, L(w), is defined by

Liw) = f "o

and for any two points p, g in M, the distance from p to q, d(p, q), is defined
by

d(p, q) = inf L(w),

where w ranges over continuous, piecewise C', paths w: [a, f] = M for
which w(x) = p, w(f) = g. The distance function turns M into a metric
space.

One has the following important facts:

THEOREM 1. (i) If w is a continuous, piecewise C* path in M joining p
to g, and L(w) = d(p, q), then the image of w is that of a geodesic. If, in
addition, w has constant speed, then w itself is a C* geodesic.

(i) (de Rham) When M is geodesically complete, then given any p,q € M,
there exists at least one geodesic y in M connecting p to g with
L(y) = d(p, ).

(iii) (Hopf, Rinow) The geodesic completeness of M is equivalent to the
completeness of M as a metric space, which, in turn, is equivalent to the
statement that a subset of M is compact if and only if it is closed and
bounded.

(iv) M is complete whenever it is compact.
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We note that the main tools for deriving Theorem 1 are (9), and

GAUSS’S LEMMA. For pe M, let S, denote the unit sphere in M,
about the origin, and let S(p; 6) be the sphere in M, of radius §, about the
origin. Then for any ¢ € &, { € (&(p; t)),¢, we have

<‘y,§(t)’ (expp)*lcgc> =0.

An equivalent way of stating the result is: if £, # are orthonormal vectors in
M

>
v(t, 8) = exp t{(cos )¢ + (sin O)n},
with
0,0 = 0,(0,), Ogv = v,{0y),
then
{0,v,04v) = 0.

We now turn to the Riemann curvature tensor. For vector fields X, Y, Z
on M, define

(10) R(X, Y)Z = VnyZ - vayz - V[Y,X]Z'

It is known that (R(X, Y)Z)(p) is completely determined by the values of
X,Y,Z at p, and that (10) therefore determines a multilinear map
R: M, x M, x M, - M, for every p e M. R is called the Riemann curvature
tensor of V. One has the identities

(11) R(&, mC + Ry, & =0,
(12) R(,n){ + R, On + Rin, H)E =0,
(13) (REmE vy — CREE > =0,
(14) CREME V) + RE, v, ) =0,

for all &n,{,veM,, pe M. Note that R vanishes identically when
dim M = 1, so all discussions involving the Riemann curvature tensor will,
automatically, assume dim M > 2.

If &, n are linearly independent vectors of M, then

_ (REDED
K& =tz — & 2

only depends on the two-dimensional subspace determined by &, n. K(£, n) is
referred to as the Riemann sectional curvature of the 2-plane determined by
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&, n. If G,(M) denotes the collection of all two-dimensional spaces tangent
to M, then G,(M) can be provided with a differentiable structure, in a
natural manner, and K: G,(M) — R will then be C*.

If dim M = 2, then G,(M) = M, and K is called the Gauss curvature of
M.Forpe M, ¢, n,{ € M,, we have, in the 2-dimensional case,

(13) R, mC = K(P)KLE On — (0,08}

Similarly, for arbitrary dimension >2, the fact that K is a constant function
on G,(M), equal to k, is equivalent to saying that

(16) R, = x{<&,Dn — (0, 0>¢}

forall(,n,{ e M,,pe M.
For p € M, the Ricci tensor Ric: M, x M, — R is defined by

Ric(§, n) = tr({ — R, D),

and the scalar curvature S is defined to be the trace of Ric with respect to
the Riemannian metric. Thus for any orthonormal basis of M, {e,, . . ., e,},
we have

Ric(¢, ) = Y (R en, e
i=1

—in particular, Ric is a symmetric bilinear form on M,,. If £ = |£|e,, then

1
Ric(¢, &) = { K(e;, é)}lélz,
1

j=

and for general {e,, ..., e,} we have

S =3 Klej, e).
j#*k
We note that although our discussion of curvature may be the appro-
priate generalization, arising from the theorema egregium, of the intrinsic
character of the Gauss curvature of a surface in 3-space, its geometric
content is not readily apparent from the above formulas. The widely known
interpretation, in the 2-dimensional case, is given by the

GAUSS-BONNET FORMULA AND THEOREM. Let M be an orien-
ted 2-dimensional Riemannian manifold, and Q a normal domain in M,
homeomorphic to a 2-disk, with boundary I' having corners with exterior
angles 4, ..., B € (—n, 7). Then

{
fJKdA+fxgds=27t— Y 8,
Q r =1
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where «, is the geodesic curvature of I', ds the 1-dimensional volume
element (i.e., arc length) of I', and dA the 2-dimensional volume element
(i.e., area) of Q. In particular, if I" consists of 3 geodesic segments, and
a; = = — f; are the interior angles, then

3
Q ji=1

If M is a compact 2-dimensional Riemannian manifold with Euler
characteristic y(M), then

JfM K dA = 2ay(M).

The interpretation of curvature that we shall emphasize here is its
relation to geodesics.

First, let M be our given complete Riemannian manifold, with Levi-
Civita connection V, and let ¢: N - M be a C* map of the manifold N into
M. Then a vector field X along ¢ is defined to be a map X: N - TM
satisfying = o X = ¢, that is, X(p) € My, for all p e N. To differentiate X
along ¢ with respect to £ e TN, let w:(—¢,¢8 — N satisfy o(0) = n(),
@'(0) = &, and define

Ve X = (VX  w))0).
Then V, X is well defined and satisfies
VX, + X,) = Ve X, + Ve X,
V{fX) = (&)X + fV.X,
C(X1, X35> = (VeX i, X0 + (X, Ve X3)

for all f: N —» R, vector fields X, X, X, along ¢, and ¢ € TN.
Now let g5 > 0, v: (a, f) X (— &g, &g) = M € C*®, and write

v = u(t, &), 0,v = v,(0,), 3.0 = v,(0,).
Then é,v, 6, v are vector fields along v satisfying
(17) V0,0 — V,0,v = 0,
(18) V.V, — ViV, = R(6,v, 0.v),

where V,, V, is differentiation with respect to J,, d,, respectively. For every ¢,
we set

ot) = v(t, g).
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THEOREM 2 (Jacobi). If w, is a geodesic, for every ¢, then
V20,0 + R(8,v, 8,v)d,v = 0.
PROOF: We have on all of (¢, f) x (— &, &)
0=V.0,v =VV,v
= V,V.6,v + R(0,v, 8,v)0,v
= V23,v + R(3,v, 9,v)d,v.

Thus the curvature describes the behavior of infinitesimally neighboring
geodesics of a given geodesic.

DEFINITION 3. Given a geodesic y = y(t), we define a Jacobi field
along v, Y, to be a C*® vector field along vy satisfying Jacobi’s equation:

J) VIY+ R, Y)y =0.

The set J of Jacobi fields along y is a vector space over R of dimension
equal to 2(dim M). More particularly, one has: given any ;€ R,
& ne My, there exists a unique Y e J satisfying Y(to) = & (V,Y)(¢,) = n. If
Y e J is not identically zero, then Y(¢), (V, Y)(t) cannot vanish simultaneously
for any given ¢.

If X, Ye J, then the Wronskian of X and Y is constant, that is,

VX, Y) —<X,V,Y) = const.
In particular, for any Y e J there exist constants a, § such that
(19) Y9 =at + B
One immediately concludes that
Jt = {Ye J:{Y,y> = 0onall of y}

is a subspace of J with codimension equal to 2.

Given the geodesic v, and a < f, we say that y(f) is conjugate to y(x) along
y if there exists Ye J, not identically zero, such that Y(«) = Y(B) = 0 (of
course, such a Y would be in J). When y(f) is conjugate to y(o) along 7,
then a theorem of Jacobi states that

d(y(e), Y1) < (¢ — a)ly'

for all t > B, that is, y cannot minimize distance past a conjugate point.
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For any geodesic y in M, and t € R, we let M;" denote the orthogonal
complement of y(t) in M,,, and define the curvature operator,
R(®): M{" - M{, by

R(HE = R'(0), O)y'(®).

Note that R(z) is self-adjoint, by (13). Furthermore, M has constant
sectional curvature « if and only if

(20) R(t) = xly'I*1,

where I is the identity map of M}, for all geodesics y, and t e R. If |y'| = 1,
and Y e J*, then (20) implies that Y is given by
1) Y(1) = a()C.(1) + b(1)S(2),

where a(t), b(t) are parallel vector fields along y which are pointwise
orthogonal to y, and S, C, are given by (11.25), (I11.27), respectively. Thus,
when M has constant sectional curvature x, two points are conjugate along
a given geodesic if and only if: ¥ > 0, and the distance between the points

along the geodesic is an integral multiple of n/\/; . One can easily picture

the phenomenon on the sphere of radius 1/\/E (its geodesics are the great
circles, and the curvature is ),
We now describe the relation of Jacobi fields to the exponential map.

PROPOSITION 1. Let pe M, {e M,, and ne M,. To calculate
(eXp,)4 e (Where we are thinking of  as an element of the tangent space
(M,),s), set y(t) = exp,t&, and let Y(t) be the Jacobi field along y determined
by the initial conditions

Y0)=0, (WY)O0) =n.
Then
(€XPp)aien = (1/)Y(0).
PROOF: Pick a path {(¢) in M, with
=< 0)=n,
and consider the 1-parameter family of geodesics
v(t, €) = exp t{(e).
Then, by Theorem 2, the vector field Z(t) along y given by
Z(t) = (9, v)(t, 0)
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is a Jacobi field, and

Z(1) = (exPp)yyrs 1'(0) = HEXD,)jeen-

So we wish to verify that Z has the initial conditions that determined Y.
Certainly, Z(0) = 0; and (17) implies

(V,0.v)(0, &) = {'(e).
Thus

(V.Z2)(0) = (V.0,v)(0,0) = n,

and the claim is proven.

COROLLARY 2. The kernel of (exp,),,. is isomorphic to the subspace
of Jacobi fields along y(t) = exp t&, vanishing at p and exp &.

We now turn to notions involving cut points. For each ¢ € S, we define
c(§) = sup{t > 0:d(p, 7(t)) = t}.

One knows, by (9) and Gauss’s lemma, that c(£) > 0 for all £. Note that if
t € (0,c(&)), then d(p,y/t)) = t—for if there exists t e (0,c(£)) for which
d(p, 7:(t)) < t, then for any ¢ in (0, ¢() — ) we would have

d(p, vt + €)) < d(p, v 1) + d(yelt), vt + €)) < t + &;

if ¢(¢) is finite, then the argument also applies to ¢ = ¢(¢) — t. In either case,
we would be contradicting the definition of c(¢).

Also, for t € (0, c(£)), y, must be the only minimizing geodesic connecting
p to yAt). Otherwise, given any ¢ in (0, ¢() — ¢), there would exist a broken
geodesic, of length ¢t + & = d(p, y{t + ¢)), joining p and y(t + ¢). But a
broken geodesic cannot minimize arc length between two points.

Thus, if we set

D,={t{eM,.0<t<c(i, e}
and
D, =exp D,

then exp, maps D, diffeomorphically onto D,, and D, is mapped onto all
of M. Furthermore, one knows that c({) is continuous on &, and that 6D,
has zero n-dimensional Lebesgue measure in M,,. Its image in M is D,
and 0D, also has zero n-dimensional Riemannian measure in M.

It is customary to refer to y(c(£)), when c(§) < + o, as the cut point of p
along y,, and to refer to 6D, as the cut locus of p in M.



1. Geodesics and Curvature 65

DEFINITION 4. Foreachpe M, 6 > 0, set
B(p; ) = { e M,:{§| < 8},
S(p: 8) = {{ e M,:|¢| = 0},
S, = &(p; 1),
B(p: 6) = {g € M:d(p,q) < 3},
S(p; 8) = {g € M:d(p,q) = 5}.
Note that we always have

B(p: 9)

exp B(p; 9),
and
S(p,8) n D, = exp &(p; 6) N D,.

We now work with geodesic spherical coordinates on D,, induced by
exp,| D,. Assume we are given a coordinate system

¢ = &u)

on &,, where u varies over a domain in R"™'. A coordinate system is then
determined on D, by

uft, u) = exp t&u).
We then have (for 8,0 = v,(0,))
o,v(exp t&) = yd1).

We write 0,v for v,(d/0u®), and 0,¢ for &,(0/0u”), where a =1,...,n— 1.
From Proposition 1, one has that for every ¢ € &, the vector field along y,,
Y,, given by

Y(t; &) = 0, v(exp £d),
is the Jacobi field along y, determined by the initial conditions
Y(0;0) =0 (VY)0; &) =3¢,
with @, ¢ orthogonal to &. Thus
(22) 10,0 = 1, (G, 8,v) =0

by (19), which is the content of Gauss’s lemma.
Our first comment is that if M has constant sectional curvature k, then
(20) is valid, from which one concludes, using (21), that

Y(t: 0) = S(0)1(0,%),
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where 7, denotes parallel translation along y.. Thus

0,0, dgv)(exp t&) = S¥(1)K0. &, 3,8,
which implies
(23) ds* = (dr)® + SX(1)d¢|?,
that is, M is locally isometric to M,., the complete simply connected model
spaces of Section II.5 with constant sectional curvature k. It is a standard
argument that M is actually covered by M,, and that if M is simply
connected, then M is globally isometric to M, . Thus for any given constant
K, there exists, up to isometry, only one n-dimensional, complete, simply
connected Riemannian manifold of constant sectional curvature k.

For the case of varying sectional curvature we need a more general
method of dealing with <4,v, 05v).

DEFINITION 5. Foreach(e &, let &+ be the orthogonal complement
of {R¢} in My, and let 7,: M, - M, denote parallel translation along y,.
We define the path of linear transformations

A(t; 0): & — &
by
A(t; &n = (r)™' Y(@),
where Y(t) is the Jacobi field along y, determined by the initial conditions
Y0)=0, (VY)O0)=n.

Explicit calculation then verifies

PROPOSITION 2. For n € &* set

R(On = (z)” ROz, n);

then 2(t) is a self-adjoint map of ¢+ and &/(¢; &) is the path of linear
transformations satisfying

$2) A+ R =0
with initial conditions
(24) H0;8)=0, A0;8)=1

DEFINITION 6. We set
Vot &) = det oA(1; ).
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Now return to our geodesic spherical coordinates, with the given no-
tation. Then

(25) 0, v(exp &) = 7, H(t; £)0,&

from which we have

(26) (0,0, Ogv)(exp 1&) = (A (t: £)0, &, A (t; E)0p &>
fora, f =1,...,n — 1; we therefore write

27 ds* = (dt)? + |(t; &) dEJ*.

Note that, for the case of constant sectional curvature x, we have
(28) At ) = S, ()]

For the volume e¢lements we have

(29)  {det(<3,v, Bpv))}"/(exp 1&) = /9(t; ENdet(<D,&, B, EN} 2.

Thus, if du, denotes the (n — 1)-dimensional volume element on &,, and
dA(exp t€) the (n — 1)-dimensional volume element of S(p; t) n D, then

dA(exp t&) = \/glt; &) du,(£).

The n-dimensional volume element of M, dV, is given on D, by

dV(exp t&) = dt dA(exp t&) = \/g(t; &) dt dp,(&).

2. COMPARISON THEOREMS FOR SECTIONAL
CURVATURE BOUNDED FROM ABOVE

H. E. RAUCH’S COMPARISON THEOREM. Suppose we are given
a geodesic y in M, with |y’| = 1, and

(30) R <«l

on all of y, for some fixed constant «, that is, for every t € R, the eigenvalues
of R(¢) are less than or equal to . For any Ye J*, set

Yo = |YI(0)S, + [YIO)C, .

Then, on any interval {0, §) for which we have ¥, > 0 on the complete
interval, we also have

(31 IYI1Y] = ¥/, (Y)Y 20,
and
(32) Y] > ¢,
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Equality occurs in (31) (resp., (32)) at ¢, € (0, B) (resp., (0, 81) if and only if
there exists a unit vector field E, parallel along y and pointwise orthogonal
to y, such that

Y=y E

on [0, t,].

PROOF: We have
DERS A 97) (I
which implies
1Y =YL VYYIYIT + KL VY {IY[Y
=YV YPIYP? — (Y, Y2 — (Y, RY)|Y|?}
> —kl|Y|
by (30), and the Cauchy—Schwarz inequality. Thus
YI" + «jY| =0,
from which one concludes

{UlY!" — ¥il Y1} = 0.

Inequalities (31), (32) now follow easily. The case of equality is also handled
easily.

The first consequence of the Rauch theorem is the Hadamard—Cartan
theorem, namely, if « in (30) is nonpositive, then no two points along y are
conjugate. Thus, for a complete Riemannian manifold with nonpositive
curvature, no two points are conjugate along any geodesic. By Proposition
1, the exponential map exp, is of maximal rank on all of M, for every
p € M. One then argues that exp, is a covering for every p € M. The simply
connected covering of M is, therefore, diffeomorphic to R". If M, itself, is
simply connected, then exp, is a diffeomorphism, for every p € M, in which
case we would have: any two distinct points of M are joined by a unique
minimizing geodesic.

If, on the other hand, the constant x in (30) is positive, then one has the
Morse-Schonberg theorem, namely, if two points are conjugate along x,

then their distance is greater than or equal to n/\/;c— .

BISHOP’S COMPARISON THEOREM (I). Assume y is as in the
Rauch theorem, with (30) valid on all of y. Let 2/(t) be the solution of (#)
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along y satisfying the initial conditions (24), and set \/ﬁ(t) = det /(t). Then
if S, does not vanish on (0, §), then

(33) (VoS 1y 20
on (0, #), and

(34) Joz s
on (0, £].

Equality occurs in (33) (resp., (34)) at t, € (0, B) (resp., (0, £]) if and only if
R =«l, o =8, 1
on all of [0, t,].
PROOF: We set
B =d*A,
and note that 4(t) is self-adjoint, positive definite on (0, ), with
det # = (det )>.

For any given a e (0, ), fix an orthonormal basis {e,, ...,e,_4} of
{y'(0)}* consisting of eigenvectors of %(x), and define

nit) = e,
j=1,...,n— 1. Then one has
(In det Y (e) = HIn det B)(e)
= Htr BB ()
= Zj:((m-, 7>/ ()
2 (n — )(C,/S,)(),

by the Rauch comparison theorem.
The theorem now follows easily.

Geometric consequences of the above theorem are the following:

THEOREM 3 (Bishop). Let M be a complete, n-dimensional
Riemannian manifold, all of whose sectional curvatures are less than or
equal to a given constant k. Then for any p € M, and é > 0 for which

(35) B(p; 3) < D,
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the volume of B(p; ) is greater than or equal to volume of disk of radius
6 > 0 in the n-dimensional simply connected space form M, . Equality is
achieved if and only if the two disks are isometric.

THEOREM 4 (McKean [1]). Assume that x in Theorem 3 is negative,
and that B(p; ) satisfies (35). Then

(36) AB(p; 8)) = —(n — 1)*k/4.
In particular, if M is simply connected, then
37 AQ) > —(n — 1)’x/4

for any normal domain Q in M.

We leave it to the reader to supply a proof of (36)—it is an immediate
generalization of the proof of the first claim of Theorem II.5, that is, (I1.46).
The second claim follows from the Hadamard—Cartan theorem.

THEOREM 5 (Cheng [1]). Let M be as in Theorem 3, pe M,and § > 0
for which (35) is valid. Let 1,(6) denote the lowest Dirichlet eigenvalue of
the disk of radius é in M. Then

(38) AB(p: 9)) = 4(5).

LEMMA 1 (Barta [1]). Let Q be a normal domain in a Riemannian
manifold, and fe C*Q) n C°%Q), with f|Q > 0 and f|Q = 0. Then

igf(Af/f ) < —4Q) < Slgl!p(Af/f )-

PROOF: Let ¢ be an eigenfunction of A(Q) with ¢|Q > 0 and ¢ |dQ =0,
and set

h=¢—f
Then

—AQ) = (Ap)/d = (Af)if + {fAh — RAF}/f(f + h).
Since f(f + h)|Q > 0, and
f {fAh — hAf} dV =0,
Q

the claim follows.



3. Ricci Curvature Bounded from Below 71

PROOF OF THEOREM 5: Let T: [0, 8] — [0, o0) be the radial eigenfunction
of 1.(9) as discussed in Section 11.5. Then

T" +(n— WWC/S)T + 4(8)T=0

with T'(0) = T(6) =0, T|[0,8) > 0. Then Proposition II.3 implies
T'|(0,8] <O.

Introduce geodesic spherical coordinates on B(p;d) < D, = M, as dis-
cussed in Section 1, and let F: B(p; §) — [0, o) be given by

(39) F(exp t&) = T()
for (1, £) € [0, 6] x S,. Then

A (ot OT'Y
_ té = NI 2
FOPe =T T

_1 {Tﬂ RIS T,}

T NZ (3

1 C
< 1y _ __5 + _ .
<7 {T +(n—-1) S, T} A0);
note that ﬁ(t; &) is given by Definition 6, and that the first line is the result
of direct calculation, using (22), (29); in the second line, \/6’(t; £) denotes the

derivative of \/a(t; £) with respect to t; and one goes from the second line to
the third by the Bishop comparison theorem (I).

Thus
— A(B(p; 8)) < sup(AF)/F < —4,(9),

which implies the claim.

3. COMPARISON THEOREMS FOR RICCI
CURVATURE BOUNDED FROM BELOW

BISHOP'S COMPARISON THEOREM (II). Let M be a complete
Riemannian manifold, and x a constant for which

(40) Ric(¢, &) > x(n — 1)|E

for all ¢ € TM. For each unit tangent vector ¢ let /(t; &), \/6(‘3 ) be as
given in Definition 3, 6, respectively. If, for a given unit tangent vector &, we

have a constant § > O such that \/g_;(t; &) > 0 whenever t € (0, ), then
(41) Vo sy !y < 0
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on (0, B), and
(42) Jo & <8t

on (0, B].
Equality is achieved in (41) (resp., (42)) at t, € (0, B) (resp., (0, B]) if and
only if

®=xl, A8 =Sl
on [0, t,].
PROOF: Let V= &L If T: V - V is a self-adjoint linear transformation of
V, then the Cauchy—Schwarz inequality implies that
43) tr T2 > (tr T)*/(n — 1),

with equality if and only if T is scalar.
For two paths of linear transformations of V, A(t), B(z), we define their
Wronskian W(A, B) by

W(A,B) = (A'Y*B — A*B".

Note that if A, B are solutions of { #), then W(A, B) is a constant. One then
has

W, o) =0.
We are now given f > 0 as in the statement of the theorem. Set
U=o'sf!
on (0, f). Then
U - U =( PWA, L)AL =0

so U is self-adjoint. Explicit calculation shows that U satisfies the matrix
Riccati equation

4] U+U+az=0.
Thus (40) and (43) imply
O=tr U+t U2 +tr Z = (tr UY + (tr UY?f(n — 1) + w(n — 1),
that is,
p=1trlU= \/6’/\/5
satisfies the differential inequality
44) ¢+ n—1)+xrn—-1)<0.
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Note that if

¥ =@ — DC/S,,
then

W+ ¥n — 1) + k(n — 1) = 0.

Therefore consider the continuous function 6(t) defined on
[0, B) ~ [0, n/y/x) (Where n/\/x = +co when k < 0) by

60) =0, (1) = Y(6(r))

when ¢t # 0.
One easily concludes that

=1
on [0, B) n [0, n/\/;), from which one has
0) =1,  P1) < Y1) = (n — D(C/S)0),

that is, (41) and (42) are valid on (0, 8) n (0, 1:/\/;). But the validity of (42)
on (0, ) ~ (0, n//x) implies B < n/\/x; 50 (41) (tesp., (42)) is valid on all of
©, B) (resp., (0, £1).

We postpone, for a moment, considering the case of equality and draw
some immediate conclusions from f < n/\/; .

BONNET-MYERS THEOREM. Let M be a complete Riemannian
manifold with Ricci curvature satisfying (40) on all of TM, with ¥ > 0. Then
M is compact, has finite fundamental group, and has diameter d(M)
satisfying

dM) < n/\/x.

Indeed, M is bounded since, for any unit tangent vector ¢, \/a(t; ¢)hasa
zero on (0, n/\/;], which implies there exists a nontrivial Jacobi field
vanishing at t = 0 and at some f, e (0, n/\/;]. But, as we mentioned,
geodesics do not minimize distance past conjugate points. Thus M is
bounded, with diameter less than or equal to n/\/; . Once M is bounded
and complete, the Hopf—Rinow theorem states that M is compact. Since the
universal cover of a complete Riemannian manifold is always complete, the
universal cover of M is complete and its Ricci curvature satisfies (40) on all
of TM. Thus the universal cover of M is compact, and the fundamental
group of M is finite.
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We now consider the case of equality in the Bishop theorem (II) (the case
of equality in the Bonnet-Myers theorem is the Toponogov theorem
below). Note that equality in (42) at some ¢, € (0, 8] implies equality in (41)
on all of (0, t,)). So it suffices to consider the case of equality in (41) at some
to € (0, ).

If we are given equality in (41) at some ¢, € (0, ), then #(t,) = t,, which
implies & = 1 on all of [0, ¢,], that is, 0(t) = t on all of of [0, ¢,]. Thus

o(t) = (n — D(C/8)(1)

on all of [0, ¢,], and we have equality in (44) on all of [0, t,]. This, in turn,
implies that U(t) is scalar on all of [0, ¢,], and

o' =(C./S)o
on all of [0, t,]. But, now, explicit calculation implies
A+ =0

on [0, t,], and the theorem follows.

THEOREM 6 (Bishop). Let M be complete, with Ricci curvature satisfy-
ing (40) on all of TM. Then for any é > 0, p € M, the volume of B(p; ) is
less than or equal to the volume of the disk of the same dimension, having
constant sectional curvature k and radius . Equality is achieved if and only
if the two disks are isometric.

Ifk > 0,and dim M = n, then

vol M < (vol §")/k"?,

with equality if and only if M is isometric to the n-sphere of constant
sectional curvature .

Remark 1: We note the contrast in the two Bishop comparison theo-
rems, the first one requiring the Rauch estimate on the growth of a Jacobi
field vanishing at the initial point of the geodesic, and the second one
working directly with the matrix Ricatti equation. For sectional curvature
bounded from below, one also has a Rauch estimate on the growth of
Jacobi fields which vanish at the initial point of the geodesic. Compare H.
E. Rauch’s [1] original paper, and M. Berger’s survey [7] of the field of
pinching theorems inspired by it.

THEOREM 7 (Cheng [2]). Let M be complete with Ricci curvature
satisfying (40) on all of TM. Then for any 6 > 0, p € M, we have
(45) A¥(B(p; 8)) < 4,(9)
with equality if and only if B(p; ) is isometric to the disk in M, of radius J.



3. Ricci Curvature Bounded from Below 75

ProoF: Note that we have used A*(B(p; 9)) instead of A(B(p; 8)) since we

dispensed with the hypothesis that B(p; d) = D,, and can, therefore, no
longer assume that B(p; §) is a regular domain in M. Thus the theorem is
understood to be claiming that, given any & > 0, there exists a function F,
approximated, relative to (1.76), by functions in C®(B(p; 8)), such that
F # 0, and

D[F, F] < {4 () + e} FII2.

The function F is constructed as follows: Let T{t) be the eigenfunction of
A0), and for (¢, §) € [0, o0} x &, satisfying t € B(p. ) N D, define

F(exp t&) = T(1).

We note that F is well defined, since if two minimizing geodesics,
emanating from p, intersect at q then both geodesics have the same length.
F is continuous, since the function c({), ¢ € €, is continuous. Also, for
t¢ € D,, we have

l(grad F)(exp &)l = |T'(1):

so grad F has bounded length on B(p; ). Since grad F is continuous

everywhere except, possibly, on D, n B(p; §)—a set of Riemannian n-
measure 0—we conclude that F € #(B(p; §)). We now show that F can be
approximated, in the metric (1.76), by functions in 3#(B(p; §)) which are
compactly supported on B(p; §). Clearly, one will then be able to approxi-
mate F with functions in C*(B(p: 8)).

Let L:[0,0c)—+ Re C with L(0) =0, and supp L < [0,4,] for some
0; < 6:and let G: B(p; ) — R be defined by

Glexp t&) = L(1)

for all t¢é e Dp N B(p: 8). Then G € #(B(p; 8)), as F is, and has compact
support. Also, we have

wmia{c(&),0}
IF =617 = [ duye) [ - oven o a
» 0
min{c($),d}
<[ au® f (T— LS () dt
&y 0
]
<( au® f (T— LSt~ e) de
&, 0

which is the L*B,(5)) distance of the functions on B (5) determined by T
and L. A similar estimate holds for llgrad(F — G)||2. So any degree of
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approximation, achieved in J#(B,(5)), is achieved, automatically, in
H#(B(p; 4)). Thus F is an admissible function for A(B(p; 9)).
Let
b(¢) = min(c(¢), 9).
Then, as mentioned,
b(Z)

lerad FI? = [ duf@) [ T2 /a0:0) s,

&, 0

and
b(&)
1FI2 = f du (&) f T2 /gt &) dt,
8, 0

and it suffices to establish

b(Z) b(&)
(46) f T /(e &) dt < Ax(é)f T2 /g(t: &) dt
4]

[{]

forevery £ € €,. Well,

b(&)
f T2 /g(t: &) dt = TT'\/g(: &)
0

b(%)
= (TTYBEN/9b(E); &) — f T{T'\/9(t; &)} dt

b(&) b(&)

—| T{T'/g(t; &) dt
0

0

b(&)
<- fo T{T" + T'/9(; &)//9(t: O} /o(t; & dt

<~ f me{T” +(n = I(C/SIT'}/9(t; &) de

0
b(E)
= 2(8) f T2 /gt &) dt,
[4]

which is the claim (46). Note that we have used the facts T|[0,4d) > O,
T'|(0, 6] < 0, and the Bishop comparison theorem (II).
The case of equality is easily handled.

Remark 2: Assume that in Cheng’s theorem we have x > 0. Then the
theorem only has content when § < n/\/E. For by the Bonnet-Myers
theorem (Section IIL3), d(M) < n/\/;. Therefore, if 6 > n/ﬁ we have
B(p;6)=M and AB(p;d)=0. If 6 =n//x then one also has
AB(p; ) = A4(8) = O by Theorem IL6. Of course, when d(M) = n/,/x, the
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subsequent argument of the Toponogov theorem shows that M is isometric
to M, = S"(1/3/%).

Remark 3: We note that Cheng’s theorem is a counterexample to the
metaphysical principle: Large spaces—small eigenvalues, and small spaces—
large eigenvalues. We refer to the rubric as a metaphysical principle because
(i) large spaces and small spaces are not well defined, (ii) the rubric is valid in
sufficiently many situations, where there might be agreement as how to
declare a space larger or smaller, as to serve as a guide to intuition in
unknown situations, (iii) it therefore serves as a barometer of the striking
character of a result serving as a counterexample to the principle, and
therefore, (iv) a commitment to the validity of such a principle leads to
either (a) a more penetrating study into the determination of geometric size
or (b) declaring that large eigenvalues might serve—in appropriate
situations—as a definition for a small space.

Many of the results described in this book reflect the validity of this
principle. Compare the normalization of geometric data (Section XI1.7), the
Weyl formula (Section 1.3), and especially the domain monotonicity of
eigenvalues with vanishing Dirichlet boundary data (Section 1.5), for early
examples of this principle. The principle is also a very helpful guide to
appreciating the results of Chapter IX. But here, the Rauch and Bishop
theorems say that increasing the curvature decreases the size of a geodesic
disk of fixed radius, and the Cheng theorems state that increasing the
curvature also decreases the lowest Dirichlet eigenvalue (contrary to our
expectation that it be increased).

We note that the Obata theorem in the next section states that if M
is a compact Riemannian manifold of dimension n > 2, with Ricci
curvatures bounded below by the constant (n — 1)k, x > 0, then
A (M) = nk = 4,(M,)—the result consistent with the metaphysical prin-
ciple. Interestingly, the strong form of the theorem states that A,(M) = nx if
and only if M is isometric to M,—our proof uses Cheng’s theorem, in
violation of the principle.

COROLLARY 3. Let M be as in Theorem 7, and compact. Denote the
list of eigenvalues of M by

0=A.0<)»15112S"'.
Then

(47) M) < A (d(M)/2))
forallj=1,2,....
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PROOF: Pick points p, g in M such that

d(p, q) = d(M).

Join p and q by a geodesic y:[0,d(M)] - M, |y| =1, with y0) = p,
y(d(M)) = q. Define

p = y((l — Dd(M)/j)

for I=1,...,j+ 1. Then the disks {B(p,; dM)/2j):1=1,...,1+ 1} are
pairwise disjoint. The max—min argument, for Dirichlet eigenvalues, and
Cheng’s theorem, implies (47).

Remark 4: We gave the particular estimate of Corollary 3 for two
reasons: (i) For A,(M) it helps characterize the case of equality in the Obata
theorem (Section 4), and (ii) it theoretically gives an upper bound of all
eigenvalues in terms of lower bounds on the Ricci curvature and diameter
of M.

However, for large values of j, we have

lx(d(M)/zj) ~ 4cDj2/d2(M)5

by (XI1.34), where cp, is the lowest Dirichlet eigenvalue of the unit disk in
R So the Cheng estimate (47) gives

A{M) < const - j?

for large j, with the constant depending on n and M.

To get a better estimate one uses the following result of Gromov [1] (our
thanks to J. Dodziuk for this alternative approach): For any given ¢ > 0, let
N(g) be the maximal number of pairwise disjoint geodesic disks in M all
having radius ¢ > 0. Then Bishop’s theorem implies

N(¢) = vol(M)/vol(B,(2¢)).

The max—min argument for Dirichlet eigenvalues, and Cheng’s theorem,
imply that (if [x] denotes the largest integer < x, then)

ApvotmyvorBuzem(M) < Ale)-
From (XI1.34) one can now obtain

A(M) < const - {k/vol(M)}*",



3. Ricci Curvature Bounded from Below 79

M\D,

Fig. 1

where the constant depends only on n and x, for sufficiently large k—an
estimate much closer to that given by the Weyl formula (1.50). A sharper
version of this argument can be found in Section 4 of Li-Yau [1].

Remark 5: We also note that Li-Yau [1] also give a lower bound for
A(M) in terms of the diameter and lower bound of the Ricci curvature of M.
Compare Theorem V.4 and Section XIL.9.

Of course, one cannot expect to bound A(M)d*(M) from below by a
positive constant depending on, at most, the underlying topology of M.
Indeed, given any fixed Riemannian metric on M, let D be a disk, and
change the metric in a neighborhood D; of D so as to form the “dumbbell”
T u B, where T contains a flat cylinder, isometric to $"~(¢) x [—1, 7], and
B has the same volume as M\D, but is otherwise arbitrary (cf. Fig. 1). It is
easy to show that for the new metric

A(M) < const-&" "1/l (vol(M))

where the constant is independent of ¢ and /. One can show that by suitable
choice of ¢ and /, one can arrange that both

AMYd] (M),  AM) vol®>"(M)

are as small as one desires.
For a survey on bounds for A(M) (see Li [4]).

COROLLARY 4 (Cheng [5]). If M is a compact two-dimensional
Riemannian manifold, of genus g, whose Gauss curvature is greater than or
equal to x on all of M, with ¥ < 0, then A, satisfies

(48) Ay < Al{arccosh(2g — 1)}/2./—«k).
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PROOF: The Gauss—Bonnet and Bishop theorems imply, for A, the area
of M, since y(M) = 2(1 — g),

d(M)
g—1<—xA/An < —KZn{f Sx}/4n
0

= 4{cosh(/—kd(M)) — 1}.
Thus
d(M) > (1//~x) arccosh(2g — 1)
and (48) follows from (47) for j = 1.

We now present Gage’s estimate for 4,(5) for x < 0. For our convenience,
we only consider the case where n = 2. We present the estimate here,
instead of after Theorem I1.5, because the integration-by-parts, used in this
argument, is the same as that used in Cheng’s argument.

THEOREM 8 (Gage [1]). Forn = 2,2 and ¥ < 0 we have
—-Kx T 1

49) A(d) < e + 5 K,f(é_)

PROOF: First note that for any given constants , ¢, and

f(&) = S7Y2(t) cos(at — &),
we have
f1) = —=S;Y2{(C,/2S,) cos(at — &) + a sin(at — &)},
and
J" 4 (C/SIf + {(—x/4) + o« — (1/480)}f = 0.

To estimate 4,(5) from above, consider the function

#0) = S-Y%(o)cos(as —¢), 0<t<o,
TS Y2(1) cos(at — e), 6<t<34,

where o, o, ¢ are constants to be chosen. We shall pick them to ensure
(50) ¢1[0,6) >0, (o) =0,
(1) ¢(@)=0, ¢(s,6] <O.

Fix an arbitrary 7 in (0, 1), and set

c=1d.
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For any ¢ in (0, (1 + 7)/2(1 — 1)), set
(52) a = (1/0)(n/2 + ¢).
Then
o < n/é(1 — 1), oo — & > —T7/2, ad — e =m/2.

So (50) is satisfied for any ¢ in (0, n(1 + 7)/2(1 — 7)).
We now wish to determine ¢ to satisfy (51). Set

Y(t; &) = (C,/2S,) cos(at — €) + a sin(at — &).
If « is related to ¢ by (52), then
Y(zd; 0) > 0, Y(té; n(1 + 7)/2(1 — 1)) < 0.

One easily has the existence of ¢, in the stated interval, for which (51) is
valid.
Now let A be defined by
—K n? 1

A=_F _ ,
4 Y5 T aske)

Then
"+ (C/S)¢ + Ap =0
on all of (5, 6). Thus

[ s
’ ]
= f ¢{d" + (C./S)9'}S,
< qu&ZSx

3
< Af ¢3S, .
4]

Thus, Rayleigh’s principle implies

n? 1

8%l — 1> 4S9

—K
Ald) < -

for all t € (0, 1), which implies (49).
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Remark 6: Using estimates on the zeros of Legendre functions, Cheng
[2] showed that there exist constants, depending only on n, such that
A(6) < const - max{0, —x} + const/d?.

Gage’s approach, through test functions, is also valid in all dimensions and
yields a sharpening of Cheng’s original results.

4. OBATA AND TOPONOGOV THEOREMS

If V is an n-dimensional, real inner product space, and T: V- V a linear
transformation, then the norm of T, |T|, will be defined by

|T|2 = Z <Tej1 ek>2’

k=1
where {e,, ..., e,} is any orthonormal basis of V. One easily checks that |T|
is well defined, and that
(53) ITI? = (tr T)*/n,

with equality in (53) if and only if T is a scalar multiple of the identity.

If M is our given Riemannian manifold, with Levi—Civita connection V,
and f is a C? function on M, then the Hessian of, Hess f: TM — TM, is
defined by

(Hess f)(&) = V, grad f,
for £ € TM. Of course, (Hess f)(M,) = M, for all p e M. Note that
(54) Af = tr Hess f.

THEOREM 9. Let M be an n-dimensional, compact Riemannian mani-
fold with Ricci curvature satisfying, for some given constant xk > 0,

(40) Ric(¢, &) = k(n — 1)|E?
for all £ € TM. Then A(M), satisfies
(55) AMM) > nx,

with equality in (55) if and only if M is isometric to the n-sphere of constant
sectional curvature k.

Inequality (55) is due to Lichnerowicz [1], and the characterization of the
case of equality is due to Obata [1].
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GENERALIZED TOPONOGOY THEOREM (Cheng [2]). If M is as
in the hypothesis of Theorem 9, and has maximal diameter, that is, (cf. the
Bonnet—Myers theorem),

dM) = n/\/x,

then M is isometric to the n-sphere of constant sectional curvature .

We prove both theorems together. Inequality (55) follows the Bochner—
Lichnerowicz formula (cf. Berger—-Gauduchon—Mazet [1, p. 131ff.] for a

proof):
(56) 1A(grad f?) = |Hess f|*> + {grad f, grad Af)
+ Ric(grad f, grad f)

for any f e C*(M).
Now if f is an eigenfunction on M with eigenvalue 4, then (40), (53), (54),
{56) combine to imply

(57) $A(grad %) > 2*f*/n + {x(n — 1) — A}|grad f}?
on all of M. Integrate the inequality (57) over M; then
(58) 0> {A¥n + [x(n — 1) — LA} F112 = An — Dink — A} f11%/n

and inequality (55) follows.
We now turn to the Toponogov theorem. Suppose, with the given
hypotheses, that we have points p,, p, € M satisfying

(59) d(py, p2) = 1/ /x.
Then

nk < A(M) < max A(B(pj; n/Z\/;) < nK.
j=1,2

The first inequality is (55), the second inequality is the max—min method,
and the third inequality is the result of Theorem 7.
Equality (59) therefore implies

AM) = nk;

and equality in the max—min inequality implies that

2 —_—
M = | Blp; n/2/x)
and

(60) MB(pj; 1/2./x)) = nx
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for j =1,2. But (60) is the case of equality in Theorem 7; thus each

B(p; n/2\/;;) is isometric to the hemisphere of M, . Then M is isometric to
M, .

Finally, we return to the case of equality in (55). Well, equality in (55)
implies equality in (57) on all of M. Thus there exists a C* function ¢ for
which

Hess f = ¢1
on all of M. Then
— A = Af = tr Hess f = n¢;
§0

¢ =—xf,

and

(Hess f)(§) = —«f¢

forall £ e TM.
Now note that for any w: (o, ) - M we have

—«flo’)* = {(Hess f)(@), »')

=V, grad f, ")

= (grad f, 0y’ — {grad f, V')

= (fo w)' — (grad f, Vo').
Therefore, for any geodesic y: (o, f) = M, |y'| = 1, we have

(fop) +x(foy)=0;
s0

(f  9)t) = A cosy/xt + Bsin,/xt

for some constants A4, B.
If p € M has the property that

f(p) = max f,
M
then for every ¢ € S, we have

f@dD) = f(p) cos/xt,

which implies that exp,|B(p; n/\/r?) is a diffeomorphism of B(p; n/\/;) onto

B(p; n/\/x). In particular, d(M) > n/\/x. Then d(M)=n/./k by the
Bonnet—Myers theorem and the result follows by the Generalized
Toponogov Theorem.



CHAPTER IV

Isoperimetric Inequalities

In this chapter we consider relations between geometric isoperimetric
inequalities and physical isoperimetric inequalities. In our context, given an
n-dimensional Riemannian manifold M, a geometric isoperimetric inequality
will be an inequality for the (n — 1)-dimensional volume of 9Q, where Q is
the union of a finite number of regular domains, with compact closure in M,
once the n-dimensional volume of Q is given. A physical isoperimetric
inequality will be an inequality for the eigenvalues of an arbitrary domain Q,
with compact closure in M, given the n-dimensional volume of Q. Our
emphasis will not be on the derivation of the geometric isoperimetric
inequalities; rather, we shall emphasize the derivation of the physical
inequalities from the geometric ones. Surveys on isoperimetric inequalities
can be found in Polya—Szeg6 [1], Payne [1], and Osserman [3, 4].

1. THE CO-AREA FORMULA

Let M be an n-dimensional Riemannian manifold. In all that follows, we
let V( ) denote n-dimensional volume of submanifolds of M, and, A( ),
(n — 1)-dimensional volume.

Now let Q be a domain in M with compact closure, and
Q- Re CUQ) n CP(Q), with £]0Q = 0. The critical values of f|Q have
measure zero in F(QQ) = R, by Sard’s theorem (Narasimhan [1, p. 19ff.]).
The reguiar values of f | Q are an open subset of R, henceforth to be denoted
by R,. For any t € R;, f"'[t] » Q is an (n — 1)-manifold, and I nQ
is compact.

Let (¢, B) < Ry, p € (, B). Then one can construct a diffeomorphism

Wi 7] x (@, B) = f (2, )]
for which

1) f(¥(g,0) =1t
8
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for all (g, t)ef '[u] x (¢, B). Indeed, let X be the restriction of
(grad f)/|grad f1? to f ~![(a, )], ®. the flow determined by X, and

Y(g,t) = 0_.(9
Then ¥ satisfies (1). Moreover,
|0W/ot} = |grad f|72,

and ¥/t is always orthogonal to the level surface f ~![r], for all t € («, f).
The Riemannian density dV on Q is given on f ~'[(a, 8)] by

(2) dV = \grad f‘— t dAf— Hr} dt,

where dA, -, is the (n — 1)-dimensional Riemannian density on f ~'[].
We now let

Q1) = {peM:|f(p) > t},
V() = V()
I'(t)={peM:|f(p) =t}
When ¢ is a regular value of |f|, we let d4, denote the Riemannian (n — 1)-
density on I'(t), and
Aty = AT @)).
One immediately has

THEOREM 1 (co-area formula). The function V(f) is C* on R, and its
derivative is given by

) Vi) =~ lerad s da,
I'e)
For any h e L}(£2) we have
@ H hgrad f]dV=J ar| haa,
Q 0 r®
In particular,
) f f lgrad f|dV = f A(t) dt.
Q 0

2. THE FABER-KRAHN INEQUALITY

We are given a complete n-dimensional, n > 2, Riemannian manifold M,
and for a fixed « € R, the complete, simply connected, n-dimensional space
form M, of constant sectional curvature k.
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To each open set €, consisting of a finite disjoint union of regular
domains in M, associate the geodesic disk D in M, satisfying

(6) V(Q) = V(D).
If x > O then only consider those Q for which V(Q) < V(M,).

THEOREM 2 (Faber [1]; Krahn [1]). If, for all such Q in M, equality
(6) implies the isoperimetric inequality

(7) A(0Q) = A(0D),

with equality in (7) if and only if Q is isometric to D, then we also have, for
every normal domain Q in M, that equality (6) implies the inequality

) AQ) > AD),

with equality in (8) if and only if Q is isometric to D.

PROOF: Let f be an eigenfunction of A(Q), that is,
A+ 2Q)f=0

on Q, with f | 8Q = 0. Since f never vanishes on Q, we may assume f |Q > 0.
We first note that the function V= V(1) is in C°([0, 0)) N C®(R,).
Indeed, we need only consider what happens when we are given p € Q for
which (grad f)(p) = 0. Then there exists a chart (any Riemann normal
coordinates about p will do (cf. Section XII.8)) x: U(p) - R" for which

(@f2/0x")(p) < 0

for at least one j e {1,2, ..., n}. Thus there exists a neighborhood W of p
such that if ¢ € Wand (grad f)(q) = 0, then g is in the locus of

offoxi =0,  o¥/ox" < 0.

In particular, g is contained in an (n — 1)-manifold. Thus V(I'(¢)) = 0 for all
t, and the continuity of ¥V = V(1) follows.

The idea of the proof of (8) is to associate to f a function F: D — R for
which

) J:[ lgrad £ dVZJ‘J~ |grad F|? dV,,
o b

[ o[ e

where by dV, we mean the Riemann density of M,, and for which
F|oD = 0.
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To this end, let B,(5) be the geodesic disk, of radius 4, in M,, with
n-volume V(8), and S,(d) = 0B, (), with (n — 1)-volume A ). For
T=maxf|Q, and 0 < t < T, we let D(t) be the geodesic disk in M, with
volume equal to V(¢), namely, if r(f) is the radius of D(t), then

V(1) = V{r()).

Also, set r, = r(0); in particular D = B,(ry)-

The function r: [0, T] — [0, o] is in C%[0, T]) n C*(R; n (0, T)), and is
strictly decreasing. We let y: [0, r,] — [0, T] be the inverse function of r,
and define F: D — R by

F=|l/or’

where r denotes distance from the center of D.
To verify (10) we note that

Vi(t) = V(rehr'(t) = Are)r(),
b= §'(r)r(),

for all t € R;. Therefore

ffn F2dv, = f;owz(r)Ax(r) dr

—_ f YA ALY (D) dt
o

= LrtzV'(t) dt = Hﬂf 2dv,
which is (10).

To prove (9) note that, for t € R, we have
r(t) = V'()/Adr(1))
-1 dA,
A () Jry) lgrad f1°

Set

d f|dA,, teR,,
mt)={fr(‘)|gra fl t € f

0, otherwise.

The Cauchy-Schwarz inequality and (7) then imply
—r(O)p(t) = A2(1)/ALr() = Ar(E)).
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From the co-area formula we now have

J L|grad fPav= foTp(t) dt
> fOT{AK(r(z))/r'(r>} dt

T
- f VA AL () di

- f f lgrad F12 dV,,
D

which implies (9).
If A(Q2) = A(D), then

A) = A(r()

for all t € R,. But then for every t € R;, Q(t) is isometric to D(t), and Sard’s
theorem implies that Q = Q(0) is isometric to D(0) = D.

So Theorem 2 states that the geometric isoperimetric inequality
™ Vi) = V(D) = A(0Q) > A(éD)

for all Q consisting of a finite disjoint union of regular domains implies the
physical isoperimetric inequality

** V() = V(D) = AQ) = AD)

for all normal domains Q. (For normal domains Q in R?, k¥ = 0, the result
(**) was first conjectured by Lord Rayleigh [1, Section 210].) We now
discuss the validity of (*).

The geometric isoperimetric inequality (*) is valid when M = M, for all
k € R and n > 2. Compare, for example, Schmidt [1] and the survey by
Osserman [3].

If M is 2-dimensional with Gaussian curvature less than or equal to «,
then (¥) is valid whenever Q is a finite disjoint union of regular domains,
each of which is diffeomorphic to a 2-disk. Compare Fiala [1], Bol [1],
Chavel-Feldman [5], and Osserman [4]. The Faber-Krahn inequality (**)
is then valid for normal domains Q, in M, which are diffeomorphic to a 2-
disk. Indeed, all one has to note is that if Q is diffeomorphic to a 2-disk,
then, for any ¢ € R, Q(t) has a finite number of components each of which
is diffeomorphic to a 2-disk. The argument for (**) is, then, as presented
here.
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Recently, C. B. Croke [5] has shown that (*) is valid when M has
nonpositive sectional curvature, dim M = 4, and M, = R*. Again, we have
the associated Faber—Krahn inequality (**).

Remark 1: We note that the hypothesis that Q is a normal domain was
only used to guarantee the existence of an eigenfunction for A*(Q) = A(Q).
Therefore, for example, if Q is a nodal domain of an eigenvalue 4 of M,
where M is either a compact manifold (with closed eigenvalue problem) or a
regular domain (with Dirichlet eigenvalue problem), then the argument
(assuming the geometric isoperimetric inequality holds for finite disjoint
unions of regular domains) remains valid, and the theorem holds for A*(Q)
replacing A(€2) in (8).

Now the fact that f is an eigenfunction, is used only to guarantee the
continuity of V(¢) even when grad f is zero. In particular, if Q is any domain
with compact closure in M, then for any fe #,(Q) for which V(t) is
continuous, one has the symmetrization F of f as described, for which the
Rayleigh quotient associated to F is less than or equal to the Rayleigh
quotient associated to f.

Therefore, if M has the property that the geometric isoperimetric in-
equality (relative to M,) holds for finite unions of regular domains in M,
then the physical isoperimetric inequality

®) Q) = AD)

holds for all domains Q with compact closure in M satisfying (6). Indeed,
one can construct a sequence f, of continuous functions in (), with
compact support E, in Q, having the properties that E, is a C* (n — 1)-
submanifold of Q, f, € C*(E,), f has only nondegenerate critical points on
E,, and finally,

DL, AV Al — A*(Q).

(Compare Aubin [2, p. 40].) By applying the above symmetrization argu-
ment, one easily shows (8'). Note, however, that in this situation the
characterization of equality in (8’) is not at all obvious.

Remark 2: Also, it has recently been noted that one can obtain the
Obata theorem (Section I11.4) via the Faber—Krahn argument! namely, let
M be a compact, n-dimensional, Riemannian manifold whose Ricci curva-
ture satisfies, for a given constant x > 0,

Ric(&, &) > x(n — 1)|&]?
forall £ e TM. Let
B = VIM)/V(M,).
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(Of course, f < 1.) Given any Q consisting of a disjoint union of a finite
number of normal domains in M, let D be the disk in M, for which

(11) V(Q) = BV(D).

Then Gromov [1] proved (cf. our sketch of the argument in Section XII.8)
that

A(6Q) > BAPD),

with equality if and only if M is isometric to M, , and Q is isometric to D. P.
Berard and D. Meyer [1] then gave the appropriate variation of the
argument of Theorem 2 (viz., r(t) is defined by V{(t) = BV,(r(t))) to show that
for any normal domain Q in M, equality (11) implies

AQ) = A(D),

with equality if and only if M is isometric to M,, and Q is isometric to D.
The same result holds for Q a nodal domain of an eigenvalue of M with
A*(Q) replacing A(Q).

To obtain the Obata theorem, let ¢ be an eigenfunction of A(M). Then ¢
has precisely two nodal domains Q,, Q,. We assume that V(Q,) < V(Q,). If
D is the disk in M, for which V(Q,) = fV(D), then D is contained in a
hemisphere of M, , and

AM) = AQ,) > AD) > nx

(cf. (I1.43)), which is the Lichnerowicz inequality. If A(M) = nk, then M
must be isometric to M,, which is Obata’s result. Thus, the Obata theorem

is a consequence of the Levy—Gromov isoperimetric inequality and the
Faber—Krahn method.

Remark 3: We note that C. Croke [3] has sharpened the Levy-Gromov
inequality as follows: Let M, k > 0, §, Q, and D be as in Remark 2. If the

diameter d(M) = 7:/\/;, then M = M,; so assume that we are given a
constant o for which \/;d(M) < a. Then there exists a positive constant
¢(n, @) > 1 such that (11) implies
A(0QQ) = c(n, a)BA(OD).
The Bérard—Meyer variant of the Faber—Krahn argument then yields
MM) > c(n, Onk.

Croke then notes that if we are given the hypotheses of the Obata
theorem, and we are given A(M) < c(n, n/2)nk then we conclude that
M) > 7:/2\/;, which implies, by a theorem of Grove-Shiohama [1], that
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M is homeomorphic to a sphere. Thus one obtains an eigenvalue pinching
theorem (Croke [3]): Given an n-dimensional, n > 2, compact Riemannian
manifold satisfying (I11.40) for a positive constant x, on all of TM, then there
exists a constant ¢(n) > 1 such that

nk < MM) < c(n)nk

implies that M is homeomorphic to a sphere (cf. Croke’s paper for
references to earlier versions of the result).

Remark 4: We return to the Faber-Krahn inequality for M = M, = R".
Recall that D is a disk of radius r,, and

Q) = V(D) = o,r;,
AQ) =2 AD) = (jn/z—l)z/"(z),

where j,,_, is the first zero of the Bessel function J,,_, (cf. Theorem
11.41f). So the Faber—Krahn inequality may be written analytically, in R",
as

(12) {HI2V(Q) 2 {jujz2-1 )",

for all normal domains €, in R", with equality if and only if Q is a disk.

An immediate consequence of (12) and Pleijel’s theorem (Section 1.5) is
that if Q is a regular domain in R", n > 2, with Dirichlet eigenvalues
0 < A,(Q) < 4,(Q2) < 43 < --+, {¢, 93, &3, ...} a complete orthonormal
basis of 13(Q) with ¢, an eigenfunction of 4, for all k = 1,2,..., and n, is
the number of nodal domains of ¢,, then

M 27wz -1}"

(13) lir:ljgp T < .

But {2m/j,,_,}"/@} is less than 1 (cf. Bérard—-Meyer [1, Lemma 9]).
Therefore, for the Dirichlet eigenvalue problem on regular domains in R",
we achieve equality in Courant’s nodal theorem (Section 1.5) for at most a
finite number of eigenvalues of any given regular domain (Pleijel [1]).

Of course, if n = 1 then n, = k for all k, by (1.53), (1.54).

To return to n > 2, Bérard—Meyer [1] have extended the validity of (13)
to any regular domain Q in any n-dimensional, n > 2, Riemannian manifold
M. First they establish the following geometric isoperimetric inequality:
Given M with compact closure, and ¢ > 0, there exist V, > 0, depending on
M, g, such that for any Q consisting of a disjoint finite union of regular
domains satisfying

V(Q) < VO!
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then for the disk D, in R", satisfying (6) we have (instead of (7)),
A(0Q) = (1 — g)A(D).
The Faber—Krahn argument yields

AQ) > (1 — g)2AD),
that is,
{7V = (1 — & {p2-1}"®,

when Q is any normal domain in M or a nodal domain of a Dirichlet
eigenvalue or a regular domain in M containing Q.

Now let Q be any regular domain in M. Given ¢ > 0 (if M does not have
compact closure, fix a domain, with compact closure, containing ), de-
termine V,, and let [ = [V(Q)/V,] + 1. If A, are the number of nodal
domains, of any eigenfunction of 1,(Q), with volume less than or equal to
V,, then

nk—-lSﬁkSnk.

IfQ,, ..., Q, is a list of the nodal domains with volume less than or equal
to ¥,, then, as in the proof of Pleijel’s theorem (Section 1.5),

QYY) = (@)™ Y, V@)

J

= ¥ (HQ)PQ)

ji=1
2> (m — D1 — &)@, {ju2-1}"
Weyl’s formula (1.50) implies

lir:l sup(m/k) < (1 — &)""{27/ju -}/ 07
for all £ > 0—and (13) follows.
Thus, for M, with dim M > 2, and for the Dirichlet eigenvalue problem
on any given normal domain in M, equality can occur in Courant’s nodal
domain theorem (Section 1.5) for at most a finite number of eigenvalues.

Remark 5: The Faber-Krahn inequality for M = M, = S? was applied
by Barbosa—do Carmo [1] to the study of stability of minimal surfaces in
R3. Compare Osserman [5] for a survey of this and related results.
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Remark 6: We note that for a domain Q in R”, the Neumann isoperimet-
ric inequality goes the other way, namely,

(***) ViQ) = V(D) = wQ) < uD)

with equality if and only if Q is isometric to D. The result (***) was first
conjectured and investigated in Kornhauser-Stakgold [1], and proved for
simply connected domains in R? by Szegd [1]. A proof of the result for
arbitrary domains in R”, n > 2, was first given in Weinberger [1]. His
argument is easily adaptable to M,, k < 0, but the result in §” (even for
n = 2) has yet to be forthcoming. Compare some additional discussion in
Chavel [3].

Remark 7: For compact M, isoperimetric results are available in the 2-
dimensional case alone, namely, for any 2-dimensional Riemannian mani-
fold M homeomorphic to S? we have (Hersch [1])

AM)AM) < 8

(where A(M) is the 2-dimensional area of M), with equality if and only if M
is isometric to a constant curvature metric on $2. P. C. Yang and S. T. Yau
[1] then proved that for any compact orientable Riemannian two-manifold
of genus g(M) we have

AM)A(M) < 8n(1 + g(M)).

(Both of the above results are actually consequences of lower bounds on
Y3, A7') In Li-Yau [2], another (and potentially more fruitful) argument
was given for the above results, which also yielded

MM)AM) < 120

for M homeomorphic to P2 the real projective plane (a result obtained via
a different argument by J. P. Bourguignon).

A consequence of the original Hersch estimate is the following result of S.
Y. Cheng [3]: Suppose M is homeomorphic to S?, and ¢,, ¢,, ¢, are three
first eigenfunctions such that the sum of their squares is a constant function
on M. Then M is actually isometric to a sphere of constant Gauss
curvature. (Compare Cheng’s paper for the nifty argument.)

For n > 2, one would naturally seek an upper bound on A"?V depending
on, at most, the topology of M. H. Urakawa [1] has shown that no such
upper bound exists when M is diffeomorphic to S (cf. also Bérard Bergery—
Bourguignon [1]).
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3. THE CHEEGER, SOBOLEVY, AND
ISOPERIMETRIC CONSTANTS

We let M be a noncompact Riemannian manifold, of dimension n > 2,
possibly having nonempty boundary, and possibly having compact closure.

DEFINITION 1. The Cheeger constant of M, h(M), is defined by
. A(0Q)
M) =inf S,
M) =10

where Q ranges over all open submanifolds of M, with compact closure in
M, and smooth boundary.

THEOREM 3 (Cheeger [1]). For any normal domain Q in M, we have
(14) M) = H2(Q)/4.
PROOF: Let u be an eigenfunction of A(Q), that is,

Au+ AQu=0, u|oQ=0.
Then
grad u? = 2u(grad u),

which implies, by the Cauchy-Schwarz inequality,

2
A€) > llgrad ul?/lul? > %{ff lgrad u?| dV/J-f u? dV} )
Q Q

To estimate the last quotient from below, we use the co-area formula
(with its notation) for f = u?. Therefore,

J:[ |grad u2|dV=f A(t) dt
Q 0

> E)(Q)Jw0 V(t) dt
0

= —H(Q) f v dr

[}

= b(Q)f.L u*dv.

(One uses integration-by-parts to pass from the second line to the third),
and the theorem follows.
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An easy consequence of Cheeger’s inequality is McKean’s inequality
(Theorem 1I1.4), namely, if M is a complete, simply connected, n-
dimensional Riemannian manifold, all of whose sectional curvatures are less
than or equal to k¥ < 0, then for all normal domains Q in M we have

AQ) > —(n — 1)*k/4.

Indeed, given Q, fix p ¢ Q, and construct geodesic spherical coordinates

(t, &) on M, based at p, as described at the end of Section ITI.1. Let \/i(t; &)
be as in Definition IIL.6. We think of ¢ as a function on M, namely,

t(q) = d(p, q).

Then explicit calculation, and Bishop’s comparison theorem (I), imply

At = (0,/9)/A/9 = (n — 1)y/—x coth/—kt = (n — 1)\/—k.

Therefore, for all ', with Qc Q, we have

(n—1),/—xV(Q) < Jf AtdV= {grad t, v) dA < A(BQY),
Q' o’
which implies

15) bQ) = (n — 1)\/—«.

Cheeger’s inequality then implies McKean’s inequality (Yau [1]).

Inequality (15) actually implies that Cheeger’s inequality is sharp. If M,
just considered, has constant sectional curvature equal to — 1, with geodesic
disk B _,(d), of radius 3, having lowest Dirichlet eigenvalue A_,(5), then

(n — 1)/4 <H(B_,(0))/4 < 2_4(6) < (n — 1)*/4 + 0(d)

as d - + o0, by (11.46). Our claim follows (Osserman [4]).
Interesting applications of Cheeger’s inequality can be found in Brooks
[1-4], Dodziuk [3, 4], Donnelly [2], and Osserman [2].

DEFINITION 2. The Sobolev constant of M, s(M), is defined by

s(M) = i?f(“M lgrad f]| dV}"/{fM|f|"/‘"“’dV}rl>,

where f varies over non-identically vanishing functions in C®(M), (hence-
forth), the compactly supported C* functions on M.

DEFINITION 3. The isoperimetric constant of M, 3(M), is defined by

@)y
M) = ol
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where Q ranges over all open submanifolds of M, with compact closure in
M, and smooth boundary.

THEOREM 4 (Federer-Fleming [1]). We always have
(16) s(M) = I(M).

PROOF: Let  be an open submanifold of M, with compact closure in M,
and smooth boundary; and for sufficiently small ¢ > 0, define

1, peQ, dp,oQ)>e,
fip) = 1§ (1/6)d(p,0Q), peQ, dp,dQ) <e,
0, pe M\Q.

Then for each ¢ we have (by approximating f, with suitable functions in

(M),
s(M) g“ |gradf£|dV}n/{f |ﬁ|"/‘"“’dV}"_l.

One, now, easily has

lim | [f7"=D 4V = V(Q).

e—0 JM
Also,
le, peQ, d(p,dQ) <eg,
d =
lgrad i {O, otherwise,

which implies

lim | |grad f)dV = lim(1/e)V(Q ~ {p:d(p, Q) < &}) = A(0Q).
£—=0

e=0 Ju
Thus,
s(M) < {A(@Q)}"/ (V)"
for all such Q, from which we conclude
s(M) < 3(M).

So it remains to show that

(17) {f |grad f| dV}n > S(M){f ,f|n/(n—1)dy}n_l
M M

for all f € C2(M).
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We fix fe C®(M), and apply the co-area formula using the notation of
Section 1. Then

f lgrad f| v = f " A de = {3y f ® (Ve dy,
M 0 0

and

| 171
[ rrma-nay = j vl {nin — D}V dy
M M o

= {n/(n - 1)}fwt“"““dt v
¢

Q1)

= [nf(n — 1)} f "=y dr.

0

So, to prove (17) it suffices to establish

© n/(n—1) ©
(18) { L [V(t)]<"—”/"dt} s flf DY) dr.

h o

To establish (18), set
x n/(n—1)
Py = { [ vonemad™
0

G(x) = L—f M= DY) dt,
n—1J,

and note that

F(0) = G(0);

also, since V(x) is a decreasing function of x, we have

1/(n—1)

F'(x) — #{J‘:{V(t)}(n—l)/n dt} {V(x)}(n—l)/n

> xie-Dy() = G'(x).

Thus (18) follows, and, with it, the theorem.

THEOREM 5 (Yau [1]). In the definitions of h(M) (Definition 1), and
3(M) (Definition 3), it suffices to let Q range over open submanifolds of M
which are connected.
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Proor: We present the proof for 3(M). Let

ey
n= ey

where Q ranges over connected, open submanifolds of M with compact
closure in M. Obviously, 3 < y,.

Now let Q be any open submanifold of M, with compact closure in M.
We wish to show

(19) {A@Q)}" = y, (V.
To this end, we write
k
(20) Q= 1S,
j=1
where S, . . ., S, are compact, connected, (n — 1)-dimensional submanifolds

in M, and verify (19) via induction on k.

If kK = 1, then Q is connected and (19) is valid.

Assume (19) is valid for all k < k,, and suppose 0Q is given by (20) with
k=ko + 1. If Q is connected, then (19) is already valid. If not we may
assume that Q can be written as the disjoint union of open sets Q,, Q,, that
is, Q = Q, U Q,. We number the components of 9Q so that

0, =8, v---us, 0Q; =841 V- U Siph-

Then the induction hypothesis implies

{ﬁ A(S,-)}" > n (@), {,Z A(S,-)}" > V@),
and, using Minkowski’s inequality, we have
{AQ)}" = n {[V(Q)]"™ " + [V(Q)]" Dy
>y {V(Q) + VQ)}"!
=y V",
which is (19).

4. THE SOBOLEV CONSTANT AND
EIGENVALUE, EIGENFUNCTION, ESTIMATES

The work described in this section is that of P. Li [1]. Although his
paper, and the details contained therein, are devoted to the closed eigen-
value problem on a compact Riemannian manifold, we shall find it more
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convenient to present here the estimates for the Dirichlet eigenvalue
problem on some n-dimensional, n > 2, normal domain M (cf. Section L.5).
All functions under consideration will be in the class of admissible functions
H(M) of the Dirichlet eigenvalue problem, namely, they are in the com-
pletion of CZ(M) relative to the inner product

(f, )y = (f, h) + (grad f, grad h),

and associated norm
I Fi2 =1 f1% + ligrad f1i2

For these functions we have, when ¢ is some eigenfunction,

(21) (A¢,f) = —D[¢.f],

where D[ , ] denotes the Dirichlet integral.
For any p > 0, we use the Riemannian density dV to define the LP-space,
by declaring a measurable function f to be an element of L” if the integral

{ [ IfI"dV}”p

is finite. The LP-norm of f, I f1l,, is given by the above expression, when
finite. As we shall only consider the case p > 1, here, no confusion will
result in the notation for the various norms.

Holder’s inequality states that for p, ¢ > 1 satisfying

I/p+1/g=1,
we have for ¢ e L°, € L4,

f|¢¢| < gl Iy,

(we drop the M and dV from our integral expressions for the rest of this
section).

Note that since any admissible function is contained in L?, it is contained
in I? for all p e [1, 2]. Since any eigenfunction ¢ is continuous on all of M,
itisin L?for all p > 1. Its L*-norm lI ¢l ,, given by

llle, = suplgl,
M

is known to satisfy

(22) lim Il ,/ VY2 = ¢l

p=

where V = V(M).
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For all f € $(M), we still have

(23) {jlgrad fl}n > Q{J‘Lf‘"/(""“}"_ ,

that is,
24) J lgrad f12 5" flon-1
where s = s(M).

THEOREM 6. If n = 2, then $(M) < L* and
25) J lgrad [ > {s/4V V21 £112

for all f e H(M).

PROOF: Given f € C®(M), apply (23) to the function h = f2. Then
2
s[re < {figrad le}
2
- 4{ [i1tgrad f|}

< 4s? [lgrad 11

< 4V”2{ | f“}w{ [1erad f|2},

and the result follows easily.
THEOREM 7. If n > 2, then $(M) < L2"*~ 2 and

(26) f|grad P22 Al f e

for all f € H(M), where

(27 ¢ = s2™{(n — 2)/2(n — 1)}2.
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PROOF: If we apply (23) to h = | f|?®~1/"=2) then we obtain

of ool < LD fypoe-sigrag
nj2 n/2
< (2n — 1tn — 2)}"{ f |f\2"’<"‘2’} { [1grad fl’} :

from which one easily obtains (26).

THEOREM 8. There exists a positive constant ¢(n) depending only on n,
such that if ¢ is an eigenfunction of the eigenvalue A then

{A/e}"2, n>2,

(28) oz, < C(n)||¢“§{{4/1/5}z,,; n=2.

PROOF: We first note that for any € H(M) n CY(M), and a > 1, we
have

- f 2w = [ Caradip*2y, grad v

—Qz—1) f W= ?|grad g2

20 — 1
(12

f lgrad )yl

So for the eigenfunction ¢ of the eigenvalue A, we have

9) e
First we consider the case n > 2. Then (26) and (29) imply
(30) 108 = 2 6
If we set
1) B = nfin - 2),

and let « range over the numbers g% where k = 0, 1,2, .. ., then we obtain

k y) ﬂZl 1/2p%
il ypner < liplly [] {; 2/?‘——1}

1=0
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forallk =0,1,2,.... By (22) we have

w (3 gY 1728
g1 <16l [T {; 5,,771}

1l {2/} H {B*/2B' ~ 1}*#

s e(n)ll gl {A/c}™4,

which is the claim for n > 2.
If n = 2, then (25) and (29) imply

fiope > 2L 2 ol

which we rewrite as
41‘/1/2 aZ 1/2a
NPllag < NPl jus ——— R
s 20—1

for all & > 1. One argues as above, and obtains
IId’“Z 4V 41—1 1721
190 =y 1

191542125} [T (442 — 1y
=1

)l Bl {44V 112 /s5},

and the result follows.

PROPOSITION 1. Let E be a finite-dimensional subspace of L? n C°.
Then there exists i € E such that

(32) (dim E)ly13 < IIZ V.

PROOF: Let {¥,, . . .. ¥,} be an orthonormal basis of E, and set
F(x) =} yi(x).
j=1

One easily sees that F is independent of the choice of the orthonormal
basis. Also we may assume that F is not identically zero.
Let

IFlle, = F(xo)
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for some x, € M. Define the subspace E, of E to consist of those functions
in E vanishing at x,. Then dim E; = dim E — 1, and we may assume that
,(xo) # 0. Then

dim E = Zf"’f =JF < IFI LV = WixoV < Iy 12 V:

so Y = i, is desired function.

COROLLARY 1. If 4 is an eigenvalue, with multiplicity m,, then

{A/3"*V,  n>2,
(33) My < {{4/1V/s}2, n=2.

One might describe (33) as providing a lower bound of 4 in terms of its
multiplicity m,. We now give an adjusted version of the previous argument
which will produce a lower bound for 4, in terms of .

LEMMA 1. If f,,...,f, are linearly independent on M, q > 2, and
0 < 2, £+ < 4, then there exists a subset S < {1, .. ., k} such that

(34) f i/l,.quszzf Zfsq.
j=1 seS
PROOF: Let
F(Ay, o0 ) =.[ i /ljqu,
and note that -
% =qlq — l)fﬁ2zj:ljﬁq_2 > 0.

Thus F is convex in each variable. Therefore F may be majorized by,
appropriately, replacing each ; by 0 or 4. But that is the claim.

Now let 0 <4, <4, <---< A, be the first k eigenvalues of M,
{¢s, - . ., ¢} orthonormal eigenfunctions such that ¢; is an eigenfunction of
Ajforeachj=1,...,k andlet E = span{¢,, ..., ¢}.

We assume that n > 2, and let ¢, §, be as defined in (27), (31), respectively.
As in the beginning of the proof of Theorem 8, we have for any ¢ € E,
x>

20 — (n=2)in_
(35) ~[wreryan = 23 ‘c{ f wwf'-”}
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Let ¢ = 1; then (35) implies

anMW4,Sc*f—¢Aws{aﬁmww,

that 1s,
(36) 11 2nn -2 < {Ad} 2.
For any fixed /in {0, 1,2, .. .}, let h, € E have the property that
(37 N agre s/l < Whllpges /iRl
for all f € E. The function h; can be written as
k
hl = Z a]¢j'
j=1

By setting @ = f' in (35), and using Lemma 1, we obtain

2441 e ﬁn 1 28—
{flhil / } Szﬂx—_lgf—%k;l #72h An,

BZI 1 , (28— 1)/28! . 1/28¢
< 2ﬁl _ 1 ;{f|h1|2ﬂ} {IAhl|2ﬂ} )

and
1/28! 2t
{fiAhIIZﬂl} = {fIAhlIZﬂl+l} V(p_l)/2ﬁ1+1
211y 1728141 n
- {f z Afaf(pj } pB-128
i
281+ 1) 1/2p1+1
< Ak{J‘ Z as¢s } V(B—l)/zpnx
seS
< Al ope /IBIH T 0, VD2
seS 2
S ik”hlllzﬂl*lV(B_l)/zlﬂ+ 1‘
Therefore,
! Ay ﬂll . |
{Hh;l\zm“}za < TW yB-1/28 {thnzﬂ'}zn —1,

which implies

(38) “hzuz,gul - }.kVZ/" ﬂ2l 1/(2'-1) llhl”zg'
VUBRTT =0 2 — 1 v
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Since h, satisfies (36), one obtains via induction
"l/l“zﬁxnlﬂ < Ayl 2p — ! {Asz/n g }1/(2/3”1)
”W”zV”Zﬁ ||h1||2 r ¢ 2ﬁ' -1
forally € E, 1 =0,1,2, ..., which implies

(39) ”l/’”co < MV—UM ﬁ M rﬂZr 10287~ 1)
“'//“2 ”h1”2 ¢ 2ﬂ _1

r=1

=1

forally € E.
Nowr > 1, 8 > 1 imply

12" < /2 — ) < /B,

from which one obtains

12~ < Y 1/2f —1) <1/ - 1).
r=1

Set
© ﬁZr 1/(267—1)
(40) C=,=1{2ﬂ’—l} .
If
Ly AVje > 1,
then (36) and (39) imply

Wl /Mgl < C{A/e}in D2y n-2)2a
for all € E, and Proposition 1 implies
k< Cz{ikVZ/"/C}"-l

for all k for which (41) is valid.
If, on the other hand,

LV <1,
then (38), for | = 0, and (39) imply

Wl _ C fh V=2
AN *

and, by Proposition 1, we have

k< CZ{/{,‘ V/C}("/ZHI,
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When n = 2, (35) is replaced by

e 2a—1 s wl?
~fwrerwan > 25 T

for all « > . Then € E implies (with & = 1)
IWl2 < {44V 2/s3IYl3.
Foralll =0,1,2,...welet h be the function in E for which
[ A PYREYA W Al PR 1] PYPSYA T A
for all f e E. An argument similar to the one given above shows that

Waylore: _ [44V D A A [ Y [P
Il V22 = s 2T — o [ hyll, V12

foreveryl =0,1,2,..., and
0 1/(2!+l_1)

Il <cC lholl 4 114 I A4V
“lP”z “h0“2 v =1 S
for all y € E, where, for n = 2,

@ 4[ 1428+ 1—1)
“42) c=1I {ZIT__I}

1=1

One then concludes, using Proposition |, and arguing as before, that

k < C2{44,V/s)>

forallk =1,2,3,....
We summarize the discussion as follows:

THEOREM 9. There exists a positive constant C(n), depending only on
n = dim M, such that

G0 n>2,
(43) k < C(n){[4ik V/S]a, n= 2,
for all k > C(n).
If k < C(n) then (43) remains valid if A, V*"/¢ > 1 (resp., 44, V/s > 1) and
n > 2 (resp., n = 2}. Otherwise, we have
[ V2m/cquitt, n>2,
[44,V/s]°, n=2,

when 4, V?¥"/c < 1 (resp., 44, V/s < 1),and n > 2 (resp., n = 2).

k< C(n){
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From Theorems 8 and 9 one easily derives:

THEOREM 10 (Chavel-Feldman [6]). Given positive constants 7, u, 7,
then the formal heat kernel, q: M x M x (0, ) » R, associated to the
Dirichlet eigenvalue problem (cf. Section 1.4), and given by

q(x, y,1) =

™

e 1 P(x)py)

1

I

J

(where ¢y, ¢, . . . is a complete orthonormal basis of L*(M), with each ¢; an
eigenfunction of 4;, j = 1,2,...) converges uniformly on M x M x [z, c0),
and for V(M) e (0, p), s(M) € [y, o0). That is, an upper bound on V(M), and
a lower bound on s(M) = J(M) provide a uniform upper bound on the heat
kernel, for times bounded away from zero.

PROOF: We give the proof for n > 2. For n = 2 the argument is similar.
Once we are given that V(M) is bounded from above, and s(M) from
below, we have for all t > T > 0, by Theorem 8,

o
Ip(x, y, t)] < const Y, Ap2e” AT,
k=1

Next, one determines a, > 0 for which
aSn/2—2e—aT < 1
for all @ > ay. From Theorem 9 we have
A = const - k=D
for all k > C(n). So there exists a positive integer N such that
Ay =

for all k > N, which implies

ao a a0
Yy 2Pe T <const Y A7 M<const ) kT2

k=N+1 k=N+1 k=N+1

If we set

a; = sup a"?e T,

a>0

then

N

Y ifte™»T < o)N;

k=1

and the theorem is proved.
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5. THE CONSTANTS AND ESTIMATES FOR
THE CLOSED EIGENVALUE PROBLEM

In this section M will be a compact Riemannian manifold of dimension
n > 2, and all discussion of eigenvalues and eigenfunctions will be directed
to the closed eigenvalue problem on M. Recall that we list the eigenvalues
byO0=4p <Ay <4y <--n.

DEFINITION 4. The Cheeger constant of M, h(M), is defined by

B A(S)
b(M) = u;f min{V(M,), V(M,)}’

where S ranges over all compact (n — 1)-dimensional submanifolds, S,
of M, which dividle M into 2 open submanifolds M;, M, satisfying
aMl = 6M2 = S.

THEOREM 11 (Cheeger [1]). We always have
A, > bh%/4.

PROOF: A, has two nodal domains Q,,Q, with, say, Q, having the
smaller volume. Since 4, is the lowest Dirichlet eigenvalue of Q,, we have

Ar 2 HAQ)/A4 2 HAM)/4,

which is the claim.

A detailed study of Cheeger’s inequality, including its sharpness, can be
found in Buser [4]. The influence of Cheeger’s constant (M) on determin-
ing an upper bound for A(M) is studied in Buser [5], the main result being:
If the Ricci curvature of the compact manifold M is bounded below by
—(n — Dk?, x > 0, then there exists a constant c(n), depending only on n,
such that

MM) < c(m{hM)x + H(M)}.

Buser also notes therein, that one cannot dispense with the hypothesis on
the lower bound for the curvature, for it is possible to construct examples in
which } is arbitrarily small with 1 hardly affected, if we make no hypothesis
on the behavior of the Ricci curvature. Compare Buser [3] and the
examples constructed in Chapter IX.
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DEFINITION 4. The Sobolev constant of M, s(M), is defined to be the
supremum of all C > 0 for which

(44) { f \grad f) dv}" >C inf{ J \f = al"""“’dV}n_l
M acR M
for all f € C*(M).

In order to characterize the infimum on the right-hand side of (44), we
note that, for oy, s > 0,

(45) [ tsents — aohif = oo = 0
implies
(46) J|f_a0|s+1sf|f_a,s+1

for all « € R. Indeed, write
If — aol’*! = {sgn(f — ao)}(f — ao)lf — &l
= {sgn(f — ao)}(f — a + & — o)l f — aof’;
then (45) implies

fu—aw“=iﬁ%Mf—a&Xﬁ—wV—aw

sfu—ﬂv—%ﬁ

Now use Holder’s inequality with p = s + 1, and ¢ = (s + 1)/s. Then

1/(s+1) sfis+1)
fu—aw“s fU—M”‘ fu—aw“} ,

and (46) follows easily. (The argument was communicated to us by R.
Sacksteder.) ‘

DEFINITION 5. The isoperimetric constant of M, 3(M), is defined by
. {A(S)}"
J(M) = inf — g
M) =1 min (VM) VM)

where S ranges over all compact (n — 1)-dimensional submanifolds S,
of M, which divide M into 2 open submanifolds M,, M, satisfying
oM, =M, = S.
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THEOREM 12. We always have
3(M) < s(M) < 23(M).
PROOF: Assume we are given S with V(M,) < V(M,). Let f: M - R be

defined as in the beginning of the proof of Theorem 3, except that M|, here,
will replace Q, there. Then

igng{ﬁf - “}_s«M { fxgradﬁ}

foralte > 0. If we let ¢ | 0, then we obtain
{AS)}" = s(M) inf {|1 — """ DV(M}) + J" " DV(M)}" !
aeR

> s(M){V(M,)}" ™" inf {|1 — of""71 + |o¥" D}~
aeR

> s(MY{V(M)}" /2,

which implies s(M) < 23(M).
To prove J(M) < s(M), we first note that given fe C®, there exists
o, € R such that for

M, = {x:f(x) <ag}, M, ={x:f(x) > a},
we have, forj = 1, 2,
V(M) < V(M))2.

Apply the second half of the proof of Theorem 3 to h = f — ay. Then

f Igradflz{S(Mj)}l/n{ f If — %I,,,("_l)}m—mn
M M

’ ’ (n—1)/n
> {S(M)}“"{ j = aol"""-“}
M;

for j =1,2—remember: 3(M;) is given by Definition 3, and 3(M) by
Definition 5. Thus if we let x; denote the characteristic function of M;,
Jj =1,2, then

jM 5ad 1= 3 L jgrad 1, f1

(n—1)/n
> (I Y { fM 1 — aor"“"‘“}

i

(n—1)/n
> {S(M)}”"{ fof— ao|"/<"‘”}

(n—1)/n
> oy int{ [ 17 T
M

aeR
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one goes from the third line to the fourth via Minkowski’s inequality. Then
s(M) > 3(M) follows immediately.

THEOREM 13 (Yau [1]). In the definitions of h(M) and J(M) for the
closed eigenvalue problem, it suffices to let S range over compact, (n — 1)-
dimensional submanifolds of M for which M,, M, are connected.

THEOREM 14 (Li[1]). Let M be a compact n-dimensional Riemannian
manifold, with volume V, and constants s,3,¢ given by Definition 4,
Definition 5, and (27), respectively. Then there exists a constant C(n),
depending only on n, such that

(A/cy2, n>2,
@i/s)*V, n=2,
for any eigenfunction on M having eigenvalue equal to A.
Also there exists a constant C(n) > 0, depending only on n, such that

GV, 2,
k< C‘"’{(Mk Ver,  n=3

Il < c(n)nqbn%«{

for all eigenvalues 1, 4,, . ...

THEOREM 15 (Chavel-Feldman [6]). Given positive constants 7, u, 7,
then the formal heat kernel p: M x M x (0, c0) - R associated to the
closed eigenvalue problem of a compact Riemannian manifold M (cf.
Section 1.4), and given by

plx, y, 1) = 'Zo e~ M px)hy)
=

(where @, ¢,, ... is a complete orthonormal basis of L*M), with each
¢; an eigenfunction of A;, j=0,1,2,...) converges uniformly on
M x M x [1, o0), and for V(M) € (0, u], s(M) € [y, ). That is, an upper
bound on V(M), and a lower bound on s(M) (equivalent to the isopermetric
constant, J(M)) provide a uniform upper bound on the heat kernel for times
bounded away from zero.

The arguments of Theorems 13, 14, 15 are similar to those of Theorems 3,
8, 9, and 10, respectively.



CHAPTER V

Eigenvalues and the
Kinematic Measure

In this chapter we present the methods of C. B. Croke [1] in estimating the
Cheeger and Sobolev constants from below, via the kinematic measure. His
arguments are based, in turn, on those of M. Berger and J. Kazdan in their
contributions to solving the Blaschke conjecture in higher dimensions
{compare Besse [1] and Berger—Kazdan [1]).

Applications of Croke’s estimates, to estimating the heat kernel of
noncompact Riemannian manifolds, can be found in Cheng-Li-Yau [1]
and Cheeger-Gromov—Taylor [1] (cf. our discussion in Section VII1.4). We
apply the Croke arguments in our discussion of eigenvalues of compact
manifolds with small handles—cf. Section IX.2.

1. THE ANALYTIC INEQUALITY

We start with an N-dimensional vector space V, and a continuous map
R(t) of the interval [0, n] into the space of self-adjoint linear transfor-
mations of V. The associated Jacobi equation will be

(1) A’ + RA =0,

where A(t) is a linear transformation of V, for each ¢ € [0, n]. Of course, for
each ¢ € V, the vector function

n(t) = A@)¢
is a solution of the vector Jacobi equation
" + R(t)y = 0.
In what follows, we let A(t) denote the solution of (1) satisfying
A0) =0, A0y =1,

113
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when I: V- V is the identity transformation; for every s € [0, ], we let
C(t; s) be the solution of (1) satisfying

C(s;s) =0, C(s;8) =1,

where the prime ’ denotes differentiation with respect to the first variable.
The basic inequality is the following:

THEOREM 1 (Berger—Kazdan [17]). If A(¢) is invertible for all ¢ € (0, ),
then for any continuous function m(t), on [0, =], satisfying

)] m(t) > 0, m(r — t) = m(t)

on (0, n), we have

J dsf m(t — s)det C(t; s) dt ZJ dsJ‘ m(t — s) sin™(t — s) dt.
0 s 0 s

Equality in (3) is achieved if and only if R(t)=1I on [0,%n] (ie.,
C(t; s) = {sin{t — s)}I).

PROOF: First one establishes, with standard arguments,

A*A = A™*A

on (0, ), and

C(t; s) = A(t){f(A*A)"(t) dt}A*(s).

Next we apply the following version of Jensen’s inequality: If F = F(B) is
a strictly convex function defined on the convex set of positive definite, self-
adjoint linear transformations of ¥, and v is any positive measure on R, then

4 Pt ifSB d 1 ﬂ
@) {WL () v(r)} < {@h) J; F(B(r)) dw(1),

with equality in (4) if and only if B(s) is a constant function.
To apply the Jensen inequality, one sets

F(B) = (det B)™", ¢(t) = {det A},
B(t) = ¢*)(A*A) (1),  dvr) = ¢ (1) dr.

The Jensen inequality then implies that

detf‘(A*A)"(t) dr > {ft¢'2(t) dt}N,
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which, in turn, implies

) det C(t; 5) > {(p(z)(p(s) f 'd,—z(r) d’C}N.

One checks that equality is attained in (5) if and only if A = ¢I on (0, n).
The next step is to apply Hélder’s inequality to
f={detCt; "™,  p=N,
h =sin¥ !t — ), g=NAN - 1),
and measure ¢, given by
de = m(t — s)dt ds.

Then the Holder inequality

firmae <{ eaef | [ as]

when 1/p + 1/q = 1 (with equality if and only if there exist constants «,
not both 0, such that a| f|P = Blh|? a.e. [de]), and (5), combine to imply

Jndstm(t — s)ydet C(t — s) dt
0 s

L n 1-N
(6) > {G(qﬁ)}”{fo dsf sin™(tr — s)m(t — s) dt} ,

where
G(¢) = j:¢(s) dsrm(t — s)sin™ " 1(t — s)é(t) dtfd)‘z(r) dr.

Equality is achieved in (6) if and only if

sin¥t — s) = det C(t:s),  A(t) = $(D),
that is, if and only if
(7 A(t) = {sin t}I

on [0, ].
Thus we are led to study G(¢). Note that if ¢(r) = sin ¢, then

£'¢_2(T) e = J: dr sin(t — s)

sin2t  (sin t)(sin 5)°
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which implies
4 7T
G(sin) =f dsJ~ m(t — s) sin™(t — s) dt.
0 s

Therefore, inequality (3) is a consequence of the inequality

®) G(¢) = G(sin).

We shall prove (8) under the hypothesis that ¢(r) has the form
&) = t*(n — k1),

where 0 < o, B < 1, and h(z) is positive and continuous on all of [0, x].
Let Q be the subset of R® consisting of those (z, ¢, s) for which

s<1 <, s<t<m, 0<s<m,
and, on €, define the measure ¢ by

__(sin s)(sin 1)
sin7

do m(t — s) dt dt ds.
Note that
G(sin) = o(Q).
Now write
o) = Psin e,

where u is continuous on (0, z). Then the usual form of Jensen’s inequality
implies

. 1
9 G(¢) = G(sin) exp{m L {u(s) + u(t) — 2u(t)} do‘}.
So (8) will be a consequence of
(10) f {u(s) + u(t) — 2u(t)} doe =0
Q
for all u. Note that we have yet to use the symmetry hypothesis (cf. (2)) for
m(t). We shall show that (10) is valid for all u under consideration if and

only if m(t) = m(n — t)for all t € [0, =].
First one employs some manipulation to rewrite (10) as

(11) f nu(t) f(O)sint)"2dt = 0
4]

for all u, where f(t) is a C? function on [0, ], satisfying f(0) = 0, and
{(sin )27 (&)} = (sin )~ 2{(sin>)[m(t) — m(n — 1)]}".
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If m(t) = m(z — t) for all t € [0, n], then f =0, and (11) is valid for all u.
Conversely, if (11) is valid for all u, then f = 0 and m(t) — m(r — t) = const.
To evaluate the constant, set t = /2. The constant is 0, and inequality (3) is
proved.

Equality in (3) implies equality in (6), which implies (7); the theorem is
proved.

2. M. BERGER’S ISOEMBOLIC INEQUALITY

M is our given complete Riemannian manifold, with tangent bundle TM.
We let ©M denote the unit tangent bundle of M, that is, the (2(dim M) — 1)-
submanifold of TM consisting of tangent vectors with length equal to 1. We
denote the projection map, which associates to every unit vector in &M the
point in M in whose tangent space it belongs, by 7: €M — M. Thus

n~'[p] = &,
forallp e M.

DEFINITION 1. For all n > 0, we denote the volume of S" by ¢,,.

Recall, from Section IIL.1, that for any pe M, we let u, denote the
standard measure on &,,.

DEFINITION 2. The kinematic measure p is defined to be the measure
on SM for which

f fau={ avp)| (1S du,
&M M s,

for all compactly supported continuous functions on SM.

Note that if M is compact, n-dimensional, then SM is also compact, and

(12) WEM) = c,_ V(M)

LIOUVILLE’S THEOREM. Let {®,}: SM — &M be the geodesic flow
on SM, that is, {®,} is the one-parameter group of diffeomorphisms of SM
defined by

D¢ = yiD)
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for all (t,{)e R x SM. Then the kinematic measure is invariant with

respect to the geodesic flow on &M, that is, for any fe L'(y) and domain
G c SM, we have

[orrau=| sau

D:(G)

Recall that geodesics always have constant speed, so ®@,, indeed, always
maps SM into SM. We also have

(T o B)C) = ve(t)

for all (t,£) e R x ©M. For a proof of Liouville’s theorem, compare A.
Besse [1, Chap. 1].

We recall some notations and facts from our discussion of geodesic polar
coordinates in Section IIl.1. For a fixed p € M, the function ¢ = ¢(¢),
¢ € &, is the distance to the cut point of p along y,, that is, 1 = d(p, 7,{t)) for
all ¢ € [0,¢(&)) (include c(§) itself, if c(§) < +00), and t > d(p, y,(t)) for all
t > c({). Also, y; is the only minimizing geodesic joining p to y(t) for
t € [0, c(£)). The function c: SM — (0, + 0] is known to be continuous,
and

inj(M) =: inf ¢
SM
is called the injectivity radius of M. The domain in M, of the geodesic
spherical coordinates D, is given by
D, ={(L,e[0,0) x &,:0<t< ),
and is mapped diffecomorphically onto its image D, in M, by exp. Thus,
inj(M) = sup{p > 0}

such that B(p; p) = D, forall pe M.

Fix { € M,,. Then 1 M, - M, denotes parallel translation along y,, {*
is the orthogonal complement of R in M, #(t): & — & is the self-adjoint
linear transformation defined by

'@(t)r, = (T,)— lR(d)t 63 T, ’7)¢t é»
and o/(t; )is the solution to
(13) A"+ R =0
satisfying

#0;8) =0, A0;¢)=1
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We write

ds*(exp t&) = (dt)* + |(t; &) d&
on D, and for

JO(t: &) = det (15 &)
we have that . /g € C*([0, o) x SM, and
dV(exp &) = \/g(t: &) dt dp,(&).
Recall that M has constant sectional curvature x if and only if
A(t: &) = S ()]

on [0, ) x SM.

PROPOSITION 1. Foralln > 1, we have

(14) C, = c,,_lf sin" "'t dt,
0
and
(15) 7€,./2C, _ —f dsf n""!tdt.

PrOOF: Equation (14) is the result of direct calculation in geodesic
spherical coordinates in $". To prove (15), we have

e, /C,— 4 =f dsf sin®~ !t dt

J f n" 't dt +f dsf sin" !t dt,
f dsf sin"“tdt=f f n" Y — ) dt
0 n—s

dsf sin" 't dt

0

and

0

[af e

(=3
[=]

which implies the claim.
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THEOREM 2 (Berger’s isoembolic inequality [6]). If M is a compact
Riemannian manifold of dimension n > 1, then
(16) V(M) = c,{inj(M)/n}",

with equality in (16) if and only if M is isometric to M, with
x = {n/inj(M)}>.

PrROOF: Normalize the Riemannian metric on M, so that inj(M) = = (viz.,
change the Riemannian metric on M by multiplying the length of every
element of TM by =n/inj(M)).

Our first step in the proof is to note that for all r € [0, n/2], and all
¢ e SM, we have

17 V(M) = V(B(y{0); 1)) + V(B(ydm); @ — r)).

Indeed, the disks B(y(0); r) and B(y/(n); = — r) are pairwise disjoint.
We now note that

(18) VoY = [ (Vi) + V(BT ~ 1)} dV0)
for all r € [0, n/2]. To verify (18), integrate (17) over M. We then obtain
{ViM)}?c,., = V(IM)uSM)

2 » {V(B(y40); 1) + V(B(rn). @ — r))} du(&),

and
f V(B{0): r) du(®) = cf V(B(p: 7)) dV(p).
SM M

Also, by Liouville’s theorem,

[ veodmin - mdue = [ VG007 — 1) dud
SM

<374

=| VBmE);n —r)dul)

oM
= cn_le B(p; = — r) dV(p),

and inequality (18) follows immediately.
Our next comment is that one easily verifies

(19) f V(B(p; 1) dV(p) = f ar f Ja(t: & du(@),
M 0 SM
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for all r € [0, n]. Also one checks that

f:/zdr f;\/g(t; &) dt + L dr f:_r\/i(t: & d

/2
=f f(r — 0/l &) + t/am — t: &) de
(4]

/2

(20)

forall ¢ e GM.
If we now integrate (18) over r € [0, n/2], then we have, via (19) and (20),

(m/2){V(M)}?
/2 r n—r
> L dr{ Ldt LM\/Q(t; &) du(?) +L dtLMﬁ(t: 3 d#(é)}

/2
- f i fn - 08O + 1ol — 1 O} duce).

[0} @M

But

(n - r)f Jo(t; &) du(@) = f _drf Ja(t: &) du(®
GM 0 M

_ f:_tdr LM J(t; ©,9) du(@),

by Liouville’s theorem, and, similarly,

z f S8 — £ &) dpfe) = f drf Jam — 19,8 du®).
cM 0 SM

Thus we have

(m/2){V(M)}?

w2 T—1t t
> f dt dp(é){ f St 0,8 dr + f Jan — 19,8) dr}.
0 cM 0 0

We are now ready to apply the Berger-Kazdan inequality (3), for
N =n-—1,and

(21)

Ct; s) = At — 5,08,
det C(t; 5) = /9t — 53 ©,0).

Inequality (3) can then be written as

T n—Ss ) 4 T —S -
(22) L dSJ; m(r)\/a(r, ®,%) dr > J-o dsfO m(r) sin" " *r dr.
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For the function m we pick
(23) m=394,+96,_,,

the sum of the Dirac distribution at ¢t and the Dirac distribution at = — t.
Inequality (3) is valid for this choice of m since (3) is valid for all positive
continuous functions m = m(t) on [0, n] satisfying the symmetry condition
in (2). An easy change of order of integration leads to

f " el @,8) dr = f dr f "9 /a(s: 0,8) ds,
0 (4] 0

and

f Jolr — t;®,8) dr = f dr f _ré,,_,(s)\/i(s; ®,¢) ds.
0 0 0

Therefore, (21) and (22) imply

/2 n TS
(24) (/2{V(M)}* = L dt f Md/.z(é) f ds f (6, + J,_,)(r) sin"~'r dr.
[} 0 0

We claim that (24) implies the theorem. First, if M is, in fact, isometric to
S", then one easily checks that all the inequalities, in the whole argument,
are equalities. Thus the right-hand side of (24) is equal to (n/2){c,}>, and
then (24) is to be written as

@/2{VIM)}? = (7/2){c,}?,
and (16) follows.
(6)I£_ w);ve have equality in (22), with m given by (23), for all £ e &M, then (cf.
A1) = /ol O1
for all (¢; &) € [0, =] x SM, and
\/;;(r — §; &) = sin(r — s)

almost everywhere, on {{r,s):0 < s <r,0 <r < xn}, with respect to the
measure

de = {6, + 6,_)(r — s)dr ds,
for all £ € @M. Thus

\/gi(t; ¢y =sint, \/a(n: —t;¢) =sin(n — 1)
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for all t € {0, n/2], that is,

\/;](t; f)=sint

for all (t; &) € [0,n] x €M, which implies that M has constant sectional
curvature equal to 1.

Then the universal Riemannian covering of M is isometric to $". Since
V(M) = ¢,, the covering must be an isometry, and the theorem is proved.

We conclude this section by highlighting the role played by isoembolic
inequality in the proof of the Blaschke conjecture.

DEFINITION 3. Let M be a complete Riemannian manifold. We say
that M is a wiedersehnsraum if there exists a constant / > 0 such that

(25) L E =0
for every £ € GM.

M is called a wiedersehnsraum since, by Proposition III.1, the validity of
(25) for all £ € ©M is equivalent with the fact that, for every p € M, the
image, under the exponential map, of the sphere &(p; l), in M,,, consists of a
single point—we denote it by Q(p). So when M is a wiedersehnsraum, all
unit-speed geodesics leaving p meet at the same time / at Q(p)—hence the
name.

The Blaschke conjecture is that a wiedersehnsraum M is isometric to the
standard sphere, or real projective space, of the same dimension as M, and
having constant sectional curvature equal to (n/l)%.

The basic steps of the proof of the Blaschke conjecture are: (i) The map
p — Q(p) is an involutive isometry of M, and M is diffeomorphic to the
standard sphere, or real projective space, with dimension equal to that of
M. When M is diffeomorphic to real projective space, then its universal
Riemannian covering is a wiedersehnsraum diffeomorphic to the sphere. So
it suffices to consider the case of a wiedersehnsraum M, diffeomorphic to
the sphere, in which case ¢(§) = [ for all £ € @M (Green [1]). (ii) Berger’s
isoembolic inequality applies. (iii) One has the case of equality in the
isoembolic inequality (Weinstein [1]; Yang [1]).

For more material on these matters we refer the reader to Berger [6],
Berger-Kazdan [1], and Besse [1].

Remark 1: The isoembolic inequality is a “universal” inequality for
compact Riemannian manifolds, as it has no assumptions on curvature.
Other inequalities can be found in Berger [6] and Croke [5].
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3. CHEEGER AND ISOPERIMETRIC CONSTANTS,
AND THE KINEMATIC MEASURE

The results of this section are the work of C. B. Croke [1].
We let Q be a Riemannian normal domain with smooth boundary. For
any £ € SQ we let

(&) = sup{t > 0:7{t) e QVt € [0, 1]}.

We note that if G is an open subset of SQ, and 0 < 1 < inf{1(&): £ € G},
then @(G) = SQ for all ¢ € [0, 7], and Liouville’s theorem is valid for G,
and t € [0, 7].

For any ¢ e ©Q, we also define

I(8) = inf(c(¢), ©(S)),

where c({) is, as usual, the distance to the cut point of y,(0) along y,. Since
we are, at the moment, not thinking of Q as an imbedded domain in a larger
Riemannian manifold, when 7({) < + 00, y4{(£)) may be the last point at
which the geodesic is defined. In this case, if y, minimizes arc length from
740) to y{(£)), then c(§) = ©({) by definition. So, when Q is not an
imbedded domain in a larger Riemannian manifold, we will always have
c(é) < 1(&). (Of course, when Q is an imbedded domain in a larger
Riemannian manifold, then it will be possible that c(¢) > 1(£).)
The version of the Berger—Kazdan inequality that we shall apply here is

THEOREM 3. For all ] € {0, c(£)], € € S, we have

6) f;ds f:’\/{nr; ,8) dr > (ney/26, ) (ljm*",
with equality in (26) if and only if

@n (69 = (sin tn/)]

for t & [0, I].

PROOF: Indeed, we have normalized the interval in (3) from [0, n] to
[0,[],set N =n — 1 and m = 1, and used (15).
We define

UQ = {{ e SQ:c() = ()}
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(iff Q is an imbedded domain in a larger Riemannian manifold, then the
defining property should read as ¢(&) > t(&)),

up = (n l uQ)_ ! [p]a wp = ”'p(up)/cn— 1
o = inf{w,: p e Q}.
We call w,, the visibility angle of 9 from p.

We now let ¥ be the inward pointing normal unit vector field along 0Q,
dA the Riemannian density of 0,

S*oQ = {£ e SQ|IQ: (&, V) > 0], S =(r|S*oQ) " '[4],
for g € 9Q, and do the induced density on S*0Q, that is, do is locally given
by
da($) = dp(E) dA(n(£))

for £ e S*oQ.
An important tool will be

SANTALO’S FORMULA (Santalo [1, p. 336ff.]). For any f'e L'(u) we
have

i(E)
(28) f fmfdu - Lm@, ey do(E) fo £@,¢) dr.
In particular, for f = 1, we have
29) H(UQ) = f w, dV(p) = f KOKE, Ty do(?)
[¢] S*taQ

It will be convenient to note
PROPOSITION 2. For any e € S", we have

(30) & &) dV(§) = ¢, y/m,

where H, is the hemisphere of S" centered at e. (The proof is an easy
exercise.)

LEMMA 1. Let d(Q) denote the diameter of Q. Then

€3] A@Q/V(Q) = (n — 1)e,— w/c,_ ,d(Q),

with equality in (31) if M is a hemisphere of constant positive curvature, in
which case @ = 1, and d(Q) is the diameter of the hemisphere.
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PROOF: We have

wc,_; V(Q) < pUQ)

- f KEKE, oo dot®)
S+taQ

- J dA(g)|  UEKE T, dud)
0 eF

< d(Q)c,_,A(0Q)/(n — 1),
that is,

we, - V(Q) < dQ)c, -, A(0Q)/(n — 1),

which implies (31).
Equality in (31), when Q is a hemisphere of constant positive curvature, is
easily verified.

LEMMA 2. Let M be a compact n-dimensional Riemannian manifold,
all of whose Ricci curvatures satisfy

(32) Ric(£, &) > (n — 1)k

for a fixed constant k, and for all £ € ©M. Let d denote the diameter of M.
If S is any (n — 1)-dimensional compact submanifold of M dividing M into
open submanifolds M, M,, satisfying oM, = OM, = S, then, setting
Q = M,, we have

d
(33) 0, = VIM)e, . [ S,

o
forallp e M,.

PROOF: Note that the discussion through Santalo’s formula is valid even
when Q is a finite disjoint union of regular domains.
To prove (33), for p e M, let

O,={geM:qg=1/), el, 1t <cd)}
Then
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which implies

c(d)
VM) < f du(®) f Jait: & de
u, 0

c(®) d
Sf d,up(é)f S.< wpc,,_lf S.;
u, 0 0

note that the right-hand side of the first line is precisely equal to V(®,): and
that the second line is a consequence of the Bishop comparison theorem (II)
(cf. Section IIL.3).

Using Cheeger’s inequality (Theorem IV.10), Theorem IV.12, and our
two lemmata here, one immediately obtains

THEOREM 4. Let M be as in Lemma 2. Then
2

d
A‘l > {(n - l)V(M)/4cn—2dJ‘ Sx}
[

Thus, 4,, of a compact Riemannian manifold, may be bounded from
below in terms of the diameter, volume, and a lower bound for the Ricci
curvatures, of M—a result first proved by Yau [1]. Since then, Li and Yau
{1] have shown, via the maximum principle applied to appropriate gradient
estimates, that one can bound A, from below in terms of the diameter, and
lower bound on the Ricci curvature, alone (cf. a different argument in
Section XII.8). Thus, together with Cheng’s theorem (Corollary II1.3) one
currently has both upper and lower bounds on 4;,, of a compact
Riemannian manifold in terms of the diameter, and lower bound on the
Ricci curvature.

THEOREM 35, Let Q be our normal domain with smooth boundary.
Then

ACY  {e i .,
vy e

with equality in (34) if and only if Q is a hemisphere of a constant sectional
curvature sphere.

(34)

PROOF: For every p € Q, we have

1(&)
35) Ve = o] Voo
&, 0
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Now integrate (35) over all of Q. Then
t3)

ey = [ avo)| aw@| Ve aa
o &, o

(&)
- f du®) f Ja(t: & dt
[{9] 0

(36) 1{{4)
zf du(é)f Jolt; & dt
uQ 0
1) (ps&)
- f (& T do() f ds f Ja(t: 6,8 dt
Sre 0 L1}
1(§) (&) —s
> f (&, e dotd) f ds f Jalt: 6,8) dt
(37) SN 0 0

> {c,/2n"¢,-,} {EN" 1L, Ty do(d)
(38) &+ on

> Cy {je +aq NE)E, Vmiey) do(£)}"*!
2", _, {je*fan ¢, V) da(&)}"

C {n - 1}" {puQ)!

T 21,y | Casz {A()}"
_ ot f(n - 1)c,,_1}" vy
=2 ¢, {A@eQ}" -

One goes from the third to the fourth line using (28), with

$)
@) = L Ja(t: &) dr:

one goes from the fourth to the fifth line using

(@) = I8) — s

one goes from the fifth to the sixth line using (26); one goes from the sixth
to the seventh line using (29) (for the numerator) and (30) (for the
denominator).

Thus,

{4(0Q)}" _ e, {(n - l)cn—l}"

VT2 | e,
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Note that if Q is a hemisphere in a constant sectional curvature sphere,
then w =1 and we have equality in every step of the argument. In
particular,

¢ jn— e, " {e,—y}”

2 me,-, S {e/2

Thus (34) is valid, with equality if Q is a hemisphere in a constant sectional
curvature sphere.

It therefore remains to show that equality in (34) implies that Q is a
hemisphere.

First note that ¢ = ¢(¢) is continuous on &Q U &*0Q, 1 = t(&) is lower
semicontinuous on SQ U &*9Q, and ¢(¢) < (&) on all of GQ U & Q.
Therefore, if we are given &, in ©Q U &*9Q for which c(¢,) < 1(£,), then
there exists a neighborhood G of ¢, in Q U &*9Q, on which ¢ < 1.

Now assume that we are given equality in (34). Equality in (36) implies
that UM = GM, that is, c(£) = t(£) for all £ € SQ U &19Q. Equality in
(38) implies K¢) is constant, say I(£) = ! on all of S*3Q. Thus

{p): (e S70Q,0<t < I}

covers all of Q, and equality in (37) then implies that Q has constant sectional
curvature equal to (n/l)?>. Then

c) =1 =1
for all £ € ©*0Q) implies that Q is a hemisphere.

THEOREM 6. Let S;" denote the n-dimensional hemisphere of the
constant sectional curvature sphere having (Riemannian) diameter equal to
I. Let © be a Riemannian normal domain, with smooth boundary, such that

) <!

for all & e GQ, that is, every geodesic starting in Q hits dQ not later than
having traveled distance /. Then

(39) MQ) > AS;").

If w = 1, that is,
(&) = 7(¢)

for all £ e ©Q, then equality holds in (39) if and only if Q is isometric to S;".
LEMMA 3. Let fe C*([0,1]), with f(0) = f(I) = 0. Then

1 i
(40) fof'z > (n/)? f I
0
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with equality in (40) if and only if

f(t) = const - sin =t/l
on [0, 1].

PrROOF: The lemma is merely a restatement of Rayleigh’s theorem
(Section L1.5) for the Dirichlet eigenvalue problem on [0, []. (The lemma is
known as Wirtinger’s inequality.)

LEMMA 4 (Santalo [1, p. 336f1.]). If ©(&) is finite for all £ € ©Q, then
for f € L'(u) we have

(4
ay [[ran=]  cenaaod] s@0a

PROOF OF THEOREM 6: Let fe C*(Q), with f|0Q = 0. We wish to show
that

“2) fnigrad 112 = XS sz.

Well, it is standard that for every p € Q we have

lgrad f13(p) = <grad f, £>* dp, (&),

-1 Jg,
which implies

f lgrad f|? dV
Q

={ n } Cgrad fo m, €52 du(?)

&
e
> {7
e

( > Lf’dV= xS0 [ s2av.

} o <f, Ve d”(é)f grad f o, ¢, &) dt

} @ do® (0

(&)

} & V) da®)|  {(fe v} at
&+ 0

2

—~—

C, -

2

~

C,_

which is (42).
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If we are given equality in (39), then
(&) =1 VEe &70Q,
and
(f o p)(t) = (&) sin 7/l Vi e € oQ.
For our convenience, we assume that p € Q such that

flp) = maxf=1.
Q

We first note that if £ € ©*0Q and y, passes through p, then, since f - y,
has precisely one maximum, it must occur when y,(t) = p. Thus p = y,(//2).
On the other hand, every geodesic leaving p must hit 09, and by the
remark, just made,

W =12 vEe§,.
Thus,
Q =expB(p; 1/2), Q= exp S(p; 1/2),
which implies
(f o ye)(t) = cos mt/l Ve G,
therefore
f(g) = cos nd(p, g)/1

for all g € Q, and exp | B(p; I/2) is a diffeomorphism of B(p; I/2) onto Q, with

0Q = S(p; 1/2).
Furthermore, since grad f|9Q is orthogonal to 0Q), we also have

&) = <&, Vuy)
forall £ € S%0QL

Now let g € 0Q, n € (0Q),, 7| = 1. By continuity, y,(t) € Qfor all ¢ € [0, ],
and

(foy)8) =<n, 9> sinmtfl = 0.

Thus, y,({0, []) = 9Q. Therefore, JQ is totally geodesic, that is, all geodesics,
with initial velocity vector tangent to €}, remain in 6Q.
We now add the assumption w = 1, that is,
c(é) = (&)
forall £ e €Q U &*0Q.
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Given g € 39, let

g = 7;,() € 0Q.
Then
v5,(/2) = p
which implies
d(g,q*) <1

for all g* e Q\{g}. Since
)=t =1 VieBT0Q,
we have

=g Ve,

which implies that éQ is a wiedersehnsraum, which, in turn, implies that /Q
is isometric to 9S;'.
Now (41) implies

¢, V(Q) = u(SQ)

-1 j (&, ) do(®)
Ston

= lA(0Q)¢,.,/n
= A0S/ )e,_1/n
= cn—lV(§l+);

the third line is a consequence of (30); the fourth line, a consequence of the
isometry of 0Q and 4S;'; and the last line, a consequence of the same
argument connecting the first and fourth lines.

Thus, A(3S;') = A(0Q), and V(S;') = V(Q), which implies, with @ = 1,
equality in (34), which implies Q is isometric to a hemisphere of a constant
sectional curvature sphere. Theorem 6 is proven.

Remark 2: Theorem 6 provides for a sharp universal lower bound for
A(€2). Universal upper bounds for lowest Dirichlet eigenvalues of geodesic
disks are also discussed in Croke’s paper, and in Berger [5], Bérard—Besson
2], and Hebda [1].
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THEQOREM 7. Let M be a compact n-dimensional Riemannian mani-
fold all of whose Ricci curvatures satisfy

(32) Ric(§, &) = (n — 1

for a fixed constant x, and for all ¢ € M. Let d denote the diameter of M.
Then

d n+1
@) (M) = 14, e, J{V(M) / | sx} .
)]
PROOF: One obtains (43) by combining Lemma 2 with Theorem 5.

Thus, combining Theorem 7 with Li’s results (Section IV.5), we have that
upper bounds on the volume and diameter of a compact Riemannian
manifold, and a lower bound on the Ricci curvature, imply uniform lower
bounds on the eigenvalues of the manifold and a uniform upper bound on
the formal heat kernel.



CHAPTER VI

The Heat Kernel
for Compact Manifolds

We are given a fixed Riemannian manifold M of dimension n > 1, with
associated Laplace—Beltrami operator A. The heat operator L on M will be
defined to be the differential operator

L=A-0/0t

acting on functions in C®(M x (0, o)), which are C? in the “space” variable
x, varying over M, and C! in the “time” variable t, varying over (0, c0). The
homogeneous heat equation, or heat equation, for short, is given by

) Lu=90
that is,
Au = du/ot.

The heat equation is interpreted by considering the Riemannian manifold
M as a homogeneous isotropic medium (with all the physical constants
suitably normalized), and u(x, t) as the temperature of x € M at time t. The
equation, then, determines the conduction of heat through the medium,
assuming no sources of heat, or refrigeration, are present.

If heat is generated in M so that at x € M heat is supplied, or withdrawn,
so that the temperature changes at the instantaneous rate F(x,t), with
respect to time, then the temperature distribution u(x, t) satisfies the in-
homogeneous heat equation

(2 Lu=-—F.

Equations (1) and (2) are derived as follows: Given any regular domain Q
in M, the instantaneous change in the total temperature in Q, with respect
to time, is equal to the total change due to the supply of heat to, or

134
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withdrawal from, Q, added to the spatial change of the heat distribution
across 0Q, that is,

ffn %% (x, 8) dV(x) = an F(x, 1) dV(x) + J:m % (w, 1) dA(w).

By Green’s formula (1.39) we have

Hﬂ%w:”ﬂw + Au} dv,

Hﬂ{Lu + F}dv=0,

for all such domains Q in M. One immediately obtains (2). Case (1)
corresponds to F = 0.

Our primary interest is in the fundamental solution of the heat equation on
M, or the heat kernel of M. Its definition is as follows:

that is,

DEFINITION 1. A fundamental solution of the heat equation on M is a
continuous function p = p(x, y, t), defined on M x M x (0, 00), which is C?
with respect to x, C! with respect to ¢, and which satisfies

L,p=0, limp(,y1) =39,
tj0

where 6, is the Dirac delta function, that is, for all bounded continuous
functions f on M we have, for every y e M,

®3) 1imf plx, 3, () dV(x) = f0).
110 VM

Thus, p( ,y, ) is the solution of the heat equation (1) resulting from an
initial temperature distribution (i.., at time ¢ = 0), having total temperature
1, and completely concentrated at y.

If at time ¢t = 0 we have an initial temperature distribution having total
temperature a, and completely concentrated at y, then we expect the
corresponding solution to the heat equation to be given by ap( , y, ).

If at time t = 0 we are given the initial temperature distribution f(y), then
we expect the solution to the heat equation (1) to be obtained by “summing
spatially” the contribution of each point to the initial data, namely,

@ u(x, 1) = f plx, v, 110) dVY),
M
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with
) 169 = tim [ pts, 3. 000) dVO)

t M

If, in addition, heat, or refrigeration, is supplied to M, as described by
F(x, t) above, then the contribution of F( , ), t € (0, ¢), to the temperature
distribution at time ¢ is given by

f px, v, t — DF(, 1) dV()

—so the total contribution to the temperature distribution, at time ¢, by F is
given by

f de f px, 3, t — D)F(, 7) dV().
0 M

In sum, we expect the solution of the inhomogeneous heat equation (2), with
initial data given by f, to be given by

6 ulx,1) = L P, 3, 0f() V() + f de fM px, v, t — DF(y, ) dV().

In Section 1, we derive formulas (4)—(6) as consequences of the existence
and uniqueness of the heat kernel on M, in the case where M is compact.
We also obtain the basic facts about the existence of eigenvalues, and their
eigenfunctions, summarized in Theorem 1.1 (and the ensuing discussion
there) for the closed eigenvalue problem. Our treatment is, essentially, that
of Milgram—Rosenbloom [1]. In Section 2 we consider the heat kernel on
Euclidean space, and, in the subsequent sections, the existence of the heat
kernel on compact Riemannian manifolds. In this latter topic, we follow the
construction of Minakshisundaram [2]. The reader is also referred to
Berger-Gauduchon—Mazet [ 1] and McKean—Singer [1].

1. DUHAMEL’S PRINCIPLE AND
ITS CONSEQUENCES

In this section, we will assume that M is a given compact Riemannian
manifold.

PROPOSITION 1. Let u(x, t) be a solution to the heat equation (1) on
M. Then

f u(x, t) dV(x)
M
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is a constant function of ¢, and

f u¥(x, 1) dV(x)
M
a decreasing function of ¢.

PrOOF: For both cases, one differentiates with respect to r under the
integral sign, applies the heat equation (1), and Green’s formulas. Either
result follows easily.

COROLLARY 1. Given continuous functions f: M - R and F: M x
(0, 0) » R, there exists at most one function u:M x [0, 00)—
R € CP satisfying (2), with initial data

M u(,0) =1.

Indeed, if u,, u, were two solutions to the initial-value problem (2):(7),
then their difference, v = u, — u,, would satisfy the heat equation (1), with
identically vanishing initial data. The second claim of Proposition 1 then
implies that v vanishes identically on M x [0, «0). So u, = u,.

Duhamel’s principle (1): Let u,v be continuous functions on M x (0, ¢),
both C? in the space variable and C' in the time variable. Then for all
(o, f1 < (0, t) we have

[ tute, e = proe, p — wtz, ¢ — itz 01} avea)

M
8

(8) =f dtf {(Lu)(z, t — T)v(z, T) — Wz, t — T)(LV)(2, 7)} AV(2).
a M

PROOF: One has

(Lu)(z, t — )z, T) — u(z, t — 1)(LV)(2, T)
= (Au)(z, t — )ov(z,T) — u(z, t — T)Av)(2, T)
+ (0/0t){u(z, t — T)(z, 7)}.

Then (8) is obtained by applying Green’s formula, followed by integrating
with respect to t.
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THEOREM 1. Any fundamental solution to the heat equation on M is
symmetric in the two space variables; also the fundamental solution is
unique.

Assume M has the fundamental solution p. Then given bounded con-
tinuous functions f: M —» R, F: M x (0, o0) — R, the solution to the initial-
value problem (2): (7), should it exist, is given by

u(x, ) = fM px, v, 010) V()
©) ,
d , Y, £ — T)F(y, 1) dV(y).
+fo rfMp(x ¥t — DF(, 1) dV()

In particular,

©) fM px, 3, ) dVG) = 1

on all of M x (0, c0).

PROOF: Let p,, p, be fundamental solutions of the heat equation on M;
set

u(Z, T) = p1(23 xa T), U(Z, T) = pZ(Z’ .V, T)9

and apply Duhamel’s principle. Let a | 0 and § 1 t. Then one obtains
(10) pax, y, 1) = py(y, x, 1).

If we apply the argument to any given fundamental solution p, by setting
p1 = P, = p, We obtain

p(x, y,t) = p(y, x, t)

for all x,y € M. So any fundamental solution is symmetric in the space
variables. But then, when given arbitrary p,, p,, we may apply the sym-
metry to p,, and (10) will then imply p, = p,.

Suppose we are given the fundamental solution p, and the initial-value
problem (2): (7). Pick

uz, 1) = p(x,z,1),

substitute into Duhamel’s principle, and let a | 0, § 1 ¢, as above. Then (6)
will follow.

Thus, once one has the existence of a fundamental solution for the heat
operator, one also has another proof for uniqueness of solutions to the
initial-value problem (2): (7).
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We note that a third proof of uniqueness of solutions of the initial-value
problem (2): (7) will be given in Section VIII.1, via the maximum principle.

We now assume, for the rest of this section, the existence of a fundamen-
tal solution on M.

Given a continuous function f defined on M, then the formula

@ ulx, ) = f plx, 3, D) V()

does, indeed, provide a solution to the initial-value problem (1):(7), since
differentiation of u(x, t) can be carried out under the integral sign. The point
of view we shall take here is that for each fixed ¢ > 0 formula (4) defines an
integral operator B, acting on functions f on M. One immediately verifies

(11) th“Bn = ‘Br+u’

or equivalently,

(12) Pzt + 1) = [ pl 3 00052, 4V0).
M

For each t > 0, the continuity and symmetry of p(x, y, t) implies that B, is
a self-adjoint, compact operator on LX(M). Also,

(B.Lf) = ||‘Br/2f||2 >0,

which implies that B, is a positive operator for all ¢t > 0. In particular,
p=0

on M x M x (0,00) [that p > 0 on M x M x (0, 0) requires more, for
example, the maximum principle (Section VIII.1)].

If f € L*(M), then (B, f)(x), given by (4), is a solution to the heat equation,
and has whatever smoothness is possessed by p(x, y, t). As t | 0 we have

lim B, f =1
140

uniformly, when fe C°(M); if we are only given that f'e L%(M), then the
limit is valid in L2(M). This last claim is a consequence of the second claim
of Proposition 1 (viz., ||, f 1% is a decreasing of f), and the L2-density of
continuous functions in L2(M).

The Sturm—Liouville decomposition: For M compact, there exists a com-
plete orthonormal basis {¢q, ¢y, @,, ...} of L2(M), consisting of eigenfunc-
tions of A, with ¢; having eigenvalue £; satisfying

0=/10<}~1S/12$'T+OO
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In particular, each eigenvalue has finite multiplicity. Each ¢; is as smooth as
p; in particular, p € C* implies ¢; € C* forevery j = 0, 1,2, .. ..
Finally,

(13) px, y,t) = Z,o e” Mo x)PHy)

with convergence absolute, and uniform, for each ¢ > 0. In particular
(14) f pix, x, 1) dV(x Z e M,

PROOF: We refer the reader to Riesz—Nagy [1, Chap. VI] for the basic
facts, on self-adjoint, compact (or, completely continuous) operators, used in
what follows.

For each t > 0, the self-adjoint compact operator 9B, has eigenvalues
Ao(t) 2 A1) 2 A,(0) = --- | O,
with respective eigenfunctions

¢0(t)9 ¢l(l)’ ¢2(t)a ey

forming a complete orthonormal basis of L*(M). The semigroup property of
B,, (10), then implies that for each ¢t > 0, and positive integer k, we have

(15) Afkt) = (AL0F,  ¢fkt) = 1),

from which we have the validity of (15) even when k is positive and rational.
The continuity of 9B,, with respect to ¢, then implies that (15) is valid for all
t,k > 0.So

Aty = QL)Y = @B dfr) = (1),
for all t > 0. Since ||'B, f | is decreasing in ¢, we have

In (1) < 0.
Set

A'j = —In A'j(l), ¢j = ¢j(1)a
then
B,y = e Mg

forallj = 0,1,2,.... In particular, ¢; is as smooth as p.
Next, we have

0 = L(P,) = e M'Ad; — pfd/dt)e™ "
= e_lﬁ{Ad’j + 4;¢;},
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which implies that ¢, is an eigenfunction of A with eigenvalue 4;. Note that
since A{1) is decreasing with respect to j, we have 4; increasing, and since
2{1)| 0 asj— oo, we have 4; 1 +00 as j —» c0.

The Hilbert-Schmidt theory implies that (13) is valid in I2(M x M), and
the continuity of p, with the positivity of ‘B,, imply, via Mercer’s theorem
(Riesz—Nagy [1, p. 245]) that (13) is valid with respect to absolute and
uniform convergence. Equation (14) follows immediately.

We now wish to show that for M compact, the “heat is evenly distributed
over M as the time becomes large.”

THEOREM 2. For any f € L*(M), the function 9, f converges uniformly,
as t 1+ o0, to a harmonic function on M. Since M is compact, the limit
function is a constant.

PROOF: By Proposition 1, |8, 1| is a decreasing function of ¢, with
nonnegative limit as ¢ T + 00, say, « > 0. But

1B, = BS 12 =B SN = 20Brn f17 + 1B SN

then implies that 9P, f converges in L*(M).
Now for fixed T> 0, we have forall x e M, t, T € (0, 0),

1Bes 7/ — Berr S16) = BB, S — B.S)I(x)

L px, v, TR S — BS)) dV(Y)

< const- B, f— B.fI,

by the Cauchy-Schwarz inequality and the continuity of p. So B, f con-
verges uniformly on M, as t — + oo, to a continuous function which we call
Hf.

The argument just given also implies

By +nf — BHSI(x) < 1By f — Hf || supliplx, , 1)l

< 1B, f — Hf l supliplx, , T)l
for all t > T, by Proposition 1. So )
0= '}g?o B,.nf — B.Hf = Hf — P, Hf,
that is,
B Hf = Hf

for all t > 0, from which one has that Hf € C® and is harmonic.
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2. THE HEAT EQUATION ON R"

DEFINITION 2. We set, for (x, y,t) € R" x R" x (0, c0),

e(x, y, 1) = (dnt)""2e ™o/,

THEOREM 3. The function e(x, y,t) is a fundamental solution to the
heat equation on R".

PrROOF: The discovery of e(x, y,t), as a candidate for a fundamental
solution, is easily motivated by taking the Fourier transform (with respect
to the space variable) of a solution to the heat equation, solving the
resulting ordinary differential equation with respect to the time variable,
and then taking the inverse transform (cf. Section XI1.4).

One easily verifies that e( , y, ) is a solution to the heat equation. So we
concentrate on the limit of

(16) u(x, 1) = . ex, y, )f(y) dV(y)
ast]O0.

We shall actually consider a broader (than bounded and continuous)
class of functions on R".

DEFINITION 3. We say that a measurable function f on R" is locally in
LY(R"), written as f € L} (R"), if to each x € R" there exists 6 > 0 so that

f If] < +o0.
B(x;d)

Now let f € L} (R", such that, for every a > 0, we have
(17 S(x) = o(e**")
as |x| - +o0. For any given x € R", set
(18) y=x+rf r=ly—x, {eS"
(19) r? = 45



2. The Heat Equation on R” 143

Then

e(x, y, ) f(y) dV(y)
Rn

[+]

= (41rt)""/2f e "L gy flx + r&) dA)

0 gn~-1

- n—"/zj‘me”’zs"‘1 dsf S+ 2/1s8) dA(©).
§n—l

0

So for (x, t) restricted to a bounded subset, K, of R” x (0, o), we have by
(17,

flx + 2\/ts&) = o(e™?)

as s — + oo, uniformly on K x S""'. Thus the integral u(x, t) given by (16),
converges absolutely, uniformly on K.

Note that the same argument will also establish that u, given by (16), is
C® on R" x (0, ), and that the derivatives of u may be calculated by
differentiating the right-hand side of (16) under the integral sign. So u given
by (16) is a solution to the heat equation.

Given the function u(x,t) defined by (16), we wish to consider what
happens whent | 0. If f = 1 on R", then u = 1 on R” x (0, c0) since

f e(x, y, 1) dV(y) = n‘”/zc,_lj e Vs lds = n‘"/zf e P avix) =1
n 0 n

by the standard arguments (cf. Section XII.1).
If f e LL (R" and satisfies (17), then we have

f — f e 0/0)dV0)
_ f e(x,3, )/ — 10)} V()
= n_"/zf e g1 dsf i {f(x) = fx + 2/ts8)} dAE)

]
f(---)ds+£m(---)ds

< { sup | f(x) —f(y)l} + wa(e'sz’z) ds.
8

yeB(x;2,/15)
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One now easily concludes that if f is continuous at x, then

(20) Lim | e(x,y0f(y) dV(y) = f(x);

t|0 JR»

so e(x, y, t) is a fundamental solution of the heat equation on R".

COROLLARY 2, If f is continuous on R", satisfying (17), for all « > 0,
as |x| - + oo, then (16) is a solution to the initial-value problem (1): (7).
Furthermore, if f is uniformly continuous on some set K, and

1f60) = flx + 2./ts8)] = ofe™?)
uniformly in (x,t,&) € K x [0, T] x $"~! for some T> 0, then the con-
vergence in (20) is uniform on K.
THEOREM 4. If f is a continuous function on R" “vanishing at in-
finity”, that is,
lim f(x) =

|x]—
and u is the solution to the initial-value problem (1):(7), given by (16), then
u(x, t) = 0, (grad, u)(x, 1) - 0

for each t > 0, as |x| — oo, that is, u and its gradient vanish at infinity for all
t>0.

PROOF: One easily has
lulx, )l < | e(x, y, DS dV(Y)
R'l
< {maX}If | e(x, y, 1) dV(y)
B(x;d) B(x;4)
+ {max|f|} [ ewnoany
RB" R™\B(x; 8)

[> o}
f e A1 gy

for all (x,f) e R" x (0, o0), and é > 0. That u( ,t) vanishes at co follows
easily.

< n(laxlfl + {maxlfl} @1 )n/2
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Similarly, foreachj =1, ..., n,

0
@) 5= S0f) avD)

77:_"/2

= J' s"e ™ dsf f(x + 2/ts€) dAQ),
\/E ¢ §n-1
via the substitutions (18), (19). Then one has, as for u,
—nf2 ©
s{ e
B(x;2./13) \/-l: 0
—nf2 ©
+ {max|f|} mj‘ s"e ™ ds
R \/E &

from which we draw the desired conclusion.

ou
ﬁ (X, t)

We also note that if f € C%(R") is supported on the compact set K, then u
satisfies the inequality

(22) lu(x, t)] < (4m)—"/2e"‘""-"”4‘{ f f |f1 dV} .
K

A similar inequality holds for |grad, u|.
Also, if f € L'(R") then u given by (16) converges and

(23) J ) u(x, 1) dV(x) = J;a Sf(x) dV(x)

for all t > 0—simply use Fubini’s theorem.

To consider uniqueness questions, we give the Duhamel principle for
normal domains.

Duhamel’s principle (I1): Let M be a Riemannian manifold with compact
closure and smooth boundary, and let u,v: M x (0,t) - R e C!, and C? in
the space variable varying over M. Then for any [a, ] = (0, t) we have

[[ e~ pta. ) - wtz. ¢ — adte 0y avi
M
5
= f erf {(Lu)(z, t — t)v(z, T) — u(z, t — t)(Lo(z, 1)} dV(x)
a M

+F {u(w, t — 1) a—U(w, 7) — %(w, t — tjo(w, 2)} dA(w).
a YoM

dv ov
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The proof is the same argument as the Duhamel principle in the compact
case. One simply uses Green’s formulas (II).

Now let u be a solution to the initial value problem (2):(7) on R". In the
Duhamel principle, set

vz,7) = e(x,2,7)

and let « | O, B 1 t. Then we have for M = B(5),
u(x, 1) = f e(x, 7, 01(3) dV(y)
B(d)
td LV, ) F(y, t — 1) dVi
+ L : ffwe(x »OFO, t — 1) dV()

! de
+J drj {uw, t — 1) —(x, W, 2)
0 YS9 ar,,

- a—u(w, t — 1)e(x, w, z)} dA(w).
or,

So, if we know that u grows slowly enough so that the integral over
S(d) x (0, 1) tends to 0 as § — + oo, then u is determined by the formula

u(x, ) = f e(x, 3, 1)) dV(y)
(24) "
d v, OF(y, t — 1) dV(y).
+f0 rf"e(xyr) 0t — 1) dV(y)

One immediately has

THEOREM 5. If f is a bounded continuous function on R", then u(x, t)
given by (16) is the unique solution to the initial-value problem for the heat
equation (1) : (7) among all functions v(x, t) on R" x (0, co) for which

lo(x, £)} < const, |(grad, u)x, )| < const/\/t,

where the constants are independent of (x, t).
Finally, we consider a restricted case of the nonhomogeneous initial-value
problem.
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THEOREM 6. Given F: R" x [0, o0) —» R € C!, such that supp F < K x
[0, c0), for some compact K in R". Then a solution to the initial-value
problem (2): (7) is given by (24).

PROOF: By the linearity of the heat operator, and the fact that u given by
(16) satisfies the homogeneous initial-value problem, namely, (1):(7), it
suffices to show that

t

5) ) = [de [ etx,y, 0F0, ¢ = ) V()
0 R»

is a solution to the initial-value problem

(26) LU=—F, limU=0.

tl0

Now u given by (25) satisfies, via the substitutions (18), (19),

27 ulx,t) = f;dtj:n#““e“szs"“ a.’sf§ F(x + 2\/;55, t — 1) dA%),

n-1

from which we conclude that u € C! for ¢t > (, and that differentiations of u
with respect to the space variables may be obtained by differentiating under
the integral sign in (27). So, using the chain rule, and integration by parts,
we have

0 t oF
0 = Ldr f x50t = ) V)
__ f’dr 2 (%, 3, )F G, t — 1) V()
i M

! Jde
- f dr| % (o3 0F0,t — 1) dV(y)
0 RN 5)(1

T e o]
= f 12 drf nM2e ™" ds
0 0
f F(x + 2\/;s§,t — 1) dA(E).
gn-1

Similarly, we have du/ox’ € C*, and

0%u

t 0%e
o) = f ae[ 253 ARG, ) AVO)
0 R
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Finally, we have

%(x t)= ne(x, ¥, HF(y, 0) av(y)

+ f el 3, r) (y, — 1) dV(y)
- f e(x, y, )F(y, 0) dV(y)
er

t
+ f do[ etx,yt — 92 (5,1 dviy)
0o Jam o

Now, for0 <s < t,
f e, =) (9 V)
= R {e(x’ ¥, t — S)F(,V3 S) - e(s, ¥, t)F(ya 0)} dV(Y)

+ f do Lix,yt - .0 dVO)
0 R" aT

which implies, by letting s 1 ¢,

%(x, t) = F(x,t) + J:dt o (x v, O)F(y, t — 1) dV(y).

One now has that u, given by (25), satisfies (26).

3. THE MINAKSHISUNDARAM-PLEIJEL
RECURSION FORMULAS

For any given Riemannian manifold M, with distance function d( , ), we
set

(28) E(x, y, 1) = (4nt) "2~ =4t

While there can be no pretense that &, in general, will be the fundamental
solution to the heat equation on M, it turns out that one can produce a
fundamental solution by suitably tampering with &. The first step is given
in the following construction.
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For convenience, we assume that M is complete, and that its injectivity
radius is strictly positive. To each y € M, we define the sequence of
functions

ul ,y): B(y; inj(M)) - R,
by requiring that
(29) ug(y, y) = 0,
and that the functions

k
(30) Hk(x’ Ys t) = (g’(x’ Y, t) Z tjuj(x’ y)a
j=0

J
k=0,1,2, ..., satisfy
(31) L. H, = &*A,u,.

To calculate the functions u;, j = 0,1, 2, .. ., introduce geodesic spherical
coordinates on B(y; inj(M)) by

32) x = exp, ré, r € [0, inj(M)), (e G,.
Then for functions f, h: B(y; inj(M)) - R we have
<grad f, grad h)(exp, r¢)

of oh
= a—{E + (gradgy,,,(f | S(y; r), grads,.,(k | S(y; ),

where the right-hand side is evaluated at exp, r£. Also,

INL

J
Af = #ﬁ + Agyin(f |S(y; 7)),

NG

where \/6 is defined for the spherical coordinates, based at y, by Definition
I11.6.

Next, set
(33) o(x; y) = /atr; &)t

with y fixed and x given by (32). Then explicit calculation shows that (31) is
equivalent to

(ar uO)/uO =- %(ar (0)/(/),
and

1, j _ Ay
6,uj+{§ ® +r}uj—7
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forallj = 1,2, ..., which implies, using (28), that

(34 up(x, ) = ¢~ 2(x; y),

ufx,y) = 0~ V20x; yr~ f Y@~ V2Au,_, exp, s, y) ds
0

1
= 0™ 2x; ) jo oo™ 2Au, ,)exp, 17, y) dr,

j=1,2,....Note thatu; e C* on
By = {(x,y) € M x M:d(x,y) < inj(M)}.

The above construction was first given in Minakshisundaram—Pleijel [1],
and then applied by Minakshisundaram [2] to the construction of the
fundamental solution of the heat equation on compact Riemannian mani-
folds. We leave it to the reader to verify, using Riemann normal coor-
dinates (Section XII.8), that

(36) u, (v, y) = £5(»)

where S(y) is the scalar curvature of M at y. Calculation of the constants

o = fM uly, ») V()

have been considered in Berger [2], McKean-Singer [1], and Sakai [1].
Compare also Berger—Gauduchon-Mazet [1]. Of course, for j =1 and
n = 2, we have

37 a, = 2rny(M)/3
by the Gauss—Bonnet theorem.
Next, we note that if M is the 3-dimensional space form M,, of constant
sectional curvature «, then one has, directly,
uy = o2
from which one concludes that

(38) Hix, y, 1) = lim Hy(x, y,t) = &(x, y, yo~ /(d(x, y))e*".
ko0

One easily checks that H is a fundamental solution of the heat equation on
the 3-dimensional M, (Debiard-Gaveau—Mazet [1]). For ¥ > 0 we have
already discussed its uniqueness. We consider the uniqueness question for
x < 0in Section VIII.1.
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It is an unpublished result of Millson (reported in Debiard-Gaveau—
Mazet [1]) that if

pu(x, y, 1) = @,(d(x, y), t)

is the heat kernel of the n-dimensional M, , then, with ¢ = ¢(r, t), we have

P+ 2%, 3, 1) = —€™(0, @, )d(x, y), 1)/2nxS,

is the heat kernel of the (n + 2)-dimensional M, . We leave the direct
verification of the result to the reader.

For explicit formulas of the heat kernel for 2-dimensional M,, x <0,
compare Section X.2.

4. EXISTENCE OF THE HEAT KERNEL

DEFINITION 4. Given a Riemannian manifold M, a parametrix for L
on M,H, is a mapping H: M x M x (0,0) » Re C® such that L .H
extends to a continuous map of M x M x [0, co0) to R, with

H(,y,t)~é,, H(x, ,t)~ 0,
ast| 0.

In what follows, we let M be a compact Riemannian manifold, with
injectivity radius inj(M) =:¢ > 0.

To construct a parametrix on M, fix a function p: [0, c0) - [0,1] € C>,
such that

pl[0,e/41 =1,  p|[e/2, 0] =0,
definen: M x M - [0,1] € C* by

n(x, y) = pld(x, y)),
and, foreach k = 0,1, 2, . . ., define

H, = nH,,

where H, is given by (30).
We now require two lemmata, whose proof we leave to the reader. A
proof of Lemma 1 can be found in Berger-Gauduchon--Mazet [1, pp. 210-

211], and a proof of Lemma 2 can be modeled on the argument of Theorem
6.
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LEMMA 1. For every k > n/2, H, is a parametrix for L on M.
Furthermore, if 85 denotes the differentiation in any chart x: U - R” on
M,

@xhy  (Oxm’
with
lof = oty + -+ + oy,
in the first space variable, then
(39) L H, = (02 +labg-dlatp,

where F, , € C*(M x M x [0, o0)). Also, if &' denotes the Ith derivative in
the time variable, then

(40) aﬁ LXH;‘ = tk—(njl + Zl)e—dl/4tG“’

where Gy ; € C*(M x M x [0, o0)).
Finally, if N is any topological space, and f is any continuous function
defined on N x M, then for k > n/2 we have

lim f (e, DHx, y, 0 dV(x) = f(z, y),
t10 JM

lim f Hy(x, 3, 01z, ) V() = £z, %)
t|0 JM

and the above limits are (N x M)-locally uniform. In particular, if N x M
are both compact, then both limits are uniform on N x M.

For any functions F,G e C°(M x M x [0, o)) define the convolution
F x G, by

>

14
(F + 63,0 = [ de[ Fvz, 96630 ~ 9 dvea)
] M
and note that
(FxGy*H=F % (G » H).
Sowewrite,for[ =1,2,...,

(F¥=F#%---+F (! times).
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LEMMA 2. For F e C%M x M x [0, ), and k > n/2, we may form
H, % F by the above formula. Then H, * F will be in the domain of L,, and
satisfy

41) LH,+«F)y=—F +(L,H)x*F.
Once one has Lemmas 1 and 2, the idea is to seek a fundamental solution
p(x, y, t) of the form
42) p=H,+H,*F.
Then (41), (42) imply that finding p, for which
L,p=0
is equivalent to finding F for which
L.H, =F —(L,H)=*F,

from which one has

43) F=

14

(Lx Hk)*l’

18

To investigate the convergence of series (43), we note that
Lka — tk - n/2e—d2/4tgk ,
where 4, € C*(M x M x [0, c0]). We also have

LEMMA 3. Let x,y,z belong to any metric space. Then, for any
7 € (0, t), one has

(44) dZ(:, y) 4 d:(i', :) > dz(Jtc, 2

Indeed, one uses calculus to show that

min {dz(x’ ) + At z)} _ {dix, y) + diy, 2)}?

T t—1 t

?
2e(0,1)

and (44) follows.
Now fix k > n/2and T > 0. Let V= V(M),

A= sup |4 B=AT- "2

MxMx|[0,T]
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Then for all ¢t € [0, T] we have

ILka * LkaI(xa Vs t) =

1
f g 2 g f 4% 2, )Gz, 1 — )
0 M

x e~ 47(x,2)/41,— dUz,y)/4(t —7) dv(z)

ABtk'f-l—n/ZV
<-—¢
k+1—np2

An induction argument easily establishes that for all [ > 2,

—d%(x,y)/4t

A BV)I—ltk+l—n/2—le—d2(x,y)/4t

(L HM 69,0 < .
k+l-n2—1)-(k+1-n2y

So P4 F converges absolutely and uniformly on M x M x [0, T, for

every T > 0. Also, since k > n/2, we have

imF =0

t{0

uniformly on M x M.

Furthermore, a similar argument, using (39) and (40), shows that for
k>n/2 +2l, FeC(Mx M x [0, ), and all differentiations may be car-
ried out by differentiating the series term-by-term.

In summary, for k > n/2 + 2,

p(xa Y, [) = Hk(xa » t) + ((Lka) * F)(x’ A A t)
(45) e—dz(x,y)/4l

k
- C@mor? {p(d(x, 7)) j;o Hufx,y) + O(t““)} ,
with
(46) uo(x, X) = O, ul(x’ x) _ S(X)/6,

is a fundamental solution for L on M. Since the fundamental solution for L
on M is unique, all fundamental solutions, obtained by varying
k > n/2 + 2, coincide. The fundamental solution is, therefore, C* on
M x M x (0, c0). The Sturm-Liouville argument of Section 1 then implies
that all the eigenfunctions of the Laplacian are C*.

Note that (14), (45) imply

e M = J‘ p(x, x, t) dV(x)
=) M

J

= (4nt)‘"/2{i tff ufx, x) dV(x)} + 0@k m2 Yy,
j=0 M
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in particular,

- —Ajt _ 1 £ 2
47) };0 e M = amy® {V(M) + 6 fM SdV 4+ Ot )}
ast | 0. Thus
(48) Y e M ~ V(IM)[4nt)?
j=0

as t | 0. The Karamata theorem (Feller [ 1, p. 446]) then implies

Weyl’s asymptotic formula: Let M be a compact Riemannian manifold,
with eigenvalues 0 = A, < A, < 4, < -+, each distinct eigenvalue repeated
according to its multiplicity. Then for

N = Y 1
Aj<A
we have

NQ) ~ @, V(M)A 2n)"
as A 1 + oo. In particular,

(2)"? ~ 2nyk/e, V(M)
ask 1+ .

Note also that (47) implies that knowledge of the spectrum of M
determines the integral of the scalar curvature of M. In the two-dimensional
case, (46) reads as

Q _ap Y(M)  x(M)
4 At VTS N7
(49) j;(, ¢ 4mt 6
as t | 0, by the Gauss-Bonnet theorem (cf. Section III1.1). Thus, in the 2-
dimensional case, knowledge of the spectrum of M determines the topology
of M.

Remark 1: In Donnelly [1] it is remarked that the argument of this
section is also valid when M is noncompact, if M has a properly discon-
tinuous group of isometries I' acting on M such that the quotient
M, = I'\M is compact, for example, if M is a Riemannian cover of the
compact Riemannian manifold M,. In such a situation the heat kernels p,
po of M, M,, respectively, are related by

(50) Polx, ¥, 1) = Y, p(x, 7y, 1).

yel
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If M, is not a manifold, one still has the existence of p,—in fact, defined by
{50)—and spectrum, with asymptotic formula (47) (for M) with a correction
to the coefficient of ¢! ~"/2,

Remark 2: Following Minakshisundaram [1,2], and Minakshisun-
daram-Pleijel [1], one defines the zeta function

z(s) = i At

for complex s. Then the Weyl formula implies that for any ¢ > 0, the series
z(s) converges uniformly on {s:Res > n/2 + ¢}, thereby defining an ana-
lytic function on {s: Res > n/2}.

To study the continuation of z(s), we note that since the gamma function
I'(s) (cf. Section XII.1) satisfies

[(s)a™s =f e " dt,
0
we have, for Re s > n/2 + ¢,

I'(s) i A= Z N(s)A}* = ir’ =1 gy

I(Ze"‘) -]
fw()fdt

can be analytically continued, in s, to all of C.
Given any nonnegative integer N, we have for s > n/2 + 1 — N,

f (’_le"") £ lde
fo { 1 +J' p(x, x, 1) dV(x)}t‘ dt

=—1/s + f: [{ki a,,t"“"""/z} + 0(f+N-"/2)} dt

N
=—1s+ Y afs — n/2 + k) + O(1).

k=0

It is easy to see that
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So I'(s)z(s) can be continued to a meromorphic function on the complete s
plane, with simple zeros at s=0,and ats=n/2 -k, k=0,1,2,.... Thus
z(s) also has an analytic continuation as a meromorphic function, with the
location of guaranteed poles and zeros depending on whether »n is even or
odd.

One can also give a similar discussion for the zeta function

2(s; x, y) = -;1 PfX)@ )4,

where {@q, @1, @,, ...} is a complete orthonormal sequence in L*(M) con-
sisting of eigenfunctions of A, with 4; the eigenvalue of ¢;.

When M is a compact Riemann surface of constant negative curvature, a
detailed study of z(s) and z(s; x, y) is possible, with consequences for the
asymptotic growth of eigenvalues, and can be found in Randol [2, 8]. For
the general Riemannian case, we refer the reader to Duistermaat—Guillemin

{11].

Remark 3: We refer the reader to Donnelly-Li [1, 2] wherein it is shown
how to go from an upper bound on

— At

M8

e

j=0
valid for all ¢ > 0, to a lower bound on 4,k 2 for large k. The result is that
if there exist constants ¢, > 0, ¢,, ¢; = 0 such that

(51) e M < eMe t T + cyt)

gt

J
for all £ > 0, then given any c, > 0, there exists ¢5 = ¢s(cy, €5, €3,C4) > 0
such that
Mh=cg>0 = A, >csk™2m
If ¢;, ¢c; = 01in (51), then one easily has
A = {c e}~ Hmk2m

for all k > 0. Indeed, we would then have

ke—lkt < Z e—).jt < Clt—nfz
j=0
forallt > 0. Nowsett = 1/4.

Also discussed in these papers are geometric conditions, in the spirit of
Section VIII.3, for which (51) is valid. Also, compare Cheng-Li [1].



CHAPTER VII

The Dirichlet Heat Kernel
for Regular Domains

In this chapter we carry out the program of Chapter VI for the Dirichlet
eigenvalue problem on a regular domain. Given a regular domain M, and a
fundamental solution to the heat equation on M, ¢ = g(x, y, t), we say that g
is a Dirichlet heat kernel of M if q is extendable to a continuous function on
M x M x (0,00) such that

q( ,y,1)|Q =0

for all (y,t) € M X (0, o). In the context of the physical interpretation of the
fundamental solution, discussed in the introduction to Chapter VI, ¢(x, y, t)
is the heat distribution at x at time ¢ resulting from one unit of heat
concentrated at y at time ¢t = 0, and subject to absolute refrigeration of M
for all time ¢t > 0.

Nearly all that we do, here, has a corresponding formulation for the
Neumann eigenvalue problem. We prefer the Dirichlet eigenvalue problem
because of the powerful applications, of the domain monotonicity of the
Dirichlet heat kernel, that are developed in the following chapters.

Another qualification of our treatment, here, is in order. We will not
show that the Dirichlet heat kernel ¢ of M can be extended to a C!
function, in each of the space variables, on M. Rather, we shall only show
that the gradient vector field of ¢, with respect to each of the space
variables, can be extended, in that variable, to a continuous vector field on
M. This less ambitious result suffices for most of the applications already
presented, in earlier chapters, and those contemplated in the coming
chapters.

Our construction of the Dirichlet heat kernel follows that of
Minakshisundaram [1, Sec. 4], and, the application to the existence of
Dirichlet eigenvalues, that of Milgram—-Rosenbloom [1]. We also refer the
reader to Dodziuk [1].

158
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1. PRELIMINARIES

We start with noting that forall x > 0, a > 0,
x%e * < ofe” %

In particular, for any u > 0, n > 1, we have the existence of a constant,
depending on y, n, such that for any r > 0,

(1) r—(n/2+l)e—r2/4t < const - tHp 22

DEFINITION 1. Let M be a Riemannian manifold with heat kernel
p(x, y,t). We say that p is almost Euclidean if p and & [given by (IV.28)] are
of the same order, locally uniformly in (x,y), as t | 0, and if a similar
statement holds for the first derivatives of p and &.

Certainly, the heat kernel of any compact Riemannian manifold is
almost Euclidean.

If M is an n-dimensional Riemannian manifold with almost Euclidean
heat kernel, Q a regular domain in M with boundary I' carrying the
outward unit normal vector field v, then given any ¢ > 0, and T > 0, there
exists a constant, depending on n, g, T, I, M, such that

op
) E"
for all wo,we I, and te (0,T]. The improvement in the exponent of
d(wy, w) in (2) over the exponent of r in (1) is due to the fact that the
derivative, here in (2), is in the direction normal to I.
We also leave to the reader to verify that if M,Q,I" are as above, then
there exists a constant such that, for every a, f € (0, n — 1), we have

(Wg, w, )| < const -t~ #*d "+ 2¥(wy, w)

w

A3) f d~%wy, wyd~F(w, w;) dA(w) < const - d"~ 1" (w,, w))
r
forallw,,wy, e [, w, # w,.

THEOREM 1 (the jump relation). Let M be a Riemannian manifold, Q a
regular domain in M, with boundary I" carrying the outward unit normal
vector field v. Let p(x, y, t) be a C* almost Euclidean heat kernel on M. Let
Y(w,t) be a continuous function on I x [0,7], and u(x,t) defined on
Q x [0, T] by

4) u(x,t) = — J. td’t f ;Tp(x, w, T)P(w, t — 1) dA(W).
0 r w

Then u € C*(Q x [0, T]), with
u( ,0) = 0;
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and for wy € I we have

(5  lim u(x,f) = W -J'd: J' 9P o, w, DY, t — 7) dA(W).
0 T

x—wg 6vw

PROOF: We only give the proof for M = R", ¢ = 1, and Q having the
property that I' n B(w,; p) is a flat (n — 1)-disk, for some p > 0. All other
cases are technical generalizations of this one.

In the case under consideration, the heat kernel is given by

e(x,y, 1) = (dmr)"2e™ P
and its gradient by
(grad, e)(x,y, 1) = (4nr)""2e~ x4 (x — y)/2r,

The convergence of the integral in (4) presents no difficulty, by virtue of the
estimates (2).

Now let I}, = I' n B(wg; p,), where p, € (0, p), and let I, = I'\I'}. Also,
set vo = w(wg).

For x = w, — av, we certainly have

. ! de t de
lim — dtJ. —(wg — avg, w, T)dA(w) = —f drf —(wg, w, T) dA(W).
alo Jo Jr, 0, o Jr,0v,

For x = wy, — av,y, w € I, we have

(W - Wo)‘Vo = 09
which implies

w— x> = |w — wol? + a2
Therefore,

t oe
—J d‘l’f 6_(w° — owvg, w, T) dA(wW)
0 l‘l vW
t P1 5 5
=fdrf c"_ze—u {4t —r /4ra2—(n+l)n~n/2_c—(1+n/2)rn—2 dr
0 0
1 2 P N
= acn_zn—n/ZZ—(n+l)fT—(1+n/2)e-—a 14t d,".f e—r /4rrn—2 dT
0 0

t p1/2t1/2
_ —_ —_2 —g2 P
= (ac,_,7 "/2/4)ft 3/2¢ “*“d‘cf e ¥s" "2 ds
0 0

Cos © pLut/2ja s
= 2"../2_[ y‘”ze"“d,uf e %'s""2ds
n a2/at 0

Ca-2 * -1/2 - g * -2 n-2 ds = 1
=5 | WM dp | e s s =1
T 0 0
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as o | 0, for every p; > 0. One, indeed, has to check that one can pass to the
limit, as indicated. However, that is not difficult. Evaluation of the limit is
done via Section XII.1.

The jump relation (S5) is called the jump relation for the double layer
potential (4). The jump relation for the single-layer potential is as follows:

THEOREM 2. Let M, p,Q, I, v, be given as in Theorem 1, and define
1:Q x[0,T] > Rby

6) vix, t) = J:dr L plx, w, Z)Y(w, t — 1) dA(W).

Then v € C*(Q x [0, T]) extends to a continuous function on Q x [0, T],
and satisfies

o ,0)=0.
Furthermore, if for wy € I" we let

PS) = Vyiwo)(S)

then
1i$<(gradx v)(y(s), 1), y'(s)>
%) C oo
_ M + fodf f 6v’:0 (Wo, W, T) (W, t — 7) dA(W).

2. THE DIRICHLET HEAT KERNEL
FOR REGULAR DOMAINS

We start the discussion by considering the following initial-boundary-
value problem: we are given a regular domain Q, with boundary I, in a
Riemannian manifold M. We are also given a continuous function
@:T x (0,00) > R; what we seek is a solution u:Q x [0,00) > R e C° to
the heat equation on Q x (0, co) satisfying

(8) u|Q x {0} =0, ull' x (0, 0) = 0.

We assume that M possesses an almost Euclidean heat kernel. For if it
does not, one may replace the complement of Q with a Riemannian
manifold, having boundary I, whose union with Q is a C® compact
Riemannian manifold. Simply pick A to be a relatively compact domain in
M, having smooth boundary, and containing Q; let M’ be the double of A
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with the metric smoothed out across the boundary of A, and unchanged in
a neighborhood of Q (cf. Duff [1]). This new Riemannian manifold is
compact, contains (2, and possesses an almost Euclidean heat kernel.

To find a solution to the heat equation, satisfying the initial-boundary

values given in (8), we attempt to determine a function Y(w,7) on I' x [0, o0)
so that

! 0
©) ux, 1) = — f dr f P (x,w,t — D)(w, 1) dA(W).
(1] r avw
Should such a ¥ exist, the jump relation (5) would imply, for w, € T,
t ap
@00, 1) = Yo, /2 = [ d [ (oo, w1 = o), ) d (),
0] r w
that is,
t 6p
1) Yo, ) = 2p0m0,) + 2 [ dt [ =0, 0, = )Y, ) dAw).
0 r w
A formal solution to (10) is discovered, via iterating (10) itself, to be
14
Y(wg, 1) = 20(w,, t) + 2 J er. M(wy, w, t — ) @(w, T) dA(W)
0 r
for all (w,,t) € T x [0, o0), where

-/{(Wo, w, t) = Z Mk(WO: w, t)v
k=1

op
Ml(wos w, t) = 2%(“’07 w, t),

w

and

13
)
M, (wg,w, t) =2 f dz f Mwy, W, t — t);,;p—(w, w, 7) dA(W)
o] r w

forl>1.
If we then set

a t
Foow,t) = 22 (x, w, 1) + 2 f dr f P (%1 — ) M, w, 7) dAG),
avw 0 r avw
then we may rewrite (9) as

(11) u(x,t) = —f‘dr f Fx,w, t — t)o(w, ) dA(W)
o Jr
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and we have a formal solution of the initial-boundary value problem (8) for

the heat equation. It remains to verify whether the candidate is a good one.
The first thing to investigate is the convergence of .#(wg, w,t). Let, as

usual n = dim M, and fix a number uin (4, 1) and T > 0. By (2), we have

IM (wy, w, 1)] < const -t~ *d** "(wg, w)
for all distinct wy, w € I, £ € (0, T]. Now, ifa, 8 > 0, and
[My(wq, w, t)| < const - t~%d ™ #(w,, w),
then one easily has
My, (wg, w, t)] < const- ! #72d2# =17 B(y w).

So the power of ¢ increases by 1 — u, and the power of d(wg, w) by 2u — 1.
Ultimately, at least one will become nonnegative.
Next, note that

I+ o't — p
N2 +o—p

for all « > 0, where I'(x) is the classical gamma function (cf. Section XII.1);
and note that if @ € R, then the validity of

ta+(l—u)

f(t — 1)1t kdr =
0

(12) |M1(W0’ w, t)l < mltuv

for some fixed constant m,, on allof I' x I' x (0, T, implies that
t
(M), 1(wo, w, 1)] < mlmzf (t — 1yt *dr,
]
where

m, = supJ- d2*~"(w, w) dA(W) < + 0.
r

wel

We can, therefore, conclude that there exists / > 1 and positive constants
mg, o > 0, such that (12) is valid on I x I' x (0, T']. Thus, for all k > 1, we
have

M, s (wo, w, )] < my(mp)t* ¥ 79 + KT — p)/Ta + k + 1 — ),
which implies that

@©
Z Ml+k(w09 w, t)
k=1

converges absolutely (with exponential speed), and uniformly on
I'xI'x[0,T]forall T > 0.
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Thus, the series
t”d" - 2“(W01 W) '/”(WO’ w, t)

converges absolutely and uniformly on I' x I' x [0, T] for all T > 0.
Therefore, for all T > 0, #(x, w, t) is continuous on Q x I' x [0, T], C* in
the x variable, and uniformly bounded on K x I x [0,T] for compact
K < Q. One now verifies directly that u given by (11) is a solution to the
initial-boundary-value problem.

To obtain the existence of a Dirichlet heat kernel on €, let Q be
contained in the Riemannian manifold M, having almost Euclidean heat
kernel p(x, y, t). For each y € Q solve the initial-boundary-value problem for
the heat equation with initial-boundary data given by (8), with

(P(W’ t) = —p(W, Vs t)'
The solution is given by, using (11),

hix,y,t) = fdrf F(x,w,t — t)p(w, y, 1) dA(W).
0 r

One easily verifies that

Qx, 3, 1) = px, 3, 1) + h(x, 1)

is a Dirichlet heat kernel on Q.
Note that given a compact set K < Q, and T > 0, we have a positive
constant for which

(13) Ih(x, y, )] < const - ¢~ "¢~ 40-F)

forall (x,y,t) e K x Q x (0, T].

Also note that the jump relation, for the single-layer potential (Theorem
2), implies that (grad, Q)(x, y, t) can be extended to a continuous vector field
on Q.

3. DUHAMELS PRINCIPLE

In what follows, Q is a regular domain in a fixed Riemannian manifold
M, and has boundary I carrying the outward unit normal vector field v.

DEFINITION 2. If v: Q - R € C?, we say that v € C}(Q), if v extends to
a continuous function on Q, and grad v extends to a continuous vector field
on Q. If ve CY(), then for any we I, we let y,(s) denote the geodesic
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emanating from w, with initial velocity vector v(w), and define the normal
derivative of v at w € T, (dv/dv)}{w), by

0
(14) =) = lim((grad o) u(s)) 7).
v st0

One now easily proves

THEOREM 3. Let u € C%Q) n CYQ) and v e CHQ) n C*Q). Then we
have the extended Green’s formula

(15) an {uAv + (grad u,grad v)} dV = J; u(0v/ov) dA.

If u is also in C}{Q) n C?*(Q), then we also have

(16) an {uAv — vAu} dV = fr {u(dv/dv) — v(du/dv)} dA.

For v = v(x, t) defined on Q x (a, f) and C! there, we say that v € C! on
Q x (&, p) if v extends to a continuous function on Q x («, f), and grad v
(taken with respect to x and t) to a continuous vector field on Q x (a, f).
For w € I" we, now, define (dv/dv,)(w, t) by

(7) (9v/ov,)(w, 1) = liTn(f)l {(grad, v)(7.(s), 1), . (5D,

where 7,(s) is the geodesic, in M, emanating from w with initial velocity
vector v(w).

PROPOSITION 1. Let ue C'(Q x (z, B) be a solution of the heat
equation

(18) Lu=20

on Q x (a, f). Then for the functions

(19) u@t) = JI) u(x, t) dV(x),

(20) Uip) = 3 ffn u?(x, t) dV(x),
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we have

Q1) U'(t) = J (Qu/ov,)(w, ) dA(w)
r

(22) w = —ff lgrad, u|*(x, t) dV(x) + fr(u ou/ov,)(w, t) dA(w).
Q

One, simply, differentiates each of the above, with respect to f, under the
integral sign, applies the heat equation, and then, the Green’s formula (15).

COROLLARY 1. Suppose we are given continuous functions
F:Qx(0,0)>R, :T x (0,0) = R, f:Q — R. Then there exists at most
one continuous function

u:(Q x [0, o)\ x {0}) > Re C' n CHQ x (0,0))

which satisfies the differential equation

(23) Lu = —F,
with the initial-boundary conditions

(24) u|T x (0,0) = o,
(25) u|Q x {0} = f.

PROOF: Given uy, u, satisfying (23)—(25), one applies (22) to u =1 u; — u,
to conclude U'(t) < 0. But U(0) = 0. Therefore u = 0 on all of Q x [0, cv),
which implies the claim.

We note that by using the maximum principle (cf. Section VIII.1), one
can obtain the uniqueness result of Corollary 1, without the assumption
that u € C{Q x (0, o0)).

We recall the Duhamel principle (1) (for normal domains) (Section V1.2).
Here u,v € (C! n CH(Q x (0, 1)), and [a, ] < (0, t). Then

]
f dt ff {(Lu)(x,t — T)v(z,T) — u(z,t — 1)(Lv)(z, 7)} dV(2)
a Q
B
(26) =J dtf {;Tu(w,t — 7)v(w, 1) — ulw, t — t)%lf-(w, r)} dA(w)
a r w w

+ ff {(z, t — B)v(z, B) — u(z,t — a)v(z, @)} dV(z).
Q
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THEOREM 4. Any Dirichlet heat kernel g(x,y,t) on Q, having the
property that g( ,y, ) e CY{Q x (0, 0)) for all y € Q, is symmetric in the
space variables x and y.

Furthermore, Q has precisely one Dirichlet heat kernel, g(x, y, t), with the
property that g( ,y, ) e CYQ x (0, 0)) for all y € Q.

PROOF: For u and v in (26) we simply take

u(z, t) = q(z, x, ), vz, t) = q(z,y, 1),

and then let « | 0, § 1 t. One obtains, immediately, the desired symmetry.

Consider, now, the Dirichlet heat kernel of Q, Q(x, y, t), constructed in
Section 2. Imagine the manifold M to be compact, so as to guarantee that
its heat kernel p(x,y,t) is symmetric. Then one can verify that Q is a
Dirichlet heat kernel relative to the second space variable, namely, the
function ¢(x, y, t) given by

qix,y,t) = Q(y, x, t)

is a Dirichlet heat kernel. The first claim of our theorem, here, shows that @
is symmetric in x and y—in particular Q( ,y, ) e CYQ x (0, cc)) for all
y € Q. We now have to show that Q is unique.

Indeed, if g, is any Dirichlet heat kernel on Q, satisfying the given
hypotheses, then set

u(z, t) = Q(z, x, t), vz, t) = gy(z, ¥, t).
One easily deduces from (26) that
Q(y7 X, t) = q2(xs y’ t)-

But both heat kernels are symmetric; therefore @ = q,.

COROLLARY 2. The Dirichlet heat kernel g on Q is almost Euclidean.
Furthermore, if Q,, Q, are regular domains in a Riemannian manifold, with
respective Dirichlet heat kernels g, g5, then

Go,(X, 3, 1) — do,(x,y, 1) = O(t")

forall N> 1, (x,y) € (Q, n Q,) x (Q; N Q,), as t | 0. The limit is uniform
on compact subsets of Q, N Q,.

We leave the proof of the corollary to the reader.
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THEOREM S. Let Q be a regular domain with boundary I' and
Dirichlet heat kernel g. Suppose we are given bounded continuous func-
tions F:Q x (0,00) > R, ¢:T x(0,00) > R, and f:Q — R. Then the
unique solution u: Q x [0,00) = R, which is C° on (Q x [0,c0))\(T" x {0})
and C'on Q x (0,00), to the initial-boundary-value problem (23)—(25) is given
by

ux, ) = f f 4%, 9, () V()
[¢]
@7 4 fodr f fn 4x, .t — 1) F(y, 7) dV()

t aq
- Ldt fr m(x, w, t — 1)@(w, 1) dA(W).

PROOF: To derive (27), one substitutes

vz, 1) = ¢(x,z,7)

into (26), and letsa | 0, 8 T ¢.

Once one has (27), one verifies that it, in fact, provides a solution to the
initial-boundary-value problem (23) —(25). We note that (0h/dv,)(x, w,1) is
given, via the jump relation for the single-layer potential (Theorem 2), by

h : 4
Ok e w,y = FBmD | f dzf Fo .t — 1), w, 1) dAGH).
ov,, 2 o Jr ov,,

One now can easily show that u — ¢ as x —» I (the only integral to really
consider is the last one in (27)). Establishing u — f, as t | 0, is easy. Finally,
we note that, establishing that u satisfies (23), requires an extension of
Theorem VI.6, and Lemma V1.6.

DEFINITION 3. For each ¢t > 0, define the operator Q, on I}(Q) by

(28) (®,/)00) = Hﬂ 406, 01 () dV().

PROPOSITION 2. For each t > 0, Q, is a self-adjoint, compact (com-
pletely continuous), operator on LX(Q). For each f € I%(Q),

u(x, 1) = (Q, f)(x)

is a solution of the heat equation on Q x (0, co0).
If we also set Q, = I, then

(29) Qo Qr=Qr
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forallt, T > 0. Foreacht > 0, Q, > 0, which implies
g=>0

on Q x Q x(0,c0) (the maximum principle, cf. Section VIIL.1, implies
g > 0). Also
IimQ, [ =f

{0

for all f € [XQ). If f € I*(Q) is also continuous on Q, then Q, f converges
to f, as t | 0, uniformly on compact subsets of Q.
Finally, for each x € Q,

| L 4%y, dV(y)

is a decreasing function of ¢. In particuiar,

(30) f fn alx, y, 1) dV() < 1

for all (x, 1) € Q x (0, c0).

The proof of the proposition is straightforward. We only need note that
the last claim is a consequence of the nonnegativity of ¢, and Eq. (21).

The Sturm-—Liouville decomposition for the Dirichlet eigenvalue problem:
Given the normal domain Q, there exists a complete orthonormal basis,
{@1, @1, @3, . ..} of [2(S) consisting of Dirichlet eigenfunctions of A, with o
having eigenvalue /; satisfying

O<i <4y <i3<:-:T+o0.
In particular, each eigenvalue has finite multiplicity. Each
@ € C*(Q) n CYQ).
Finally,

(31) ay.0 = X e~ fox)e0)

ji=

with convergence absolute, and uniform, for each ¢ > 0. In particular
(32) ff glx, x,t)ydV(x) = Y e .
Q i=1

The proof is the same as that for the closed eigenvalue problem (Section
VL.1).
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We now wish to consider what happens as t1+4+o. For
f e 2(Q) n C%QY), (R, f)(x) is the solution of the heat equation on Q, with
initial heat distribution f. Of course, as x — I, the boundary of £,
(L, f)(x) = 0 for each t > 0. So we are thinking of the temperature distri-
bution in a room whose walls are absolutely frozen for all time ¢t > 0. We
expect the temperature of the room itself to, ultimately, be absolutely cold,
namely, one proves, as in Theorem V1.2, that as ¢t T +00, Q, f converges,
uniformly on ©, to a function which is harmonic on Q. Since the boundary
values of this limit function are identically 0, we have

(33) lim Q,f =0

1+

uniformly on Q.
Theorem 6 is a more ambitious version of this result.

THEOREM 6. Suppose we are given continuous functions f: Q - R, and
¢:T' >R, and u: (Q x [0,00)\(I" x {0}) > R e C° a solution to the initial-
boundary-value problem:

Lu=0,
w,0=f ul )|l =oq.

Then u{x, t) converges, uniformly on Q, to a function harmonic on Q and
taking boundary values ¢ on I,

PROOF: From (27), we have

! .
) = [ [ ax 30501 av0) - [[dr [ L, )00 dAH).
0 o vrov,
By (33) we may assume f = 0 on all of Q. So we assume that u is given by

ux,t) = —f d‘tf —(x w, 1) @(w) dA(w).
Note that the nonnegativity of g, on €, implies

oq

'a—‘—'::(xs w, t) < 0

onallof Q x I % (0,1).
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Now t > T implies

lu(x, 1) — u(x, T)| =

1
dr
T

a—q(x, w, T} o(w) dA(w)

t 2
< {max|o|} Ld: fr - %(x, w, 7) dA(w)
= —const -L dt fJQ(Ay g)(x,y, 1) dV(y)

— const - j ety )~ g(x 3,0} dV)

= const - {(RQy — W)1}x),

which implies that u(x,t) converges, uniformly on Q, as t1+ 0, to a
continuous function, H, on Q. Of course

(34) HIT = ¢,
and
N
(35) H(x) = —L dt J; E(x, w, 7) @(w) dA(w).

We wish to show that H is harmonic. It suffices to show that

(36) H(x) = q(x ¥, )H(y) dV(y) dt —(x w, 7) p(w) dA(w)
rov

for all t > 0. For the right-hand side of (36) is a solution of the heat
equation, which, by the left-hand side, will be independent of z. This
function must then be harmonic.

To prove (36), one has by (35)

[ aey.0m0rave)
=i fn 406,30 dV0) f:dr f ‘f—v";(y, w, 7) () dA(W)
—[Tae [ oomaaon [[ atx0 5L om0 v
_ f " i j jT‘f(x, w,t + 7)p(w) dA(w)

f drf —(x,w 7) p(w) dA(w).
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This reduces (36) to (35), and the claim is proven.

Note that, by (27), the right-hand side of (36) is the heat distribution
determined by the initial distribution H and boundary distribution ¢.
Equation (36) implied that H is harmonic. But the identity also suggests

THEOREM 7. Let H e C%Q) n (C' n C*»(Q) be harmonic in Q,
@ = H|0Q. Let u(x, t) be the solution to the heat equation on Q with initial
heat distribution H on €, and boundary distribution ¢ for all time. Then u
is a steady-state solution, that is,

ul ,ty=H
forallt > 0.

We leave the proof to the reader, as an exercise.

Weyl’s asymptotic formula for Dirichlet eigenvalues: Let Q be a normal
domain with Dirichlet eigenvalues: 0 < 4; < A, < 4; < ---, each distinct
eigenvalue repeated according to its multiplicity. Then, for

N = ) 1,

ArsAd

we have

N@) ~ o, V(@) 2" )2r)
as A T + oc. In particular,

(A" ~ 2k, V()
ask t +o0.

PROOF: As in the proof of the compact case (Section VI.4), we wish to
estimate

ji e M = ”ﬂ q(x, x, 1) dV(x),

where ¢ is the Dirichlet heat kernel of Q (cf. (32)).
To estimate the integral, fix any ¢ > 0, set

D, ={xeQ:dx1T) = ¢},
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where I is the boundary of Q, and write

q(x,y,t) = p(x,y,t) + h(x, y,1),

where p is the heat kernel of a compact Riemannian manifold containing Q.
Then, by (13), for fixed T > 0, there exists a positive constant, depending on
&, T, so that

|h(x, x, )| < const - ¢ ~"2e =4 xT)/8

for all x € D,, t € (0, T]. Then (V1.44), (V1.45) imply

(4me)'? ff q(x, x, t) dV(x) - V(D,)

ast ] 0.
To estimate the integral in question over Q\D,, we note that by the
maximum principle (Section VII1.1), we have

0<qg<p
on all of Q. Therefore,

(@dmt)"? J J‘mb e, x, V() < { sup (dnt)"?p(x, x, )} V(Q\D,)

< const - &.
Thus
(37 Y e M~ V(Q)/(4nt)"?,
k=1

which implies the desired result by the Karamata theorem (Feller [1, p.
446]).

We now discuss the Green's function of the regular domain Q. For
convenience, we let Q, denote the diagonal of Q, that is,

Qp={xe xQ:x =y}

DEFINITION 4. A continuous function G:(Q x Q\Q, — R is a Green’s
function of Q, if G| {(Q x Q\Qp} € C?,

(A, G)x,y) =0
forall x,y € Q,
GIQxT'=0
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(where, as usual, I’ = 0Q), and, near Q,, G is given by

(38) G(x, y) = ¥(x,y) + h(x, y),

where h € C°(Q x Q) n C*Q x Q), and

1 {dz_"(x, yn—-2, n>2

(39) Yix,y) = —In d(x, y) n=2.

Cpy

The existence of G is derived in Duff [1]. We shall also assume here that

for each x € Q, (grad, G)(x, ) extends to a continuous vector field on Q\{x}.

One easily sees that the maximum principle (Section XII.11) implies that

G is strictly positive on (Q x Q)\Qp, and that there is at most one Green’s
function for Q.

THEOREM 8. Let u € C}{(Q) n CXQ). Then

@0)  —u(x) = f L G(x, 2)(Au)(z) dV(z) + L %%W wyn(w) dA(w).
In particular,

(41) —u(x) = f fn G(x, 2)(Au)(z) dV(2)

ifu| T = 0; and

(42) u(x) = — J'r STGw(x, w)u(w) dA(w)

if u is harmonic on Q.
PrROOF: We apply Green’s formula to the given u, and to v given by
u(2) = G(x, 2);

but, because of the singularity of v at x, we must apply Green’s formula to
the given u and v on the domain

Q, = Q\B(x; ¢),

for sufficiently small ¢ > 0. We then obtain

- J G(x, 2)Au(z) dV(z)
Q.

(43) = J:m gf—w(x, w)u(w) dA(w)

B J;(x;;) {Z%(x, W) u(w) - G(x’ W)gg(w)} dA(W),
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where 0/0r is the directional derivative in the radial directions emanating
from x.
Note that for all dimensions n > 2, we have

- %(xs W) = dl_”(xa w)/cn—l'
ar,

w

Introduce geodesic spherical coordinates

y = q(r, &) = exp, r¢,

r>0, ¢ e &,, about x, as described in Section III.1. As discussed there, the
volume element 4V is given by

dvig(r, &) = /a(r; &) dr dp (&),

where du, is the standard (n — 1)-measure on &,; and the (n — 1)-
dimensional area element of S(x; r) is given by

dA(q(r, &) = /g(r; &) du,(2).
The discussion there (cf. Sections 111.1 and XI1.8), shows that

(44) lim {2(_’;,5’ -1

One now easily lets ¢ | 0 in (43), and obtains (40).
Note that if x, y € Q, and we pick

wz) = G,2), vz} =Glx,2)
and
Q. = Q\{B(x; &) U B(y; 8)},
then the argument just given will yield the symmetry of G, namely,
Glx, y) = Gy, x).

Recall that the Dirichlet problem for Q is: given ¢:T - R e C° find
u:Q - Re CoN) n CHQ) such that u is harmonic on Q and u|I = ¢.
Then (42) says that once we have a Green’s function G for , and we know
that u € C!(Q), then we must have

(45) u(x) = -—f gTG(x, w) p(w) dA(w).
r w

However, to verify that, given ¢, the function « proposed by (45) is, indeed,
the solution to the Dirichlet problem for boundary data ¢, we require more
delicate information of the boundary behavior of G. (After all, given ¢, there
is no a priori way of predicting that u € C'(Q).)



176 VII. Dirichlet Heat Kerne! for Regular Domains

What one requires is that given wy € I, 6 > 0, then
oG
(46) lim —;——(x, w)=0
uniformly on
Iy(wp; 0) =: {w € I' : d(w, wg) > 8}.
Once one has this information (and we shall assume that we, indeed, have

it) the argument that (45) supplies a solution to the Dirichlet problem, for
boundary data ¢, is as follows:

First, we note that
47 1= —J a—G(x, w) dA(w)
r ov

for all x € Q. Indeed, the argument given to derive (42), for u =1, is
perfectly rigorous.
Second, we note that

0
@8) %9 x,w) < 0
ov
sinceG>00nQ xQ,andG|Q xT =0.
Finally, set
[1(we; 0) = T n B(wy; 9).
Then, by (47),

0
u(x) — plwo) = [ _9G W) (o) — o(we)} dA(W)

r avw

=f (...)+f ¢--).
e Tty

-1

To estimate the second integral, we have, since ¢ is bounded and
(0G/ov,)(x, )is nonpositive,

vy

-Jl‘z(wo;a) ov,, (x, W {p(w) — o(we)} dA(w)~

oG
< 2{suplol} — 5y % W) dA(w).

I2(wo; 8) 0 w
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For the first integral we have, using (47) and (48),

oG
j — 25, w) o) — olwe)} dAW)
I'i(wg;0) v

w

oG
< { sup_jo{w) — o(wo)l} ~ 5, 0% W) dA(w)

T1(wo38) Niwo;d) OV

< sup |o(w) — @(w)l.
T1(wg;d)

One now uses (46), (47), and the continuity of ¢ at w, to obtain

lim u(x) = p(w,),
X=*wo
which is the claim.

Recall the problem of heat conduction considered in Theorem 6. We are
given Q with initial temperature distribution f € C%{), and allow the heat
to diffuse in €, subject to the condition that the temperature at the
boundary be given by the function ¢: I’ —» R € C° independent of time. The
statement of Theorem 6, in virtue of (35) and (45), is equivalent to saying

Iim er~ v, —(x,w,t — )W) dA(w) = J —(x w)p(w) dA(w),

tt +oo

where g is the Dirichlet heat kernel of Q. This suggests the formula

@™

(49) Glx,y) =j a(x,y, 1) di,

0

the validity of which we now investigate.
Recall that Q, denotes the operator

(50) @016 = [ a3, 00 vy
let ® denote the operator given by

(51) ©1)09 = [ Gt nsonave)
Note that

(52 G1)(x) <+,

by (38), (39), and (44). Also note that for u e C(Q) n C*Q), satisfying
u|T' = 0, (41) reads as

(53) GAu = —u.
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Now for f € C%€) we have

T T
V(y) = 4
A, J;) dt fJ;} q(x,y, ) f(y) dV(y) J:) dt f Q(Ax‘I)(x, »: 1) f(y) dV(y)
T
- j dt j (8a/o1)(x, y, 1) F(7) AV(3)
0 Q

- f L 45,3 T)F0) dV0) — fx)

that is,

T
(54) A( f Q d:) —Q, 1
4]

on C%Q). Thus

T T
GQy — 1) = @A(f Q dt) - -f Q, dt.
0 0

By (52) and the uniformity of (33) on Q, we have
® = +f Q, dt
o
on C%Q), and (49) follows.
It is important to note that one also has
(55) AG = -]

on C(€Q)—a proof can be found in Duff [1, Sec. V.3]. More generally, (55)
is valid on bounded, locally Holder continuous functions on Q—cf.
Gilbarg-Trudinger [1, Sec. 4.2]. Still more generally, (55) can be interpreted
in the sense of acting on distributions—cf. Wermer [1, Sec. 4].



CHAPTER VIII

The Heat Kernel
for Noncompact Manifolds

In this chapter we extend the theory of the Dirichlet heat kernel for regular
domains to arbitrary noncompact manifolds, namely, given a noncompact
Riemannian manifold M, one can exhaust M by a sequence of regular
domains, thereby creating an increasing sequence of Dirichlet heat kernels,
the limit of which is the minimal positive heat kernel of M (Section 2).
While this construction is always valid, it is not necessary that this heat
kernel be the only one on the manifold, and that it satisfy the conservation
law (V1.9) (cf. Azencott [1, Sec. 7]). The situation we consider here is when
M is complete with Ricci curvature bounded from below. The key tools are
maximum principles, and the extension of differential inequalities past the
cut locus of a point in M—this last technique developed by Calabi [1]. The
treatment here is that of Dodziuk [2]—almost word-for-word. Other
constructions of the heat kernel, and uniqueness and conservation of heat
considerations, can be found in Azencott [1], Cheeger—Yau [1], Karp [4],
Karp-Li [1], Seeley [1], Vauthier [1], and Yau [4].

In Section 3 we then present the comparison theorems for the heat kernel,
the first when all sectional curvatures are bounded from above, and the
second when the Ricci curvatures are bounded from below. These theorems
were first proved in Debiard-Gaveau-Mazet [ 1] as being valid inside the cut
locus, and the second one was extended by Cheeger—Yau [1] past the cut
locus. The arguments of Sections 1 and 2 yield an easy proof. (We note that
Cheeger—Yau [1] also considers generalized Neumann boundary con-
ditions, in which case the results are unavailable by the methods of this
chapter, or by those of Debiard—Gaveau—Mazet [1].)

As the bound for the heat kernel of Section 3, when the Ricci curvature is
bounded from below, is a lower bound, we then turn our attention to an
upper bound for the heat kernel valid past the cut locus. This was first
considered in Cheng-Li-Yau [1], and was then treated in Cheeger-
Gromov-Taylor [1]. Our treatment follows the latter, and is based on the
lectures of J. Dodziuk to the seminar in differential geometry (Fall 1981) at

179
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the Graduate School of the City University of New York. We note that
these upper bounds do not directly require bounds on curvature; rather,
they involve lower bounds on the isoperimetric constant of geodesic disks in
the manifold. We use the upper bounds, in this form, in our discussion of
manifolds with small handles (Chapter IX) where one has no a priori
bounds on the curvature of the small handles. For general theorems,
however, one can bound the isoperimetric constants below in terms of
bounds on the curvature, which, in turn, supply upper bounds for the heat
kernel in terms of bounds on the curvature. Compare Cheng—Li-Yau {1,
Sec. 1] and Cheeger-Gromov-Taylor [1, Sec. 4] (this last paper determin-
ing the bounds in terms of lower bounds on the Ricci curvature).

Recently, Li and Yau [4] have given upper bounds for the heat kernel
depending directly on lower bounds for the Ricci curvature. Compare their
paper for the details.

1. THE MAXIMUM PRINCIPLE, AND
UNIQUENESS THEOREMS,
FOR THE HEAT OPERATOR

We are given a fixed Riemannian manifold M with Laplacian A, and
associated heat operator L = A — 9/¢t.

STRONG MAXIMUM PRINCIPLE. Let u be a bounded continuous
function on M x [0, T], which is C? on M x (0, T), and which satisfies

M Lu>0
on M x (0, T. If there exists (x,, tp) in M x (0, T] such that

u(xg, to) = sup u,
Mx[0,T]
then

u|M x [0, to] = u(xo, Lo)-

We refer the reader to Protter—Weinberger [1, Sec. II1.3] for a proof of
the theorem when M is diffeomorphic to a domain in Euclidean space. A
standard continuation argument then extends the theorem to arbitrary M.

Of course, if one is given

(0 Lu <0,

instead of (1), on M x (0,T), then one has a corresponding minimum
principle. For solutions to the heat equation, both principles are valid.
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Easy applications of the maximum principle are the following:

THEOREM 1. If M is compact with heat kernel p, then p is strictly
positiveon M x M x (0, c0).

Similarly, if M is a regular domain with Dirichlet heat kernel g, then g is
strictly positive on M x M x (0, o).

More generally, if Q is a regular domain in M, q is the Dirichlet heat
kernel of Q, and p is the heat kernel (resp., Dirichlet heat kernel) of M, for
M compact (resp., for M a regular domain) then

3) 0<g<p

on Q x Q x (0,00).
In particular, for a regular domain Q,

@ | L 4%,y 1) dV(y) < 1

forallt > 0.

We now wish to consider existence and uniqueness theorems for the heat
kernel on arbitrary noncompact M. The uniqueness results require only a
weaker form of the maximum principle.

DEFINITION 1. Let w: M x (o, f) > Re C° and p be a real number.
We say that u satisfies the weak differential inequality.

Lu>p

at (x,5)e M x (o, ) if for every &£ >0 there exists a neighborhood
V = V(x, 1), of (x,t), in M x («, ), and a function u,: ¥V - R € C° which is
C? in the space variable, and C?! in the time variable, such that

min(u - ue) = (u - ue)(xs t),
14

and
(Lu)(x,t) 2 p — &
We say
Lu<p
if

L(—u) > —p.
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PROPOSITION 1. If ue CO%M x (o, B)), and u is C? in the space
variable, and C! in the time variable, then for any x € M, p € R, we have
(Lu)(x) = p
if and only if
Lu>p

at x.

For the proof, see the proof of Proposition 2, below, which is basically
the same argument.

THEOREM 2. Let Q be a relatively compact domain in M,
u: Q x [, f] » R € C° such that

Lu>0
on all of Q x («, f). Then
sup u = sup u.
0 % [«,81 (@ x {a)) U (20 * [, S

PROOF: Given any 0 > 0,1 > 0, set
v =u— ot — ),
A, =Qx[o,p—1], A*=(Q x {a}) U (@Q x [a, f — 1))
We will show that

%) sup v’ = sup v*
Ac Al

for all §, 7. The desired result will then follow easily.
To prove (5) first note that

L’>6>0

on M.
Now assume there exists (x, t) € Q x (o, § — ) for which

v¥(x, t) = max v°.
A,

Consider, at (x, t), the function u;,, defined on a neighborhood of (x, t),
whose existence is postulated in Definition 1, for p = 0, ¢ = §/2. Then

(6) (Lug)(x, 1) = 6/2 > 0;
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furthermore,
v’ — Usp = (v° — uy5)(x, 1)
on the neighborhood in question. Therefore,
Usa(X, 1) = Uy, + (%, 1) — 00 > uyp,
since v? has its local maximum at (x, ). Thus
(Lug)p)(x, 1) < 0

in contradiction to (6). So v® can have no maximum in Q x (a, § — t); and
(5) is proven.

We now consider, on M, the initial-value problem for the heat equation,
that is, given @: M — R € C° we seek a function u: M x [0,0) > R e C°
which is C? in the space variable, C' in the time variable, satisfies the heat
equation, and satisfies

ulM x {0} = .

THEOREM 3 (Dodziuk [2]). If M is complete, with Ricci curvature
bounded from below, then bounded solutions to the initial-value problem
are uniquely determined by their initial data.

To prove the theorem, we require a differential inequality, which is not
only valid within the cut locus of a given point, but extends past the cut
locus.

Recall, from Section III.1, the construction of geodesic spherical coor-
dinates on the domain D,, about a given x € M. The cut locus of x is the
boundary of D,.

LEMMA 1. Assume the Ricci curvature of M is bounded below by
(n — 1)k, n = dim M. Let y: (0, ©) = R € C? and for fixed x € M, set

(M S = Yld(x, y)).

If y' is nonnegative on (0, o), then

®) Af <{Y" + (n— DYC/SIY'} o dlx, )
on D,\{x}.

ProOF: The inequality is a direct consequence of the Bishop comparison
theorem (II) (cf. Section H1.3).
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DEFINITION 2. Let u: M - R e C% x € M, and p a real number. We
say that u satisfies the weak differential inequality

Au>p

at x € M, if, for every & > 0, there exists a neighborhood V = ¥(x) of x, and
a function u,: V — R € C? such that

min(u - ug) = (u - uz)(x)a
14

and
(Au)(x) = p — &
We say that
Au<p
if
A(—u) > —p.

PROPOSITION 2. If u € C}(M), then at x € M we have
(Au)(x) = p
if and only if
Au>p

at x.

PrOOF: If (Au)(x) > p, then for any ¢ > 0, pick V,= M, u, = u. One
easily has Au > p at x.

Now assume Au > p at x. Given ¢ > 0, one picks u, so that u — u, has a
minimum at x, and

(Au)(x) = p — &
But since u — u, has a minimum at x, we have
(Au — u))(x) = 0.
Therefore, at x, we have
Au=Au, + AMu —u) > Au, > p — &.

Since £ > 0 is arbitrary, the claim follows.
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LEMMA 2 (Calabi [1]). Given the assumptions of Lemma 1, and the
assumption that

9 S.cdx, )>0

on all of M\{x}, we have

(10) Af <{Y" + (n — Y(C,/SIy} o d(x, )
on all of M\{x}.

PROOF: Of course, we need only consider y € M\D,, that is, y is in the
cut locus of x.

For y e M\D,, let 6 € (0,d(x, y)), and let y: [0,d(x,y)] = M, |y| =1, bea
geodesic from x to y, that is, §0) = x, p(d(x,y)) = y. Set x; = y(d),
fs=Wyodxs, ).ThenyeD,,,and

Afs < (" + (n — DIC/SIY'} © dx;, )

by Lemma 1.
Now f — f; achieves a maximum when d(x, ) — d(x;, ) achieves a
maximum (since ¥’ > 0). In general, the triangle inequality implies

dix, ) —d(xs, )<,
but
d(x,y) — d(x5,y) = 6.
Given ¢ > 0, there certainly exists 4 > 0 such that
Afs <{Y" +(n = DIC/8IY'} o dlx, ) + &
Then this f; satisfies the requirements of Definition 2 to imply (10).

Remark 1: Note that S(d(x,y) =0 if and only if x>0 and

dix,y) = n/\/; . By the Bonnet—Myers theorem (Section II1.3), M is com-
pact, and, by the generalized Toponogov theorem (Section I11.4), M is
isometric to the standard n-sphere of radius n/\/; . But for M compact, we
already have the desired uniqueness theorem (cf. Section VI.1 or Theorem 1
of this chapter).

PROOF OF THEOREM 3: We fix a function y: (0, 0) = R € C? for which
¥’ = 0on all of (0, 0), and

¥1(0,2) =0,  ¢I|[1,00) = id.
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Let f: M — R be given by (7), for a fixed x € M. Then by Lemma 2, and the
fact that f vanishes on a neighborhood of x, we have the existence of a
constant ¢ for which

Af <6
on all of M.
For u: M x [0,0)» Re C® a solution of the heat equation on
M x(0,00),fix T > 0, let

No = suplu( ,0), N = sup |[u
M

Mx{0,T)

and define v by
v=u— No— (N/R)(f + d1),

where R is a positive constant.
Restrict v to B(x; R) x [0, T]. One immediately has

Lo = (N/R)( — Af) > 0

and
vl (B(; R) x {0}) U (S(x;R) x [0, T)) <0,

which implies, by Theorem 2, that

v|B(x;R) x [0,T] <0,
that is,

u < Ny + (N/R)(f + é1)
on B(x; R ) x [0, T). Thus

u < N, = suplu( ,0)
M

on all of M x [0, T), for all T > 0. Since u satisfies the heat equation, we
may apply the foregoing argument to —u. We obtain

ul < suplu( ,0)|
M

on all of M x [0, o) (in particular, N = N, for every T > 0).

COROLLARY 1. Iffor R > 0, we set

N, = sup |u( ,0)|
B(x;R)
then
(11) lul < Ny + (No/R)Sf + dt)

on B(x; R) x [0, c0).
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2. THE HEAT KERNEL
FOR NONCOMPACT MANIFOLDS

We now turn to existence questions, but first we require

LEMMA 3. Let M be an arbitrary Riemmanian manifold, and
u:Mx(@pf)->ReC= [=12,..., such that u is a nondecreasing se-
quence of solutions to the heat equation on M x (a, f8), satisfying

(12) J lufx, t)] dV(x) < const
M

forall I =1,2,...,t¢€ (a, B), where the constant is independent of / and t¢.
Then the sequence u; converges to a C* solution u to the heat equation on
M x (a, B). All derivatives, of all orders, of u, converge to those of u. All
convergence, referred to above, is uniform on compact subsets of M.

PROOF: Let Q be a regular domain in M, with boundary I, and Dirichlet
heat kernel qg; let [t;,1] < (o, B), t; < t. Fix h e CX(Q) such that h = 1 on
some V < Q. Then for x e V and any solution v of the heat equation on
M x (a, B), we have, by Duhamel’s principle (II), that is, (VII.26),

nA, L) ;‘J W LYYW s b T LRy Y
Q

—f dr J. {2<grad, v, grad h) + v Ah}(y, 1)qq(x, y, t — 1) dV(Y)
151 Q
= [ s Mgt = 1) V)

Q

+ f & f o3, %) {2grad W)y, (grad, 4o)(x.y, £ — 1))
1 %1 o]
+ (AR () galx, y, t — 1)} V()

- f o9, 1) () dalx, 3.t — t1) AV(3)
Q

+ f dt f oy, 7) {2<(grad h)(y), (grad, g)(x, y, t — 7))
111 Qv

+ (AR (Y)golx, y, t — 1)} V().

One obtains the second equality via Green’s formula; and the third equality
is a consequence of h |V = 1.
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Thus o(x,t) is expressed as integrals, over supph and {supp h}\V, re-
spectively, against C*® kernels. Space differentiations of v may be carried out
by differentiating the kernels under the integral sign. The result is that
locally uniform upper bounds of |v], and its space derivatives, may be
expressed as constant multipliers of the I'-norm of v on Q. The time
derivatives are estimated via Av = dv/d1.

We now consider the nondecreasing sequence u; of solutions to the heat
equation satisfying (12). Both {x;}, {grad u;} are locally uniformly bounded,
from which one concludes that u, converge to a continuous function u. By
Dini’s theorem, the convergence is uniform on compacta. By using the
above integral expression for v =y, | = 1,2,..., one obtains the locally
uniform convergence of derivatives of u,;, the existence of the corresponding
derivatives of u, and the locally uniform convergence of derivatives of u; to
those of u. This proves the lemma.

We are now given a noncompact Riemannian manifold M. It need not be
complete. To construct a fundamental solution of the heat equation on M,

pick an exhaustion Q,, Q,, .. ., of M by regular domains, namely,
Q <.,

forallj=1,2,..., and
i=1

Foreachj=1,2,.. ., let g; be the Dirichlet heat kernel of €;; we think of g;
as defined on all of M x M x (0, o), vanishing identically whenever at least
one of the space variables is in M\Q;. By (3), the sequence {q;} is an
increasing sequence, so we may define

p = lim g;.

jm®

THEOREM 4. The limit p is finite everywhere on M x M x (0, o0), and
is a strictly positive C* function on M x M x (0, o0). Also p is symmetric in
the space variables, and satisfies

(L;p)(x,y,1) =0
on M x M x (0, ). For all t,s > 0 we have

(13) f px, 2, 1Pz, . 5) dV(Z) = plx, .t + 9)
M
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on M x M. More generally,
(14) P = supdq,
Q

where Q ranges over regular domains in M, and g, denotes the Dirichlet
heat kernel of Q.

Finally, p is a fundamental solution to the heat equation on M; in fact, it
is the minimal positive fundamental solution. If M is complete, with Ricci
curvature bounded from below, then p is the unique heat kernel on M. In
this last case, p is the unique continuous function on M x M x (0, o0) for
which

(15) u(x, 1) = f Px, y, H90) V()
M

always gives a solution to the initial value problem for the heat equation on
M, with initial values ¢, where ¢ is a bounded continuous on M.

PROOF: By (4), Lemma 3, and the symmetry of g;, we have that for every
y € M, the sequence of functions ux, ) = g(x,y,t) converge locally uni-
formly, with derivatives, to a solution of the heat equation. So p is finite; it
is positive since p > g;, and g; > 0 on Q;, for all j; and p is a solution of the
heat equation in (x, t), for every fixed y € M. The same argument also yieids
the symmetry of p in the space variables.

Equation (13) is a consequence of (VIL.29) via Lebesgue’s monotone
convergence theorem; and (14) is obvious.

To show that p e C®(M x M(0, o)) we consider the “heat operator” L
on (M x M) x (0, o) given by

L=A,+A, 20/t

We have for every j,

qu = 0,

and

0< ” gix, y, t) dV(x) dV(y) < V(Q)
QxQ
for all j, and regular domains Q in M. Then Lemma 3 implies that

pe C°(M x M x (0, o0)).
Next we note that (4) implies

(16) fM px,y,0)dV(y) < 1
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for all (x,t) € M x (0, o). Therefore, given a continuous bounded function
@ on M, the function u, given by (15), is well defined and continuous on
M x (0, ). To show that u satisfies the heat equation, it suffices (since ¢ is
bounded) to consider the case where ¢ is nonnegative. In this case, u is the
increasing limit of solutions to the heat equation, given by

ux, 1) = fM a5, 3, 90) dV),

with
[ wx0 v < sup o}vie,
Q

for every bounded domain Q in M. One now uses Lemma 3.
It remains to consider the behavior of p as t | 0. From (16) we have

limsup | plx,y,0)dV(y) <1
tl0 M

for all x € M. Next, we have for any open set U in M, and any regular
domain, , with compact closure in U,

f dalx, 3, ) dV(Y) < f px,7, ) V()
Q U

for all (x,t) € M x (0, o0), from which one has

liminf | p(x,y,8)dV(y) = 1,

t|0 7]
forall x e M, U open in M. Thus
17 lim | p(x,y,0)dV(y) = 1
tio Ju
for all x € M, U open in M. But one now easily concludes that for bounded,
measurable ¢, and u given by (15), that

lim w(x, t) = @(x)
t10

when ¢ is continuous at x.

Therefore, p is a fundamental solution of the heat equation on M, and via
(15), is the heat kernel for the initial value problem with bounded initial
data. That p is the minimal positive fundamental solution, follows from (14),
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and the fact that for any fundamental solution P on M, and regular domain
Qin M, we have

qQSP

The uniqueness of p, when M is complete with Ricci curvature bounded
below, follows directly from Theorem 3.

THEOREM 5. Let M be complete, with Ricci curvature bounded from
below. Then

(18) [ pvnave) =1
M
for allt > 0. If ¢ € CZ(M), and u is given by (15), then

(19) J:w u(x, t) dV(x) = f @(x) dV(x)

M

for all t > 0 (Gaffney [1]).
If ¢ is continuous, bounded, and

lim ¢(x) =0,

X=+ a0

then, for u given by (15), we have

lim u(x,t) =0

X

for all ¢t > 0 (Yau [4]).

PRrROOF: Equation (18) is the direct consequence of Theorem 3, (15), and
(17). Equation (19) is a consequence of (18) via Fubini’s theorem.

It remains to consider the last claim. Given ¢ > 0 there exists a compact
set K = K,, in M, such that

lol| M\K < .

For x € M\K, let R = d(x, K), f the function in Theorem 3, centered at x
(even though the function , there, is independent of M, the function f
depends on the choice of x). Then by Corollary 1,

lu(x, ] < & + Ny dt/d(x, K).

One now easily has the desired result.
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3. COMPARISON THEOREMS
FOR HEAT KERNELS

We start by recalling from Section II.1 that if M is a Riemannian
manifold, and ®: M — M is an isometry of M, then for any function
fM — R e C? and induced action of ® on f, given by

@) =10,
we have
O*AS) = A(@*f).

Now let M, be the n-dimensional simply connected space form of
constant sectional curvature , fix x € M, , and introduce geodesic spherical
coordinates, about x, given by

W, &) = exp ¢,

where 0 <t < n/ﬁ (we write n/\/E for +o0 when k <0), £ e €,. Fix

o € (0, n/\/r;) and let g, denote the Dirichlet heat kernel of B,(x; J).
If @: M, - M, is an isometry of M, for which

Dx) = x,
then one can easily verify that
4%, ¥, 1) = gy(x, B(y), 1).

Since the action of isometries of M, which leave x fixed, is transitive on S,
we obtain the existence of a function &, : [0, ) x (0, o) = R for which

4%, y,t) = E4d(x, ), 1).

LEMMA 4. Write 8, = &,(r,1). Then
(20) 06, /or < 0

forr,t > 0.

PrROOF: For sufficiently small ¢ > 0, 0 < r,t < & we have, by Sections 3
and 4 of Chapter VI,

-ri/4t

84, 1) ~ (‘;W—{ao(r) + a,(01),
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and

&, —ra (_ T
or (:m)n/z{ r}{ao(r) +ay(r)t} + (Z 172 lao(r) + a\()1},

with g4(0) = 1, and ay(0) = a3(0) = 0. So (20) is certainly valid in this case.
We now write

21 Oy, 1) = 6(d(x, y), 1),
(22) ©@Q/or)(y, 1) = (0&,/Or)(d(x, y), 1),

and let G be the subset of {m x (0,t)} consisting of those points at
which 8Q/dr is strictly positive. For each 1 € (0, 1) let

= {y € B(x;0):(y,7) € G};

then for any s in (0, ) we have
4[] eomoav -3 [| woonzav
-J ]l 3:5‘33
[« ][] aa
=£dffL,(5r'AQ)(5)V

t
= J dz f (grad AQ, grad 9> dV
s G,

_ f ' [ L‘(AQ)z v+ f P f _(40)@Q/r) a4

= —J:dtJ- ] (AQ)? dV.

We note that the first equality requires an argument modeled on that of
Lemma 1.1 in Cheeger—Yau [1]; that Green’s formula may be applied in
the fifth equality, since G, is an, at most countable, union of open geodesic
annuli. The last equality results from the fact that 0Q/dr vanishes on 8G,,
for each 7 €(0,?). Indeed, since Q > 0 on B,(x;d) x (0,¢), and Q = 0 on
S.(x; 8) x (0, t), it is impossible that G intersect S,(x; &) x (0, t).
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Sofor0 < s < t, we have

%J-J.G‘(aQ/ar)2 av — %-U.Gs(aQ/ar)2 av = —J:d‘t ff z(AQ)z dv.

Since G is bounded away from (x, 0), we have, by letting s | 0,

! f (0Q/arydv =~ J:dr f _(agrav

—a contradiction, unless G is empty.

Therefore 08, /or <0 on all of [0,6] x (0,0). But U =8, /or is a
solution of

o*U 1 C.ou (n-1) ou

o +n- ) . Or S? T oot
on (0,9) x (0, 00). The maximum principle (Protter—Weinberger [1, pp.
173-175]), on which the strong maximum principle of Section 1 is based,
states that if U is nonconstant, then U has no maximum on (0, ) x (0, o).
We therefore have 86, /0r < 0 on (0, 8) x (0, o).

Finally, we have (8&,/0r)(6,t) < 0 by the strong maximum principle

(Protter—Weinberger [1, pp. 173-175]) applied to
0%, C, 08, ag,(
Y- D =

with &,(6, t) = 0. The lemma is now proven.

(23)

We now consider an arbitrary noncompact Riemannian manifold M,
x € M, and é > 0, such that B(x;d) is in the domain of the exponential
map. In particular, B(x; d) is relatively compact in M. We let g be the heat
kernel of B(x; d), and Q(y, t) be given by (21)—except that, now, Q is defined
on B(x; 8) x (0, o0), and not on B,(x; 8) x (0, o0).

Note that

24 Lo = al arfag F;10)

\/' or o’

where /g is given by Definition I11.6, and &, satisfies (23).

THEOREM 6 (Debiard—Gaveau—-Mazet [1]; Cheeger-Yau [1]. If
(25 B(x;8) € D,,
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that is, B(x; d) is contained inside the cut locus of x, and all the sectional
curvatures of B(x; d) are <k, then

(26) q(x, 3, 1) < Q», 1)
for all (y, t) € B(x; 8) x (0, o0), with equality at some
(Yo, to) € B(x; 0) x (0, o0)
if and only if B(x; J) is isometric to the geodesic disk, of radius g, in M, .
If, on the other hand, we are given that all the Ricci curvatures of B(x; d)
are >(n — 1)k, where n = dim M, then
@7 q(x, y, 1) = Oy, 1)

for all (y,t) € B(x;d) x (0,00), with equality at some (y,,t,) € B(x; )
x (0,00) if and only if B(x; J) is isometric to the geodesic disk, of radius 6,
in M,. In this second case, where the Ricci curvatures of B(x;d) are
bounded from below, we do not require assumption (25).

PROOF: We first assume that J is picked sufficiently small so that (25) is
valid.

If all the sectional curvatures of B(x;d) are <x, then the Bishop com-
parison theorem (I) (cf. Section III.2) implies

0n/9/\/9 2 (1 — DC,/S,,
which implies, by using (20), (23), (24),

LQ <0=Lgl, , ).
Thus

(28) L@ —q(x, , p <0,
and
29 {Q — g(x, , )}{(B(x; ) x {0}) U (S(x; ) x (0, 0)) = 0.

The strong maximum principle now implies inequality (26), and the charac-
terization of equality in (26).

If, on the other hand, all the Ricci curvatures on B(x;d) are bounded
below by (n — 1)k, then

(30) L@ —qlx, , ) =0,

with (29). The strong maximum principle will then imply (27), with the
characterization of equality in (27).
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If we are not given that (25) is valid, then, when all Ricci curvatures of
B(x; d) are bounded below by (n — 1), the earlier arguments of Lemma 2
imply that (30) can be replaced by

(31) L(Q - q(xa s ))> 0.

By (29), and Theorem 2, we have (27).

The case of equality in (27), without assumption (25), requires a stronger
version of Theorem 2. One can construct this stronger version by using
Theorem 5 of Protter—Weinberger [1, Section II1.3].

An immediate application of Theorem 6 is

THEOREM 7. Let M be complete with Ricci curvature bounded below
by (n — 1)k, n = dim M, on all of M, and let p, the heat kernel of M, be
given by

Px, y, 1) = E(d(x, ), 1)
for x, y € M,,, where d, denotes distance in M, and
E.: [0, n/\/k] x (0, 0) - R.
Then
(32 p(x,y, 1) = E(d(x,y), 1)
forall (x,y,) e M x M x (0, o0).

Note that to give an upper bound of p, one will require that the injectivity
radius of M be n/\/E—even then, the upper bound, when x > 0, is only
valid in B(x; n/\/).

4. UPPER BOUNDS FOR THE HEAT
KERNEL

We now discuss an upper bound for the heat kernel that will be valid
past the cut locus. M is still a noncompact Riemannian manifold. The
starting point of this discussion is the following result of Moser [1, pp. 115—
117}:

LEMMA 5. Let u be a nonnegative solution of the heat equation on
M x [0, o0). There exists a constant, depending only on n = dim M, such
that for all r > 0, for which B(x; ) is in the domain of exp,, we have

u(x, T) < const{T ™2+ 4 p~(+2002 (J(B(x; 1))~ Y2 |[ullgexsr x (0,115
(33)



4. Upper Bounds for the Heat Kernel 197

where J3(B(x; 7)) is the isoperimetric constant of B(x;r) (cf. Definition IV.3;
recall that, by Theorem IV.4, 3(B(x;r)) is equal to the Sobolev constant
s(B(x; 7)), and |lullgee:ryxo,r7 i the I*-norm of u over the manifold
B(x;r) x [0, T], endowed with the natural product metric.

We shall first discuss the applications of Lemnma 5, and then its proof.
For convenience we shall henceforth write

(34 3(x; r) = I(B(x; 1))
Let u(x, t) be given by

(15) u(x, ) = fM px, 3, 1) 0(y) V()

where ¢ € CP(M), ¢ = 0. Then

w(x,1) < f p(x, y, ) 9*(y) dV(y)

M

by the Cauchy-Schwarz inequality (applied to the measure p(x, ,t)dV,
using (16)). Thus

35) llu( , il < llol]
which implies by (33),
(36)  u(x, T) < const- /T {T ™21 4 p= M2 F- U2y, 4 |||,
If we think of #(x, t) as
u(x,t) = <{plx, ,t), >,

then (36) reads as

<plx, ,T), 9> < const- {T™"2 + Tr~ " "2} 23~ V2(x;7)||g,
which implies

llpCx, , T)llagysr < const- {T "2 4 T~ (+2312F~12(x; p),

Therefore

1P(X, , Tlllesn xrj2.7 < const- /T {T™"2 4 Tr= "+ D2 Z= U2y ),
37)
Finally, set, for fixed x,

z,t) = p(x,z,t + T/2).
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Then, applying (33) to v, and using (37), we obtain

THEOREM 8. For all x,y € M, and r > 0, for which B(x;r) and B(y;r)
are in the image of exp, and exp,, respectively, we have the estimate

(38) p(x,y, 1) < comst - {t™"2 + tr~ " MY (J(x; ) I(y; 1)) 13

the constant depending only on n = dim M.

We now give an improved estimate under the assumption that M is
complete, and that x, y, r satisfy

(39) d(x,y) > 2r.

THEOREM 9. If M is complete and x, y, r satisfy (39), then
(40) p(x,y, 1) < const- {t™"2 4 tr= "+ DY(J(x; 1) I(y; )~ V2e @24

where d = d(x, y).

Surprisingly enough, the proof that we sketch is based on a fundamental
contrast between the heat and wave equations, namely, the speed of
propagation of the initial data. From (15), and the strict positivity of the
heat kernel p on M x M x (0,00), one has that the speed of the prop-
agation of the initial data is infinite—in sharp contrast to physical
understanding of heat diffusion via molecular collisions. Of course, the
point of (40} is that, as in Euclidean space, the effects of the propagation are
exceptionally small, for short times and across large distances.

On the other hand, light travels at finite speed, in fact, solutions to the
wave equation

41 Av = §%v/ot*
propagate their initial data at unit speed.

PROPOSITION 3. Given ¢ € CX(M), let K be the support of ¢, and
v(x, t) the solution of the wave equation (41) satisfying the initial conditions

u(,00=0, (Gv),0)=0.
Then

(42) supp v ,1) < {x e M:d(x,K) < t},
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and

(43) llo(, Ol < lloll,

for all t. The solution v always determines a solution u of the heat equation,
with initial data o, via

—s2/4t
(44) u(x, t) = f v(x s)ds.

For u given by (44) we have, for all ¢t > 0,
(45) Il DI < lleoll,
(46) lul , Dllaageiny < const - [jplj e ¢~ 074,
where K = B(x; p).
Once one has this proposition, the proof of Theorem 4 is the same as the

derivation of Theorem 8 from Lemma 5, except that, for x, y satisfying (39),

one only allows ¢ to vary over CZ(B(y; r)). Then (46), applied to M\B(y; r),
will imply

47 [1u( , Dllggeiry < cODSE - [lpf| ™ 2774,

One now uses (47) instead of (35).

PROOF OF PROPOSITION 3: Certainly, to prove (42), it suffices to show
that if

(48) @|B(x;p) =0

for a given p > 0, then

(49) vx,p) =0
Assume ¢ satisfies (48) for some given p > 0. Set

Q= {(,V, t):d(x’y) < P — t},
Q =Qn(Mx{t}),

for t e [0, p], and

E() = } f {lgrad of? + [2,0/2) dV,
Q,
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where the gradient (henceforth) is with respect to the space variable only.
Then

E@:j {<grad 8,0, grad v> + 82v0,0} dV
Q:

— 1| {lgrad v)* + 19,0]*} dV

o0,
v 2 2
= d,v— — 3[lgrad o + |0,v*] ¢ d4,
0, ov
and

0, 0(dv/dv) < |6,v||grad v| < 3{|grad v|® + |,v|*}.

Thus E’(t) < 0for all t > 0, and (49) follows.
To prove (45), let Q be a regular domain in M with

KcQ, dK,M\Q) >t

for a given t. Then o( ,t) € CX(Q). Let {¢, ¢,, ...} be a complete ortho-
normal basis of I*(Q), consisting of Dirichlet eigenfunctions of Q, so indexed
that 4;, the eigenvalue of ¢, is nondecreasing with respect to j. One easily
verifies that for each | = 1,2, 3,. .., A has the Sturm-Liouville expansion

&(P ~ Z (—lj)’aj(Pj,
=1

J
which implies

(50) o = O(A)

asj—oo,foralll =1,2,....Itis standard that v(x, t) has the expansion

a0

ux, )= Y a,(cos\/zj t) pfx),
1

j_

and (45) follows by Parseval’s theorem.

To study u(x, t) given by (44), one requires an argument most neatly
presented via spectral theory (and we shall omit it here, but compare
Rauch-Taylor [1] and Kannai [1]) that the formal calculations of Lu, the
heat operator applied to u, is legitimately carried out under the integral

sign. The key is that
e(s, 1) =: e~ "%/ J4mt
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is the heat kernel of R*, with s playing the role of the space variable (cf.
Hersh [1]). It is rather easy to establish that

u(x, t) = ¢(x)
as t | 0. And to prove {45), one simply has

j ui(x, ) dV(x) = f dV(x) {on e(s, v(x, s) ds}
M M )

< fM dV(x) J‘:) e(s, )vi(x, s) ds

2

=fmmm%wm

< lioll®
To obtain (4.6), we have

f uwwmmf dmﬂemmmm
M\B(x;r) M\B(x;r)

—

=2 dmﬂemwwm
M\B(x;r) r—p

a0
Qwﬁeﬂwnm
r-p
< const - ||@||2e~ P4,

The third line uses (42), and the fact that v is even with respect to s; and

the last inequality is an easy argument. This concludes the discussion of the
proposition.

THEOREM 10 (Varadhan [1]). If M is a complete Riemannian mani-
fold, with Ricci curvature bounded from below, then

lim —(4¢) In p(x, y, t) = d?(x, ).
{0

PROOF: From (40) we have

lim inf —(4¢) In p(x, y, t) > {d(x,y) — 2r}?
t]0
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for all sufficiently small r > 0. Therefore

lim inf —(4¢) In p(x, y, t) = d*(x, y).
tl0

On the other hand, if (n — 1)x is the lower bound of the Ricci curvatures,
with n = dim M, then (32) implies

lim sup —(4t) In p(x, y, t) < lim sup —(4¢) In E,(d(x, y), t)
110 ti0

= d*(x,y)

—this last equality being explicitly verifiable (cf. Section V1.3).

We note that to use (38), (40) geometrically, one has to bound J(x;r),
from below, in terms of the geometry of the manifold. By Theorem V.5, it
suffices to bound, from below, Croke’s constant w(B(x;r)). In Cheeger—
Gromov-Taylor [1, Sec. 4] it is shown that knowledge of the volume of one
geodesic disk, and a lower bound for the Ricci curvature, suffices to
determine a lower bound (for “medium size” values of r), for w(B(x;7)).
Compare their discussion for this and other interesting results. Also,
compare Cheng—Li-Yau [1, Sec. 1].

We now discuss the

PROOF OF LEMMA 5: We consider the case n > 2. Also we will find it
convenient to think of the time variable as varying in [—7, 0], and set

R,.. = B(x;p) x [-7,0]
for0 < p <r0 <1 <T. Also, we set
I =3J(x;1)

for the rest of the argument. The main estimate is: for any w € C*(R

2, t)
satisfying

w>0, Lw >0,
we have

(51 f w2 dVdr < c(m)3™¥(p — p)2 + (r — )Wl L
R

st

for all p’ € (0, p), ' € (0, 7), where c(n) always denotes some constant de-
pending only on n, and a, for the rest of the discussion, is given by

a=1+2/n
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For the moment, assume the validity of this last claim. We show how it
implies the lemma. Fix p, 7, and set

Pp=G+27"p, 1=G+2r
R,=R

PusTu’

for p = 1,2,.... Then, employing the notation of Section IV.4, and using
the fact that for any B > 2, we also have Lwf > 0, we obtain, via (51),

[1Wllzau+1,m, ., S {em)ITHmp2 12072 4 o7 22 ]|

ut+2 — u+1?

which, in turns, implies

sup w372 {p72 + O lw|g

_ p.c?
B(x;p) X[—1/2,0]

which is the claim of the lemma.

We therefore wish to prove the estimate (51). To this end, fix, for the
moment 7, > 1, > 0, and set

R = B(xo; p) x [—71,—72].

Consider ¢ € C®(R) such that ¢ is nonnegative, and vanishes on
S(xo; p) X [—74,—72]. Then w > 0, Lw > 0 imply, by Green’s formula,

jf {pd,w + {grad @, grad w)} dV dt < 0.
R

If, in addition, ¢ is of the form

@ = yiw,

we then obtain

ff {Y?wd,w + 2 |grad w|?} dV dt
R

<=2 ff yw{grad y, grad w) dV dt
R

< Jf {3¥?|grad wi® + 2w?|grad y|?} dV dt.
R
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Thus

%Jj Y2{8,(w?) + |grad w|*} dVdt < 2 ff lgrad y|*w? dV dt,
R R

which implies

j J (8,0*w?) + |grad(w)|} dV ds < ¢ J J (o, + grad Y1} w* dV d1,
R R
(52)

where ¢ is some universal constant.
Now pick ¥: B(xq; p) x [—7,0] = R to be

Y(x, t) = Yy (d(x, xo))¥,(t),

where ,, ¥, are given in Fig. 2 (p. 206).
Let 1, > 0 have the property that

f yiw? dV < f iw? dV
B(xo;p) * {1}

B(xo:p) X {— 10}

for all t € [—1, 0]. Since ¥ | B(xo; p) x {—1} = 0, we have, by (52) for 7; =1,
12 = TO9

j Viw? dV < j yiw? dV
B(xo0;p) * {t}

B(x0;p) X {— 0}

_ J J B (WPw?) dV di
B(xo;p) X[~ 1, — 0]

< cff {Y o,y + |grad y|?}w?dV dt
Ro,c

<cflp—p) 4@ — ) Wi,

that is,

(53) j VWAV < llp = p)2 + (2~ 7) I,
B(x0;p) % {1} o

forallt e [—71,0].
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V1
1 N %A___ 1
I\ /|
N /|
l \ AN l/ l
p p -T -7
{a) (b)
Fig. 2

Again, because /|B(x,; p) x {—1} = 0, we have, using (52) for 7, = 7,
1:2 = 0,

(54) f f lgrad@w dVdt < cllp — p)"2 + (x — )} w3, .

Recall that n > 2. Then by Theorem IV.7 we have

DLS, f1 = cm) 37 ™| f13nin-2
for all f € C*(B(x; r)), which implies, by Holder’s inequality,

(55) f W dV < c(m) 3" [wl[*"Dw, w]

for w e C2(3(x; ).
From (53) and (55) we have, for all ¢,

'[ w2 dv
B(xo;p") * {1}
< wp= v
B(xo:p) x {t}
< c(m)I~2m {f lgrad(yw)|? d V} W 8: 0 x
Bixa;p) x {t}
< dm3IT(p — p)7F 4+ (x — )P wIEE

: f igrad(yw)? dv,
B(xo0;p) % {t}
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and, using (54), we obtain

fj w2 dV dt
R

Pt

< 'U‘R (Yw)**dV dt

< dm 3 Mp — p)7 + (2 = D)W, f |grad(Yw)|* dV dt

P,

<dm3I M — p)7F + (= )T Y

Pz ?

which is the claim.
The argument for n = 2 is similar.



CHAPTER IX

Topological Perturbations
with Negligible Effect

In this chapter, we fix a Riemannian manifold M, with heat kernel p(x, y, t).
If M is compact, then p is the heat kernel constructed in Chapter VI; if M is
a regular domain, then p is the Dirichlet heat kernel of M (constructed in
Chapter VII); and if M is arbitrary noncompact, then p is the heat kernel
constructed in Chapter VIII. (One also has results corresponding to those
below, when M is a regular domain with Neumann heat kernel p.)

Our purpose in this chapter is to exhibit topological perturbations of M,
supported on a compact subset of M, which have only negligible effect on
the heat diffusion on, and the spectrum of, M. The precise meaning of
“negligibility” is the content of the theorems stated below. The problems to
be considered are as follows:

Fix a compact submanifold M of M; let B, be the tubular neighborhood
of M, in M, of radius & > 0, that is,

B, = {x e M:d(x, M) < &};
and, finally, set
Q. = M\B,, I, =0Q, = 0B,.

&

Assume that €, is connected and has minimal positive heat kernel ¢, . If
M is compact, or a regular domain, then g, is the Dirichlet heat kernel of
Q.. We always think of g, as defined on all of M, vanishing whenever, at
least, one of the space variables is in B, .

Our first interest will be in the validity of the limit

(1) lim g, = p.

el0
If M is compact with eigenvalues
0= <4, <A<

207
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and Q, has Dirichlet eigenvalues
{0 < A4(e) < Ax(e) < As(e) < -1},
then we are also interested in the validity of

) lim Afe) = 4;_,
£l0

forallj = 1,2, ....(In both of the above lists of eigenvalues, the eigenvalues
are listed according to their multiplicity.) Our basic result is that if

=: dim M — dim M,

the codimension of M in M, is greater than or equal to 2, then the above
limits (1), (2) are valid. Compare Theorems 1 and 2 below.

Our second interest is: assume M consists of 2 distinct points x,, x,. For
sufficiently small ¢ > 0, we replace B, by a Riemannian manifold C,, which
is diffeomorphic to (— 1, 1) x $"~!, where n = dim M, in such a fashion that
Q) is isometrically imbedded in the new manifold

M=QuTlucC,

and that M, will be a C* Riemannian manifold.

Let p, denote the heat kernel associated to the Laplace—Beltrami oper-
ator, acting on functions, on M,; and when M, is compact, let the
eigenvalues of M, be given by

{0 =0q(e) <0,(8) < 0,(8) <},
with eigenvalues repeated according to their multiplicity. Then we seek
conditions on the choice of Riemannian metrics on C, which-will guarantee
€ lim p, = p

el0

on M\M, and, for compact M,
@ lim ofe) = 4;
el0

for allj = 0,1,2,.... Our basic result will be that a sufficient condition, in
addition to the codimension of M in M being greater than or equal to 2, for
the validity of (3) and (4), is that the isoperimetric constant of C, (cf.
Definition IV.3) be bounded away from 0 as ¢ | 0. We then show how to
construct examples satisfying the sufficient condition.

The results for (1) and (2) were first carried out, for domains in euclidean
space, by Rauch-Taylor [2], J. Rauch [1], and then, for manifolds, by
Chavel-Feldman [4]. The methods of this last paper are presented in
Section 3. The “crushed-ice” arguments of Section 4 are from Rauch-Taylor
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[2], J. Rauch [1], whose interest in the problem was inspired by Kac
[1, 2] (compare, also, Papanicolaou-Varadhan [1]). Subsequently, (2) was
treated in greater detail by Ozawa [1-3] (cf. further references in the
bibliography of these papers), using variation of Green’s functions as
developed in Schiffer—Spencer [1]. This approach has been considered
earlier in Swanson [1].

The results for (3) and (4) were first derived in Chavel-Feldman [6, 7],
and extended and improved in Chavel-Feldman [8]. In Sections 1 and 2,
we follow this last paper—however, we give a more elementary proof of
Theorem 3 than the one given in Chavel-Feldman [8]. A protoversion of
{4) was considered in Swanson [2] from the Schiffer—Spencer viewpoint.

1. STATEMENT AND DISCUSSION
OF THE RESULTS

THEOREM 1. Let M, M, p, q,, u be as above. If
) p=2,

then (1) is valid uniformly for x, y bounded away from M, and for ¢ in
bounded sets in [0, o).

An immediate application of Theorem 1 is

THEOREM 2. If M is compact and y satisfies (5), then (2) is valid for all
j=L12,....

We start our discussion by noting that if u = 1, then Theorem 2 is not
necessarily true. For example, let M be S', and M the zero-dimensional
submanifold of M consisting of one point in M. For convenience, we
think of S' as [—n/2, n/2], with x = —n/2 identified with x = n/2, and
M the point corresponding to x = —n/2 and x = n/2. Then Q, =
(—n/2 + ¢ /2 — ¢), and by (1.54),

Ay(e) = {m/(n — 2¢)}?

which goesto 1 as¢ | 0.

More generally, one might let M = P" n-dimensional real projective
space of constant sectional curvature 1, as described in Section I1.4. Given
Xo € P", let M be the hyperplane at infinity dual to x,. To realize the
problem more concretely, visualize P" as the hemisphere in §" about x, (i.e.,
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the geodesic disk about x, with radius n/2), with identification of antipodal
points on the boundary, that is, the “equator” of x, is viewed as P"!. We
choose M to be this P"™'; so Q, = B(x,:n/2 — ¢), this geodesic disk
considered as being in S" as well as in P". By (11.43),

Aey =n

for all ¢ > 0. It is therefore impossible that 1,(¢) > Oase¢ | 0.

An intuitive way to view the matter is via heat diffusion, namely,
Theorem 1. Recall, from the introduction to Chapter VI, that p(x, y, t) is the
temperature at x, at time t, resulting from the initial temperature distri-
bution, at time ¢ = 0, having total temperature 1, and completely con-
centrated at y. On the other hand, q(x, y, t) is the temperature at x, at time
t, resulting from the same initial distribution as p, but subject to absolute
refrigeration of B, for all time t > 0. If 4 = 1, then M locally separates M;
so if x and y are close to each other but separated by M, then p(x, y, t) will
reflect the fact that they are close to one another, but g,(x, y, t) will view x
and y as far from each other since g, is discounting the diffusion of any heat
across M.

If u>2, then M does not even locally disconnect M, and g,(x, y, t)
represents, for x and y near M, the diffusion around B,. A helpful analogy
would be to replace the compact Riemannian manifold M by a regular
domain, with the 4;’s now denoting Neumann eigenvalues (i.e., the regular
domain is insulated at the boundary). On (, the boundary data are (i)
vanishing Neumann data on dM, and (ii) vanishing Dirichlet data on I;.
Then one might be considering the fireman’s pole problem (Rauch—-Taylor
[2, p. 27]) (where dim M = 3, and dim M = 1), in which case Theorem 1 is
stating that heat diffusion in a firechouse is not seriously affected by the
presence of the fireman’s pole, even when it has an internal mechanism
keeping it frozen. Or one might be considering a thermos with a finite
number of spherical pieces of ice (this corresponds to dim M = 0) (Rauch—
Taylor [2, p. 28]), cf. Section 4.

We now return to our Riemannian manifold M. If we think of M as filled
with a monatonic gas, and the heat diffusion as effected via the excitation of
an atom with a unit of thermal energy, with the energy propagated through
M via the collision of thermally excited atoms with their neighbors, then
(here we switch the roles of x and y, which is permissible by the symmetry of
p in the space variables) p(x, y, t) dV(y) may be interpreted as the proportion
of continuous paths which emanate from x at time ¢ = 0, that are near y at
time ¢, relative to all continuous paths emanating from x at time ¢ = 0.

A more precise formulation, of this proportion, is given by Brownian motion
on M, described as follows: adjoin to M, via 1-point compactification, the
point oo at infinity. (Thus, if M is compact, then <o is an isolated point of
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M U {oo}; and if M is a regular domain, then the complete boundary of M
has been identified with oo, and M U {0} is connected.) For any con-
tinuous @: [0, + 00) = M U {00} with w(0) € M, we let

{{w) = inf{t > 0: w(t) = o0}.

(If M is compact, then { = + 0v.) When {(w) < + oo, we redefine w so that
o(t) = oo forall t > {(w).

So the class of paths under consideration, #, is the class of continuous
mappings : [0, + o) > M U {0} such that «(0)e M, and such that
o(t) = oo for all t > {(w). For this space of paths, consider the collection of
cylinder subsets of #/, namely, subsets 4 = #~ of the form

A={we W :(oty),..., o) e B},

where (i) / is any positive integer, (ii) B is any Borel set in M (the I-fold
Cartesian product of M with itself), and (iii) the ¢;s are any choice of times
satisfying 0 < t; < --- < t;. On the g-algebra generated by the cylinder sets
we define, for each x € M, a probability measure P, such that (i) for

W, = {weW:00)=x}
we have
Px(%) = ls

and (ii) for the cylinder set 4, above, we have

©) P(A) = f PCE, V1o 1P Vo £ — 11) -+
B

PO Yot — 4-) AV - - 5 D)

where dVj is the Riemannian measure on M’. It is known that the properties
of the heat kernel (most notably, (VI1.11) or (VIL.29), (VIL.48)) imply that P,
has a unique extension to a probability measure on the g-algebra generated
by the cylinder sets.

The easiest way to appreciate (6) is to consider the case
B =B, x B, € M x M. The set A then consists of all paths which are in
B, at time t,, and in B, at the later time ¢,. Formula (6) expresses the fact
that once the path is in B, at time ¢, the probability that the path be in B,
at time t, is independent of the history of the path prior to time ¢,.

Note that the probability measures {P,:x € M} possess the following
consistency. Given B,, B, < M, t, < t,, as above, let ¢ be any fixed number
in (t,, t,). Then by (VI.11) and (6), we have

P{w: (afty), oft), olt,)) € By x M X B,})

= Px({w : (w(tl)a (1)([2)) € Bl X BZ})9
as it ought to be.
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Note that
™ Pl{w: {() > 1}) = f px, y, 1) V().
M

For p the heat kernel of a compact Riemannian manifold, or the heat kernel
of a complete Riemannian manifold with Ricci curvature bounded below,
then the number given in (7} is equal to 1, by earlier theorems.

For B © M, one defines the first hitting time of B, Tg: % — [0, ©), by

Ty(w) = inf{t > 0: w(t) € B}.

If Q is a regular domain in M, with Dirichlet heat kernel, qq, then gg(x, y, t)
is the probability density that a path starting at x at time ¢t = 0, will be at y
at time ¢, without ever having left Q during the time interval [0, t]. More
precisely, for any Borel set Bin M,

®  Pl{o: () e B, t <min(Tygw), {(w)}) =f qalx, y, 1) dV(y).
B

From these considerations one might expect that Theorem 1 is related to

THEOREM 3. If u satisfies (5) then

9 lim P({w: Ty (w) < t}) = 0.

el0
uniformly for x bounded away from M and ¢t in bounded subsets of
[0, + o0); that is, the probability that a path, which starts at x at time t = 0,
hits B, prior to time ¢, is negligible when ¢ is sufficiently small.

Remark 1: We note that if M consists of a single point y € M, so that B,
is now B(y; &), we have the precise formula

t
lim Px(TB(y;z) < t)/sn—Z = (n - 2)cn—1J‘ P(x’ ¥, T) dT
€l0 (V]
when n > 2 (a corresponding formula, with |In £|™! replacing £"~ 2, holds for
n = 2). Compare Chavel-Feldman [9] for details and applications.

We shall show in Section 2 that Theorem 1, and all that follows, is a
consequence of Theorem 3.

Note that, when y = 1, one can easily visualize why Theorem 3 would be
false.

We assume M consists of 2 distinct points x,,x, and consider the
attachment of the cylinder C, across the geodesic spheres T, . Before stating
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the theorems we comment that the attachment of the handle is realized by a
family of diffeomorphisms

¥ M\Q,, » [—2,2] x S"
for which
C.=M\Q, =¥ '[(-33 xS"'].
We also note that there can be no a priori expectation that the limit (4) is
uniforminj =0, 1,2, .... Indeed, when n = 2, we have by (IV .48)
VM | M)

a0
— Ajt
e + —,
j;, 4nt 6

o - V(M) | x(M,
oi{en ~ E &
P a6

ast | 0. Now

a0
Z (e—ljt _- e‘dj(c)l)
j=0

a0
Z e"ﬁ(l _ e—(u;(e)—lj)t)
j=0

o
< Y te Mofe) — Ajelu@ 4l
j=0

since |e* — 1| < |x|e!*! for all x. Assume that there exist p, &, > 0 such that
(10) lofe) — A}l < p

forallj=1,2,...,and 0 < ¢ < g,. Then

(11) Y (e — 7 < pert N pem At
j=0 ji=0
is bounded for sufficiently small t > 0. Thus
4nt| Y (e A — e~y < const - ¢t
i=0

as t | 0, from which we obtain
(12) V(M) = V(M,)

for all ¢ in (0, ).
Now make a stronger assumption than (10), namely, that (4) is valid
uniformly in j. Fix ¢, so that

[+ o]

Y. te”*' < const

Jj=0
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on (0,t,]. Given p > 0, there exists & > 0 such that (10) is valid for all
ji=12,...,and gin (0, &y). Then (11) and (12) imply that

[x(M) — x(M,) + o(t®)] < const - pe®

for all t € (0,t,]. But (M) — x(M,) is an integer. Therefore by picking p
sufficiently small, we can guarantee the existence of g > 0 for which
x(M) = x(M,) for all ¢ in (0, &;). But since M, differs from M by a handle, we
have y(M,) = x(M) — 2, a contradiction. So in the 2-dimensional case, we
are guaranteed that the convergence is not uniform.

On the other hand, we always have

PROPOSITION 1. Forallj=1,2,...,

(13) lim sup g ) < 4;.
el0

ProOF: Forallj =1,2,... we have
Aj1(8) > 4;. Aj+1(€) > of8)
by max—min methods (Section 1.5), and

lim 4;,,(e) = 4;

el0

by Theorem 2. Inequality (13) follows immediately.

THEOREM 4. Let v(¢) be the lowest Dirichlet eigenvalue of C,. Then a
necessary condition for (4) to be valid for all j = 0, 1,2, ... is that

lim inf w(g) = + 0.
el0

COROLLARY 1. If for some fixed I > 0, we have (—1/2, [/2) x S" " !(e/4)
(the “long-thin” handle) isometrically imbedded in C,, for all ¢, then
W) < n?/I?

for all ¢, and (4) cannot be satisfied for all j.

The sufficient condition for (4) will be given in terms of the isoperimetric
constant (cf. Definition I'V.3) of C,, 3(C,).
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THEOREM 5. If there exists a positive constant ¢ > 0 such that J3(C,)
satisfies

(14) JC)=c>0

for all sufficiently small ¢ > 0, then (4) is valid forall j = 1,2, .. ..

LEMMA 1. If the sufficient condition (14) is satisfied for all sufficiently
small ¢ > 0, then there exist positive constants so that

(15) V(C,) < const - ¢",
(16) v(€) > const/e?

for all sufficiently small ¢ > 0.

PRrROOF: From Definition 1V.3 and (14) we have
c{(V(CH}"! < {A(T,)}" < const &V

for sufficiently small ¢ > 0, which implies (15).
To prove (16), we note that, by (15), for any domain D, with compact
closure in C,, and with smooth boundary D, we have

¢ < {A(@D)/V(D)}"V(D) < const - e*{A(dD)/V(D)}".

Therefore, the Cheeger constant of C,, §(C,), given by Definition IV.1,
satisfies

h(C,) > const-¢?

for all sufficiently small ¢ > 0, and (16) is then an immediate consequence of
Cheeger’s inequality (Theorem IV.3).

Note that in our example of the “long-thin” handle, we have, in contrast
to (15),
V(C,) > const - " !
asg 0.

THEOREM 6. It is always possible to construct the family C, to satisfy
(14) for all sufficiently small ¢ > 0.
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2. PROOF OF THEOREMS 1-6

We start with Theorems 1, 2, 4, and 5, assuming that Theorem 3 has been
proven, and then we go back to Theorem 3.

PROOF OF THEOREM 1: We assume that Theorem 3 has, in fact, been
proved.
By Theorem VIII.1 we have

(17) 0<gq,<p.

So for any bounded measurable function f on M, we have

fM (P0x 3, 1) — 4%, 3, D} 10) dV(y)(

< {suplf1} fM (0%, 9, 1) — qx, y, 0} dV().
But from (7) we have
18)  Plo:Tofw) <1} > L (% 3, 1) — g%, 9, 1)) AVO):

indeed,
P{w: Ty (w) < 1}) 2 P({w: Tg,(w) < t < {(w)})

= | otx. 500 - a0 V)
by (7), (8). Therefore
UM (P06 3, 0) — 4% 3, 0} F0) V()
< {suplf} Pffe: To (@) < 1}).

One can now easily obtain Theorem 1 from Theorem 3.

PROOF OF THEOREM 2: We use the fact that Theorem VIII.1 not only
implies (17), but that it also implies that g, is strictly increasing with respect
to ¢. If (1) is valid on all of (M\M) x (M\M) x (0, + <o), then Lebesgue’s
monotone convergence theorem implies

(19) fim [ gx x, 1) dV(x) =f p(x, %, 1) V(%)
el0 JM M
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for any ¢ > 0. By the Sturm-Liouville expansions for the closed eigenvalue
problem (Section VI.1) and the Dirichlet eigenvalue problem (Section
VIL.3), (19) can be rewritten as

ao a
(20) lim ) e ¥ = Y e~h-1,
el0 j=1 j=1

Moreover, the standard max-min arguments (Section 1.5) imply that Jfe) is
an increasing function of ¢, with

(21) Afe) > A,
foralle > 0,j = 1,2,.... One now easily deduces (2) from (20) and (21).
PROOF OF THEOREM 4: Let

{0 < pole) < pyle) < -}
be the collection of all Dirichlet eigenvalues of C, and Q,, relisted in
nondecreasing order, and repeated, as usual, according to multiplicity. Then
the max—min arguments of Section 1.5 imply that
afe) < pfe)
forallj=1,2,...,and ¢ > 0. Set

o = lim inf wg),
FAN)

assume that « is finite, and let 4, be the first eigenvalue of M strictly greater
than a. In particular,
Ay S0t < Ay

Now for any ¢ for which
we) < A,
we also have
v(e) < Ag+1(8),
which implies
v(e) € {1ole)s - - -, o)},
which, in turn, implies
oi(e) < wde) < max{v(e), 4(e)}.
Therefore

lim inf o,(e) < max{o, 4,_,} < 4,
£l0

which implies the claim.
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PROOF OF THEOREM 5: We first note that (3) is valid uniformly for x, y
bounded away from M, and ¢t bounded in [0, + o). Indeed, for x € M\M,
and sufficiently small ¢ > 0, we have

P({w: Ty (w) <t}) = P, (o, Te (0,) < 1})

> f 9% 3,0) — 4x, v, 0} AV(),
M.

where P,, is the probability measure on Brownian paths {w,} in M,
starting at x. The point is that for x € Q, the Brownian particle starting
from x is unaware of the change in the manifold until the particle hits the
boundary of Q,. One now shows, using the argument of Theorem 1, that (3)
is valid uniformly for x,y bounded away from M, and t bounded in
[0, + o0).

LEMMA 2. To prove Theorem 5, it suffices to show the existence of a
positive constant o, such that for

Hoo = MQ,,

£

0 <e<a, and t >0, we have p( , ,t) uniformly bounded on H,, x H
independently of &.

E,o?

PROOF: Assume the uniform boundedness of p,( , , ) as described in the
lemma. We first claim that
(22) lim Pz, 2, t) dV(2) = f p(x, x,t) dV(x).
M

£l0 JM,

Indeed, we have

f Pz, z,t) dV(z) — fu p(x, x, t) dV(x)

€

= {pdx, x,t) — p(x, x, t)} dV(x)

Qe

+L pdz,2,8) dV(z) — Lc p(x, x, ) dV(x).

Now the last two integrals tend to 0 as ¢ ] 0, since their integrands are
bounded independently of ¢, and their volumes tend to 0 as ¢| 0. The
uniform convergence of p, to p, for x, y bounded away from M, and the
uniform boundedness of p, on H,,, combine to imply that p(z,zt) is
uniformly bounded in z € M,, independent of ¢. The first integral now
converges to 0 as ¢ | 0, by Lebesgue’s dominated convergence theorem.
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We now note that (20), Fatou’s lemma, and (13) imply

@® ©
z e—ljt — llm Z e—aj(a)t
j=0 el0 j=0
o
> Y lim inf e~
j=0

a0
— Z e~ {limsupa (et
j=0

> e M,

e

J

But if there exists k > 1 for which
o, = lim inf 6,(¢) < 4,
el0

then there exists a sequence ¢, | 0, as [ T + oo, such that

lim g,(¢) = 0.

-
The above argument then yields

¢
e—ljlz lim z e—aj(Sl)t
- j=0

> e—}.kt + Z e—(limsupaj(zl))t

j#k

e Mt 4 Z oAt
j*k

s

Y%

— At

@
= [
j=0

—a contradiction. Thus

(23) lim inf o(e) > 4;
el0

forallj =0,1,2,..., and the lemma follows from (13) and (23).

CONCLUSION OF THE PROOF OF THEOREM 5: It therefore remains to
exhibit an a > 0 for which p( , ,) is uniformly bounded on H,, x H,,,
independently of ¢.

First fix § > O such that

(24) B < inf inj(x)

xeBg
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and set
(25) a =y min{B, d(x,, x,)/2}.

To show that p( , ,t) is bounded on H,, x H,, we note that by (VIII.38)
we have for any z,we M,,t > 0,

2 Pdz, w, 1) < const - {71/7 + 7t+_2}{3(2; W) I(w; o)} 12
t o

{where 3(z; o) is the isoperimetric constant of B(z; a)) with the constant
depending only on n = dim M. So we wish to bound 3(z; «) from below, for
zeH,,.

Let D be a regular domain in B(z;0) = M,, zeH,, (therefore,
B(z; a) = H, ,,), and assume that 0D intersects I finitely many times, all the
intersections being transversal. Set

D,=DnC, D,=DnQ,
y,=0DnC,, Y2 =0D n Q,, e =DnI,.
Then
oDy =y, U Y, oD, =y, U 7,.
Now if
V(D,) 2 V(D;)

then standard calculations, based on geodesic spherical coordinates, imply
the existence of positive constants, independent of ¢ for which

A(OD) = A(y,) + A(y,)
> A(y,) + const - A(y,)
> const - {A(y,) + A(.)}
= const - A(GD,)
> const - {I(C,)}™{V(D,)}n1in
> const - {I(C,)/2"~ '} "{ (D)}~ tin
> const - {V(D)}*" 1",

We now consider what happens when
V(D)) < V(D,).

In this case we estimate {A(6D)}"/{V(D)}"~V using the lower bounds of
C. B. Croke—Section V.3. Recall, from there, that for x € D, the visibility
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angle of 0D from x, w,, is the normalized (n — 1)-measure of those unit
vectors based at x whose geodesic intersects dD not later than the cut point
of x along the geodesic. If one stops the chain of inequalities in the proof of

Theorem IV.5, one line short of the last, then the argument provides the
existence of positive constants, depending only on n, for which

{A(aD)}" 1 n+1
{—VTE)—}—FT = const{WD) J;) W, dV(X)}
> const{%l)) sz w, d V(x)}ﬁl

1 n+1
d
> const{ ;) Lz w, V(x)}

. n+1
> const{ inf wx} .

xeD;

To estimate this last quantity from below, let ’, (resp., w’, w}) denote the
visibility angle at x € D, of 6D, (resp., 75, I). Now (24), (25) imply
w, =1,
and that there exists a constant o, independent of ¢, such that
i<o<i,
and

wy <o

forall x e H, ,,. We then have
o, >0y zw,—w;=21—0>0

for all x € D,. This, then, gives a lower bound for {A(3D)}"/{V(D)}" ", when
V(D,) < V(D,), independent of &.

So 3J(z; a), z € H,,, is bounded from below independently of &. From (26)
we obtain a uniform upper bound of p(, ,t) on H,, x H,, which is
independent of &. This concludes the proof of Theorem 5.

PROOF OF THEOREM 3: We first give a number of shorthand notations:
given x € M, the collection of Brownian paths #7, it is common to denote
the arbitrary path in % by X(¢). If P, is the probability measure on #7, it is
common to write for a measurable function f: # —» R,and A < %,

E(f A) = f fdp,;
A
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and for
A={we¥,: Ty (w) <t}
it is common to simply write

A=(Ty, <1

LEMMA 3. To prove Theorem 3, it suffices to show that there exists a
8, > 0 such that for any 9 in (0, ,), and T> 0, (9) is valid uniformly on
(B5,\B;) x [0, T1.

The lemma is saying that one only has to consider (9) for x close to M—
indeed, a path starting far away from M cannot hit M without first “coming
close” to M. When the Brownian particle first arrives near M it has less
time to find M than had it originally started close to M. And the history of
the particle prior to its arrival near M has no effect on the ability of the
particle to find M in the future. The formal argument is as follows:

PROOF OF LEMMA 3: Fix 6, > 0. Given 4 in (0, 4,), let ¢ be the average
of § and é4,. Then for any ¢ in (0, 8), and x € M\B;,, we have, by the strong
Markov property (Port—Stone [1, p. 12])

P(Tg, <) = Ex(PX(TB')(TBE <t—-Tg)Tg, <)

< sup PB(Ts, <),
ye Ba.\Ba
which implies the lemma.

The argument we now give, for Theorem 3, is based on that of Port-
Stone [1, p. 21].
Fix 4, §, > O satisfying

0<éd6<d,<a,

where « is given by (25), and also fix 7> 0. Then there exists a positive
constant, depending only on 4, &,, and T, such that for all x € B, \B,,
z € By, and t € [0, T], we have

27N p(x, z, t) < const.

LEMMA 4. Forall x € B;\B;,t € [0,T],and 0 < & < r < §/2, we have

T
(28) E,,( J.o er. p(X(Tg), z,7) dV(2); Ty, < t> < const - r*.
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PROOF: We first note that for any Borel set A < M, t > 0, we have

f;dtL px, y,7) dV(y) = J.'Px(X (x) € A) dt

0

- fOEx(xA(X(T))) n

- Ex(fOxA(X(r)) dr);

that is, j{, dt j 4 P(x, ¥, 1) dV(y) is the average time the Brownian particle,
starting from x at time 0, spends in A during the time interval [0, ¢].

Then by the strong Markov property, and (27), we have
T
Ex(f er~ p(X(Tg), z, 1) dV(z); Ty, < t)
0 r

T+T,
- E(f Yo (X(0) di; Ts, < t)

Ty,

2T
< E(f 16, (X(@) d:)
0

2T

= f drf plx, z, 1) dV(z)
0 -

< const - V(B,) < const - r¥,

where xg is the characteristic function of B,. The first four lines of the
above chain of inequalities state that the average amount of time spent by
the Brownian particle in B,, during the first T time-units after hitting B, (if
the Brownian particle does not hit B, prior to time ¢, then the contribution
to the average is 0), is less than or equal to the average amount of time
spent by the Brownian particle in B, during the time interval [0, 2T7]. But
this is the claim of the lemma.

The next step is to estimate

T
(29) fo drf p(y, z,7) dV(2)
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for y € M, from below, and then use the continuity of (29), with respect to
y € M, to estimate

T
(30) f dn f PX(Ta), 2, 7) dV(2)
0 r

from below. By (28), an estimate of (30) from below will produce an upper
bound on P (Tg_ < 1).

LEMMA 5. There exists 8, € (0, §/2) such that

T T r
(31 J. drf p(y,z,7)dV(z) > constf 7 H2 drf e consteiipr=l gy
0 ” 0 0

for all y € M, r € (0, 6,)—the positive constant depending only on §,, T.

PROOF: For y e M, z € B(y; §/2), let z, denote the lift of z to M, via
exp,|B(y; 4/2). Then it is possible to pick §, > 0 so that

(32) 3 < d(zy, z2)Mzy)y, — (23),) < 2

for all y € M, and z,, z, € B(y: §/2).
Next, we may pick J, so that, in addition to the above, we have, for any
ye M,we M n B(y; 6/2), and unit vector v in M,, orthogonal to M

(33) [{W,, v)| < const - |wy|2_

We now think of M as a Riemannian manifold (should dim M > 0). Let
d(,) denote the M-distance function; B(w; r) the M-metric disk in M,
about w € M, of radius r; and dV’ the density of the Riemannian measure of
M.

Pick &, sufficiently small so that, in addition to the above, ¢, is less than
1 the injectivity radius of M, and that

(34) B(w; r/2) =€ M ~ B(w; r)

forallwe M, r e (0,35,).

Next, let M denote the normal bundle of M, in TM (i.e., "M consists
of all those vectors in TM, based at points of M, which are orthogonal to
M), n: RM — M the natural projection, and Exp the exponential map of
NM to M (i.e., Exp = exp| MM). Then 6, can, in addition to the above, be
picked to be less than § the injectivity radius of Exp.
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ESY

Np(y}

Fig. 3

Fix y € M, and for all r € (0, 8,), set
N,(y) = Exp({& € n7'[M n B(y; 8,)]:1¢| < r}.
For z € N,(y) set
z = (ExpiNs,0) '@, w = ().

Then we have

(35) d*(y, z) < const - d*(y, w) + const|z|?,
and
(36) dV(z) > const - dz dV(w),

where dz is the density of Lebesgue measure in the orthogonal complement
of M,in M,,.
Finally, §, may be chosen so that, in addition to the above,

(37 P24, 25, 1) > cOnst - ~"2g " P ELzN4

forall z,,z, € B;,,and t € (0, T).
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From all the above we have, for any fixed y € M and r € (0, 6,),

J;TdrfBr p(y, z, 7) dV(z)

T
> f drj p(y, z,7) dV(2)
0 Ny

T

> constj

T drf e~ P4 Jp(z)
0 Ny (y)

r

T
> ConStJ M2 dTJ. e~ const - d2(y,w)/t dV(W) f e—const~p2/tpu -1 dp
0 M nB(y;82/2) 0

T 02/2 r
> constf r—n/Z dTJ‘ e—consbnz/tnn—u-l d" f e—const-pl/rpu—l dp
0 0 0

T const/\/t r
— ConStJ' ,L.—u/Z d’l’f e—szsu—u-—l dS j e—consl-pzltpu—l dp
0 0 0

T const/T r s

- —52 -y — _ . _

> constf T M2 d’tf e Ss"rT s f e consteipr=ldp
0 o 1]

T r
= Constj ‘[_”/2 er‘ e_conSt'pZ/'pl‘_l dp,
o 0

which implies the lemma.

To conclude the estimate of (30) from below, we note that, using the
substitution
s = const - p?/1

(for fixed 1), followed by

6 = const - r/\/;

(for fixed r), one easily obtains

T r 1
f A2 d‘cf emconstoifigu=1 45 > const - rzf 6" 3do
0 0

const-r

2

ré, > 2,
= consty
r*|ln r|, u=2

We therefore have positive constants so that for all y € M, r € (0, 8,),

r?, u>2,

T
3
(38) L di| My.z7)dVie) 2 COHSt{rzlln r, wm=2

8,
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The continuity of (30), with respect to y, implies that (38) is valid, with
possibly lower constant, for all y € B, , for some g, > 0.

From (28) and (38) we now have

-2
rte, u>2,

(39) P(Tg, <) < const{lln "t y=2,

for all x € B;, — By, t€(0, T], r€(0,8,), and ¢ in (0, &,). But this then
implies Theorem 3.

It, finally, remains to give a proof of Theorem 6. We first note that given
any Riemannian manifold M, x e M, and sufficiently small ¢ > 0, it is
possible to change the Riemannian metric in B(x; €) so that (i) the distance
of any y, in B(x; €), to x in the new metric is the same as in the old one, (ii)
the new metric is euclidean on B(x; 3¢/5), and (iii) the new metric is the
same as the old one on B(x; &)\B(x; 4¢/5). Indeed, for each £ > 0, pick
a C* function ,:[0,+0o0)—[0,1] such that ,|[0,3¢/5] =0 and
¥, [4¢/5, + ) = 1. Let g denote the Riemannian metric on M; assume
¢ < inj(x), and let G denote the pullback, via the local inverse of exp,, of the
euclidean metric on B(x; ¢) to B(x; €). One then defines for y e B(x; ),

g:(y) = Y (d(x, y)g(y) + {1 — ¢(d(x, y)} G(y).

One easily sees that this will produce the desired result.

We also note that if ¢, is chosen so that || < 10/¢ on all of [0, + o), and
¢ is sufficiently small, then a standard geodesic convexity argument proves
that any unit-speed geodesic, with velocity vector at one point of B(x; &)
having positive projection onto the radial vector field determined by
geodesic spherical coordinates based at x, must leave B(x; &), in finite time,
prior to that projection ever becoming 0.

To construct the example for Theorem 6, we first change the metric in B,
by changing the metric about x, and x, as described above. We always use
a function , for which |y <10/ on all of [0,+ o). Next, let
C.=[-¢2,¢2] x S""'(g/2), and attach C; to B,\B,, by identifying
{—¢/2} x S" !(¢/2) with the geodesic sphere about x, of radius ¢/2, and
identifying {g/2} x S" !(¢/2) with the geodesic sphere about x, of radius
¢/2. We think of C, as meeting two circular annuli at right angles in R"*!.
The result of the identifications is to obtain the creased handle
C; = C, u {B,\B,,;} smoothly attached, across I';, to M\B,.

Now in C!, any geodesic hitting either of the creases transversally has a
natural extension across the crease; so for any x € C, we may speak of the
visibility angle 3, of 6C, = I, from x. Since the new B, has the geodesic
convexity described above, we have for any x € B,\B,,,

1
3, = 3.
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For x € C,, any geodesic emanating from x, which contributes to the
visibility angle ®, of 4C. from x, must hit ¢C, transversally, and, by
geodesic convexity of the new B,, must contribute to 3,. That is, for any
x € C, we have

3, = O, > const.

The constant depending only on n (since [—¢/2, £/2] x S" !(¢/2) is homo-
thetic to [—1,1] x $"%, for all ¢, and homothetics leave visibility angles
invariant). Thus the visibility angle of 6C; is bounded away from O as ¢ | 0.

Assume the above lower bound for the visibility angle of 6C, = I is the
constant & > 0. Then, for sufficiently small ¢, one can smooth the creases of
C! in such a manner that the visibility angle of I, associated to the
uncreased handle C,, is bounded below by &/2 for all &. Then Croke’s
original theorem (Theorem V.5) will imply that for the family of smooth
handles C, we will have J(C,) bounded away from O independently of &.
This concludes the proof of Theorem 6.

3. USING RAYLEIGH’S CHARACTERIZATION
OF EIGENVALUES

In this and the following section, we are mainly concerned with the first
problem considered above, namely, the convergence of the eigenvalues of Q,
to those of M, as ¢| 0. Here, we describe the arguments first given in
Chavel-Feldman [4].

As in Section 1.5, ${M) is the Sobolev space of functions on M, which are
in L*(M), possessing L?-weak derivatives. (M), itself, is a Hilbert space
relative to the inner product

(f, by, = (f, h) + (Grad f, Grad h).

The induced norm is denoted by | |I;. (As mentioned in Section 1.5, C*(M)
is Il l;-dense in $(M).) We let $,(M) denote the subspace of H(M) consisting
of those functions in $(M) vanishing identically on B, .

LEMMA 6. Given any f € C*(M), we may associate to each sufficiently
small ¢ > 0, a function F, € $,(M) such that

im|F, — fli, = 0.

el0
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PROOF OF THEOREM 2 FROM LEMMA 6: To each positive integer N,
associate the hypothesis that there exists a sequence ¢ — 0 as | - o0 such
that

(40) lim Afe) = 4;_,
{— o
and
(41) lim [@fe) — ¢;-4] =0
1= o

for all j=1,...,N, where {¢,{g), ..., oxle)} is an orthonormal set in
L*(Q,), each ¢g,) an eigenfunction of 1(e,), and, similarly, {@,, ..., @y_,} is
an orthonormal set in L*(M), each ¢,_, an eigenfunction of 4;_,.

Suppose we are given an N (for which this hypothesis is true). (For
N =1, (40) is valid by the lemma to f = 1/,/V(M). The validity of (41) will
emerge from the ensuing argument.) We wish to show the hypothesis is, in
fact, valid for N + 1.

To this end, let ® be an eigenfunction of Ay, with [|®| = 1, and ® L2-
orthogonal to {@,, . . ., @y_,}. To each g in the hypothesis for N, associate

%E: F‘E[

obtained by applying Lemma 6 to ® and ¢, and consider the Sturm-
Liouville expansion

a0

(42) Fi ~ Y 0(e)ode)

r=1
where {@,(¢):r=1,2,...} is a complete orthonormal basis of L*(,),
extending the orthonormal set {;(g), . . ., @x(&,)}. Then

hm d,.(ﬁ,) = Illm(g/'—h (pr(sl)) = ((I), (pr—l) = 0

[ ]
forr =1,..., N. From Rayleigh’s principle (Section 1.5) we have
Igrad(# — 20, e (e)o &)l
I# — Ziv=1 o (&)@, (e)l?

_ llgrad F* = YN, Ale)al(e)
I#I12 = YN, a2

Inia(e) <

which implies

lim sup Ay ,4(e) < Ay < liminf Ay, (g),

1w {00
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the last inequality resulting from the fact that 1 , ,(g)) is always greater than
Ax - We therefore have

(43) lim Ay, (e) = Ay

- w

(this argument for N = 0 is even easier).
Now assume @y ,,(¢) in (42) is always an eigenfunction of 4, ,(¢). Then
forr=1,..., N we have

(@n+1(&), @ -l = HPn+1(&) @1 — @LE))] < -1 — De)l;
so if we expand ¢y, ,(g) in L*(M) by

(pN+1(81) ~ Zo ﬂr(gl)l//r

where {,:r=0,1,2,...} is a complete orthonormal basis of L*(M),
extending the orthonormal set {¢,, ...,py-,} (€., @, =y, for r=
0,..., N — 1), with each ¢, an eigenfunctionof 4,,r = 0, 1,2, .. ., then

(44) lim f.(g) =0

1=

forallr =01,...,N - 1.
Assume

A== 2dysp-1s Ay < An+E-

Then, by the argument of Rayleigh’s principle, we have

An+1(e) = ligrad @y 44 (e)II? > Z 4, B2(e)
r=90
N+E-1 <)
= 2 ABHE) + Ayag Z Bie).
r=0 r=N+E
From
(45) Y BHe) =1,
r=0
one easily has, now,
N+E-1 N-1
(An+E — AN) Z Bie) = Ay — Awisle) + Z (% — An+p)BHE),
r=N r=0

which implies, via (43) and (44)

N+E—-1

liminf ) Bg) > 1.

- r=N
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From (45) we obtain

N+E-1

(46) lim Z Bie) =

1]
One therefore has a subsequence (g) of (g;) for which the sequences (8,(¢)))
converge, foreachr = N, ..., N + E — 1. The desired ¢, is then given by

N+E-1
7 on = ZN <llim b’,(«ei))w,;
for from (44)—(46) we now have (41) for j = N + 1. (The argument can be
written explicitly to verify (41) for j = 1.)

Note that if one assumes that all the eigenvalues of M have multiplicity 1
(and this is generically the case—cf. Uhlenbeck [1]) then this last argument
shows that, up to possibly multiplying ¢,(¢) by — 1, we may also conclude in
Theorem 2

lim g e) = ¢;-,
e{0

in L*(M) (it is always true for j = 1). Without the hypothesis of all
eigenvalues having multiplicity 1, one has to even state the problem of
convergence of eigenfunctions with care. Compare Chavel-Feldman [4],
where this matter (also cf. Rauch-Taylor [2]), the convergence of eigenfunc-
tions in the C'-topology, r = 1,2, ..., and the derivation of Theorem 1
from Theorem 2 are considered.

PROOF OF LEMMA 6: We shall assume here that
(5) p>2,
instead of (5), and prove that F, can be chosen so that
(48) IF, — fll, < const-g*~ 2

where the constant depends only on M, M, max|f|, and max|grad f|. The
case u =2 has a similar argument, but is messier—one can find the
argument in Chavel-Feldman [4].

Let M denote the normal bundle of M in M, and Exp its exponential
map, that is,

Exp = exp|RM.

Let 6 > O have the property that for each ¢ in (0, §), Exp maps the collection
of tangent vectors in MM, having length less than ¢, diffeomorphically onto
B,. We only consider ¢ in (0, 5/2).
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Given f, and ¢ in (0, §/2), we associate F, to f and ¢ as follows: for any
x € Q,, set

E(x) = f(x).
To define F, on B,,, define, for any unit tangent vector ¢ in NN,

SExp 2e8)(r — e)fe, e<r <2
0, 0<r<e.

F(Exp rl) = {

Then F, is well defined, continuous on M, C* on M\(I;, v I}), with grad F,
having a jump discontinuity across I,, and possibly across I,. So
F, € $(M).

To verify (48), set

o = max|f], B = max|grad f|.
M M

Note that

supp(f — F) = B,,.
We immediately have

f |f — Ej?dV < 402V(B,,) = O(e").
M

To estimate ligrad(f — F)II* from above we first derive the estimate
(49) lgrad(f — F)| < const/e?

on B,,, where the constant depends only on M, M, «, . The estimate (49)
will then imply

Mmaf—nm2=f lgrad(f — E)2 dV = 0(e" ™),

B2

which will complete the proof of the lemma.
To derive (49), we first write grad F, with more detail, namely, fix g; and
for any r in (0, 2¢) map h,: I, —» I, by

h(Exp r&) = Exp 2¢&.
Then

F (T, = B¥(f [ T2 )kdr),
where

_ (r — &), e<r<2s
M”‘{Q 0<r<e
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which implies

(grad F)| T, = (gradg,(h?(f | D) + (XS | T2)k(r)6, | T)
= (b, Dalgrady, (f | T2))k(r) + (BE(f | T2 )k(r)(@, | T),

where d, is the unit vector field on B, tangent to unit speed geodesics
emanating orthogonally from M.

Now a calculation in geodesic coordinates determined by Exp shows that
4 > 2 implies that there exists a positive constant, depending only on M, M
such that

Ik, )ulgrady, (f I T2))I* < const - (/r®)grady, (f | Tl
< const - f%¢?/r?

One now easily obtains (49), using the fact that |8,|=1, and 4,|I, is
orthogonal to I;.

COROLLARY 2. If M consists of N distinct points, then
(50 A4(e) < const- Ne"~ 2

as ¢ | 0, where the constant depends only on M.

4. THE MATHEMATICS OF CRUSHED ICE

We now consider a fixed compact Riemannian manifold M of dimension
n > 2. To each positive integer N we associate a positive number ry so that
ry =0 as N — o0. Also, to each N we associate a collection of points
{x1m - Xy N} in M, set

N

By = U B(x; n; ra),

Qy = M\By,
gy = Dirichlet heat kernel of Q.
We seek results on the behavior of gy as N —» oo. The reader can find

fascinating background, and similar phenomena in Kac [2] and J. Rauch
[1]. Detailed results are in Rauch-Taylor [2].
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THEOREM 7. Let D be a noncompact regular domain in M with
relatively compact D, < D, such that B, = D, for all sufficiently large N.
Furthermore, assume, n > 2, and
(51) lim Nri 2 = 0.

N- oo

Then for every T'> 0, we have

(52) lim qy =p
N-ow
uniformly on (M\D) x (M\D) x [0, T]. If n = 2, then the condition (51) is to
be replaced by
(51) lim N/|Inry| = 0.

N—-w

PROOF: We first note that the proof of Theorem 1 shows that it suffices
to prove
(53) lim P(Tz, <t)=0
N—-+x
uniformly for (x, ) e (M\D) x [0, T], for each T> 0.
Next we note that

N
Px(TBN < t) < Z Px(TB(xi,N;nv) =< t)‘
i=1

It therefore suffices to show that there exists a positive constant, depending
only on M, D, D,, and T > 0, for which (when n > 2)

(54) Px(TB(w:rN) < t) < const - I‘;,_z

for all sufficiently large N, for all x e M\D, w e D,, and t € [0, T]. (When
n = 2, the ry ? in (54) should be replaced by |in ry)™".) The proof is really
contained in the argument of Theorem 3 so we will look at it closely.

Since M is compact, we may simply pick f§ in (24) to be less than } the
injectivity radius of M. Next, fix 4,4, > 0 satisfying (26), and fix T> 0.
Then the argument of Lemma 3 shows that it suffices to prove (54)

uniformly for x € B(w; §,)\B(w; é), w e D, and t € [0, T].

Next, note that (27) is valid uniformly for all x e B(w;d,)\B(w; d),
z e Bw;d/2), we D,, and t € (0, T]. If we pick N sufficiently large then
Lemma 4 may be recast to state that: there exists a positive constant such

that for all x € B(w; §,)\B(w; ), w e D, t € (0, T], and ry < 6/6, we have

T
Ex(Jq dTJ‘ p(X(TB(w;rN))a Z, T) dV(Z), TB(w;rN) < t) < const - rﬁ .
0 B(w; 3rn)
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We therefore wish to estimate

T
[af  pnzoave
4] B(w;3rN)

for y € B(w; ry), from below, and thereby obtain the desired estimate for
Px(TB(w;rN) S t)'
Well, we have the existence of a positive constant such that for all
z,,2, € B(w; 8,), we D,, t € [0, T], we have
p(z4, z5, ) = const - t ~M2e =424

from which we have positive constants for which
T T
[t fawsmrzaavers [ af  pyznave
0 0 B(y;rn)

T rn
> constf T2 drf e #4pnldp
[} o

r, n>2,

> const
{rﬁ,ﬂn vl n=2,

for all y € B(w; ry), w € Dy, sufficiently large N. We now have (54) uniformly

for x € B(w; 8,)\B(w; d), we Dy, t € [0, T], and sufficiently large N; and
with it, the proof of the theorem.

We now consider what happens when Nri 2 -+ as N - +oo (for
n>2).

THEOREM 8. Suppose the sequences of points {x;y:i=1,..., N},
N =1,2,... are “evenly spaced,” that is, suppose the points are chosen so
that there exists a positive integer H, independent of N, and a sequence of
numbers in (0, £ inj(M)), 8, for which (i)

N
M= U1 B(xl,N,; oy)

and (i) any yeM  belongs to at most H of the disks
{B(x;n; dy):i =1,..., N}. Then there exists a positive constant, depending
only on M, such that for ry € (0, 65) the lowest Dirichlet eigenvalue of Qy,
AMQy) satisfies

(55) MQy) = const - Nry 2/H?.

In particular, A(Qy) — + o0 if and only if Nry™ % — o0 as N — +co.
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ProoF: First note that there exists positive constants such that, for all
r € (0, § inj(M)) and & € M, we have

(56) const < \/g(r; &)/r"~! < const
(where \/g_(r; £) is given in Definition I11.6).
The first consequence of (56) is the existence of a positive constant such
that, for all r in (0, £ inj(M)), and y € M, we have
V(B(y; r)) = const - r",

from which we have

N
HV(M) = Y V(B(x, y; 8y)) > const- Nojy,
&

L

that 1s,
(57) HV(M) > const- Noy.

The next consequence of (56) is as follows: given any function
h: [ry, 651 = R € C*, with h(ry) = 0, we have, for all £ € &M,

hz) = f = f KIJa OF a8,

which implies

h(z) < {Jq W2 /9 ;é)}{f [V/a( ;5)]"},

which, in turn, implies

NCRLE {ho’Z\/ﬁ}{ [ "Ll é)]"}{ [ "l é)}

]
< const - 2-"8} f W /o( 6,

that is,

N In
(58) f h2/8( ;&) < const-r2~"8%, f w2 /g( :&).

N
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We therefore have, for any f e C(Qy),

f lgrad f|?dV
QN

>H! g J.(x , )Igradflde
N
>H1Y f dp, (&) f @) » v /8 : ©)
i=1Jg,
> const r'I:J—‘n
N

6"1 N

N

"y
Zf TG AR Ot
2

= const J f2dv
N i=1 v B(x; n;0N)

Ny
> const ;2 f*dv,
QN

which implies the claim, by Rayleigh’s characterization of eigenvalues. (One
goes from the first line to the second, using the hypotheses of the theorem;
Ye, in the third and fourth lines, denotes the geodesic determined by ¢; one
goes from the third to the fourth line by (58); and one goes from the fifth to
the sixth line by (57).)

For n = 2, one replaces Nry~ 2 by N/|In ry| in (55).

The existence of “even spacing” is discussed (for a regular domain) in
Baider—-Feldman [1]. The paper also features an ingenious application, of
the argument of Theorem 8, to the study of spectra of noncompact
manifolds.

The statement A(Qy) -+ as N — + oo implies that as N grows, the
cooling of Qy, by By, becomes absolutely efficient, namely, let ¢ be any
bounded, continuous function on M, and uy(x, t) the solution to the heat
equation on Q, vanishing on dQy for all ¢t > 0, and equal to ¢ at time
t = 0. Then

(59) lu( 5 Dllg, < e 2@ o)
for all £ > 0. Indeed, for each t > 0,
AQu)lluy( , II, < I(grad uy)( , i3,
=—(u( , 1, (Au)( , ay
= —30llu( , DII3,),
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that is,
(60) allun( , 1%, + AQu)lun( , DlG, <0,
and (59) follows easily.

From (59) one has, by the Cauchy—Schwarz inequality,

f un(x, 1) dV(x) < e 2 o)l /V(Qy).
Qn

Thus, for any T > 0, the total temperature at time t € [T, + o) tends to O,
uniformly in t, as n — + o0, if () — +00 as N - + 0.

Jeffrey Rauch [1, p. 356] has pointed out that Theorem 8 illustrates the
well-known, but rarely admitted, dictum: formulas are smarter than people.
For if B, represents a block of ice of fixed volume chopped into spherical
disks, in which case Nrj is basically constant, then everyday experience
suggests that as N — + oo (i.e., the ice is being chopped up more finely) the
cooling efficiency of the ice increases to absolute efficiency. (We are assum-
ing internal mechanisms in the ice to keep them from melting.) While this
suggestion conforms with the truth, it does not point to the truth. For
everyday experience only suggests that one study the behavior of Nry (the
volume of the ice), or Nrf,~* (the surface area of the ice), as N - +oco—not
the behavior of Nry~2. Theorem 8 is saying that one can produce absolutely
efficient cooling even when the surface area of the ice tends to 0 as
N - +o0.

For the study of what happens when Ny 2 » a € (0, +oc)as N - + oo,
cf. Kac [2], J. Rauch [1], Rauch-Taylor [2], Simon [1, Section 22], and,
more recently, Chavel-Feldman [9].



CHAPTER X

Surfaces of Constant
Negative Curvature

In this chapter we apply various techniques of earlier chapters, especially
Chapter IV, to the study of eigenvalues on Riemann surfaces, that is,
orientable 2-dimensional Riemannian manifolds of constant Gauss curva-
ture — 1. In recent years there has been a veritable explosion in the study of
hyperbolic manifolds, and the analysis associated with them. Our study
here can only be introductory. We present in Sections 3 and 4 the results of
Buser [1], Randol [5], and Schoen—Wolpert—Yau [1], which give insight
into the interaction of low eigenvalues with the geometry—topology of the
underlying Riemann surface, the analytic methods consisting of max—min
arguments, and Cheeger and isoperimetric inequalities. These stand in
sharp contrast to the powerful and elegant theory of the Selberg trace
formula, presented by B. Randol in Chapter XI.

In Section 2 we derive an explicit formula for the heat kernel on the
hyperbolic plane, its existence and uniqueness being established in Chapter
VIII. The method consists of generalizing the action of the Fourier trans-
form on radial functions.

In the last section we derive the upper half-space model of hyperbolic
space (the hyperbolic space being originally defined in Section IL.5 via the
ball model) in preparation for Chapter XI.

1. GEOMETRY OF THE HYPERBOLIC PLANE

We recall from Section I1.5 that the simply connected space form of
constant sectional curvature —1 is given by the manifold
B* = {x € R":|x| < 1}
carrying the Riemannian metric
ds = 2ldx|/{1 — |x|*}.
239
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In what follows we restrict ourselves to the case n = 2, and refer to the
space form as H?, the hyperbolic plane. We change our notation to that of
complex variables, and write R? as C, the complex numbers, with a typical
z € C written as

z=Xx+iy.

When viewing a point of H? as a point of C, we write it as an element in C,
namely, the underlying manifold of H? is written as

D={zeC:lzt < 1},
and the metric as
ds = 2|dz)/{1 — |z]*}.

Also recall, from Section I1.5, that geodesic polar coordinates about the
origin are determined by setting

(1) z=pe®  p=tanh(r/2);
for then we have
ds? = dr? + sinh?r d62.

Thus the straight Euclidean line segments in D, emanating from z = 0,
are geodesics in H?, with associated arclength r given by (1).

To each o € R we let x, denote the rotation of D about the origin, given
by

K,z =¢€"z.

One easily sees that each k,, 6 € R, is an orientation preserving isometry of
H2.
To each o € D, we let T, denote the fractional linear transformation
T, -z = (z + a)/(1 + &z).

Since as a mapping of C — C, T, preserves S* = 9D, and takes 0 to a, we
have that T, is a conformal automorphism of D. To see that T,|D is an
isometry of H?, one calculates, forw = T, - z,

dw = (1 — |o)?) dz/(1 + az)?,
ldw] = (1 — |a?)|dz|/]1 + az|?,
1— w2 = (1 — o)1 — [z)/1 + azl?,

from which one easily obtains the claim.
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Next, we note that

Ty o T, = T gy +asy

so the collection of {T,: a € D} form a group.

We then consider the group G of orientation preserving isometries of H?
generated by the groups {x,:0 € R}, {T,:« € D}, and argue that G is, in
fact, the complete group of orientation preserving isometries of H2. Indeed,
given an orientation preserving isometry T of H?, let § = T~ ! o 0. Then the
mapping T_,- T~! is an isometry of H? preserving the origin of D. One
easily shows that T_g- 77! is therefore a rotation of D, from which one has

T= Ko. ° T—ﬂ

for some o in R.

Also note that this isometry group G acts transitively on the unit tangent
bundle of H2.

To obtain the full group of isometries of H?, one takes the group
generated by G, and the restriction to D of a euclidean reflection in a line
through the origin of D.

We now consider the full collection of geodesics of H2. To do so, it will be
convenient to refer to the full collection of lines and circles in C as
generalized circles.

Recall that the geodesics emanating from the origin of D are the
euclidean line segments through the origin with euclidean and hyperbolic
distances related by (1). But the group G consists of fractional linear
transformations of C, leaving D invariant. This group, therefore, preserves
the collection of generalized circles in C and their angles of mutual
intersection. Thus the image of line segments through the origin of D, and
intersecting dD, are generalized circle segments in D which intersect oD
orthogonally. The transitivity of the action of the isometry group G
guarantees that all generalized circle segments in D, intersecting éD orthog-
onally, are images, under G, of line segments through the origin of D which
intersect dD. We therefore conclude that the full collection of geodesics of
H? coincides with the collection of generalized circle segments in D in-
tersecting dD orthogonally.

One can easily check that, with the geodesics playing the role of lines, H?
is a hyperbolic geometry. Note that the classical area-excess formula for the
angles of a geodesic triangle is, precisely, the Gauss—Bonnet formula
(Section I11.1)

3
—A={X “j) -
i=1

where «,, &,, o5 are the interior angles of the triangle.
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2. THE HEAT KERNEL
OF THE HYPERBOLIC PLANE

We start by referring the reader to Section XII.4 in which the heat kernel
of Euclidean space is obtained by (i) subjecting the initial value problem for
the heat equation, on Euclidean space, to the Fourier transform, (ii) solving
the resulting problem in the transform space, and (iii) subjecting the
solution to the inverse transform. Whereas, however, the discussion is given
in the usual rectangular coordinates on euclidean space, it could just as well
be carried out in spherical coordinates, in which case the space variable
consists of one real variable—distance from the origin. For examples, in the
2-dimensional case we write R? as C, and obtain, for any function ¢
depending only on distance from the origin,

POw) = (1/2n)f L oliz)e®® dAG)

2r
o(r)r drf et 4o

0

o«

= (1|

0o

= [ o0ror ar
0
where r = |z|, p = |w|, and J, is the Oth-order Bessel function. Since ¢
depends only on p, the Fourier transform maps radial functions to radial
functions. Since r — J4(rp) is an eigenfunction of A on R? (cf. Theorem II1.4)
with eigenvalue p?, we have for radial functions with sufficiently rapid
decrease at oo, via integration-by-parts,

Ap = —p?p.
It is this equation that makes possible the easy solution of the transformed
initial-value problem for the heat equation. The formula for the transform
of convolutions then provides for an easy inversion of the solution, of the
transformed problem, to the original radial variable.

This is the approach we take to determine the heat kernel on the
hyperbolic plane. Introductory treatments to this material, and to the whole
field of harmonic analysis on Lie groups and homogeneous spaces, can be
found in Dym—-McKean [1], Helgason [1], and Terras [1, 2]. These sources
contain a plethora of references with which one can work his, or her, way
back to the original literature.

Our search for the fundamental solution of the heat equation will focus

on the calculations leading to the discovery of the appropriate candidate.
Details of the arguments can be found in the above references.
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To determine the radial eigenfunctions of H?, one has the ordinary
differential equation

2

0%v ov
2 a—rz—+cothr57+lv=0

which is solved by the Legendre function (Section XI1.5)

o(r) = P_yj24 /~7+i7a(coshr),

normalized to be equal to 1 when r = 0. Guided by the fact that for any
regular domain Q in H? we have A(Q) > %, we only consider those eigen-
functions for which 1 > %, namely, we set

ip=y—-4+1%, A=g+p% F(r) = P_y;24;(cosh ),
where p = 0.
So for any ¢ € C2([0, + o0)) we define the Mehler transform (Mehler [1])

a

3 olp) = f @(r)P_y,3 + i,(cosh r) sinh r dr

0

(note how sinh r replaces r in the Euclidean case), for which we have the
inversion formula (Mehler [1]; Fock [1])

) olr) = f @(P)P- 3 4 ;,(cosh r)p tanh mp dp.
0

Also, the usual integration-by-parts argument implies

(5) Aolp) = —(& + PD)P(p).

Therefore, if we are given the initial-value problem for the heat equation
on H?

6) Au = du/ot, u(-,0) =f,

where f has compact support, and depends only on distance from a fixed
point o in H2, then u will depend only on distance from o, and on the time ¢,
and we obtain, applying the Mehler transform to the distance variable r of u
and using (5),

) i(p, 1) = f(p)e~ 14+ e™,

We therefore seek a formula for taking the inverse transform of a product,
namely, we seek some sort of convolution.

We work in the disk model of H?, and let o correspond to z = 0. To any
w e D, we associate the isometry of D, g,,, by

g, =K, T, w=Re",
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R >0, 0 e(—00,+00). Then for functions ¢, on H? we define the
convolution ¢ = Y of ¢ and ¥ by

(@ % p)(2) = LZ P(gs" - 2) dAW)

{where dA is the hyperbolic area element). Then for ¢ a radial function, with
respect to z = 0, we have for any rotation x of D

(@ * Y)ix-2) = f QWG 'K +2) dA(Y)
- f ol - WGy K - 2) dA(w)
MZ

- f oWy - 2) dA(w)
= (p * ¥)(2),

by the invariance of the area with respect to the isometries. Therefore, if ¢ is
a radial function, then ¢ * y is a radial function.
Now we study ¢ * ¥ with ¢ and ¥ radial with respect to z = 0. First, we
now write
F,(z) = P_,;5 4,(cosh d(z, 0)).

Then ¢ is given by

(o) = (1/2m) f o(DE,(2) dA(),
MZ

which implies

P
o+ U(o) = (1/21) f B dA(z)f GOg* 2) dAW)
— (1/2) f olw) dAMW) f W3 DE(2) dAR)
Hz |H]2

- (1/2n)f (W) dA(w) f UDE(g, - 2) dA).
Mz Hz

Since y is radial with respect to z = 0, we have for any rotation  of D,

j Vg, -2) dA) = f Wik 2)F(g, - 2) dA(2)
H2 H2

- f W(2)E,(g,x - 2) dA(2),
MZ
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which implies

f VOF(g. ) d4()

2n
® = | v aaerm| ", 2 do
H2 0

LEMMA 1. We have

©) (1/27r)f an(ngo' -2) do = F,(W)F,(2).
0

PROOF: One approach to (9) is to reduce it, using (1), to the classical
addition formula

P_y34i(coshr)P_y ), ;(cosh R)

(10) 2n
= (1/21c)f P_y/3+i(cosh r cosh R + sinh r sinh R cos o) do.
0

The other way is deduce (10) from (9), namely, the function

2n
z— (1/211)] F (9K, 2)da
0

is a radial (with respect to z = 0) eigenfunction on H? with eigenvalue
1 + p?. But for each 4, the collection of solutions of (2), which are bounded
about r = O, is one-dimensional. So the left-hand side of (9) is a constant
multiple of F,(z). The constant is evaluated by setting z = 0.

Applying (9) to (8) we have

| voRG, 240 = [ veEWER dae) = 2xE i)
H2 H2
which implies
P - -
(11) @ * Y(p) = 2nd(p)Y(p).
From (7) and (11) it follows that the solution to the initial-value problem

for the heat equation (6) is 1/2x multiplied by the convolution of f with the
inverse transform of e~ (/44 namely,

uz, t) = (1/2m) fwzf (W) dA(W)f:EJ(g;‘ - z)e”(14+2p tanh mp dp.
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So the heat kernel on H? will be given by
(12) p(z,w,t) = (1/27t)f e MAOMP_ ) 4 i(cosh d(z, w)p tanh p dp.

0

To simplify (12), we note that by Eq. (7.47) of Lebedev [1, p. 173], we
have

2 sin pf
P j54(coshr) = i cothn f
yarie P Jcosh g — cosh r

which implies

1 hd ap B¢ 2 .
(z, w,t) = f J e~ W4+py, sin pB dp.
P f n* Jd(z,w) \/ cosh B — cosh d(z, w) pin pf dp

For each nonnegative integer k, one has

fweﬁu,“,,z), PV B | _ eTMB/m (=14
o Qk+1) [P T T4 ke

from which one obtains
—t/4 =) - B2j4t
1 pawy =Y | pe ap
(4nt) aizw) /cosh B — cosh d(z, w)

Note that (13) displays the positivity of p for z # w, t = 0.
We leave it to the reader to verify that, in fact, p(z, w, t) given by (13) is a
fundamental solution to the heat equation on H?2.

3. LOBELL SURFACES AND THE
ESTIMATES OF P. BUSER

In all that follows we use the term surface for any 2-dimensional
orientable Riemannian manifold, and Riemann surface for a surface whose
Gauss curvature is identically —1.

If M is a complete Riemann surface, then its Riemann universal covering
is H?; and if M is also compact, it must have (by the Gauss—Bonnet
formula) genus g > 2.

The reader will recall from Theorem IL.5 that for any domain Q in H2,
the lowest Dirichlet eigenvalue of Q is always greater than 1. It is natural to
ask whether the same estimate holds for the nonzero eigenvalues of any
compact Riemann surface (McKean [2]). This question is important in, for
example, hyperbolic lattice-point problems, and in the asymptotics of the
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length spectrum of the surface (cf. Chapter XI). Randol [1] showed that
given any compact Riemann surface, it possesses a compact covering for
which there are nonzero eigenvalues arbitrarily close to 0. (cf. Section XI.5).
Here we shall prove a slightly different result using more elementary
methods:

THEOREM 1 (Buser [1]). Given any ¢ > 0, and integer g > 2, there
exists a compact Riemann surface of genus g such that

Ayg-3 <E.

Before giving the proof of Theorem 1, it will be convenient to introduce
Fermi coordinates on an arbitrary surface. A more general sketch can be
found in Section XII1.8. Let M be a surface, y: R - M, |y'| = 1 an embedded
geodesic, and £: R » TM a continuous unit vector field along y, orthogonal
to y. We define the map

E(r7 t) = expy(r) té(r)’

the general theory guarantees the existence of « < 0, f > 0 so that E is a
diffeomorphism of R x (x, B) onto its image in M. If we wish to consider
Fermi coordinates based on a simple closed geodesic y of length [, then we
replace R, above, by S'(I/2r). In this case we are guaranteed the existence of
a < 0, B > 0 for which E is a diffeomorphism of S'(//2xn) x («, B) onto its
image in M.

It is customary to define the injectivity radius of E as the largest T > O for
which E[R x (=T, T) (or E{S!(/2n) x (=T, T) in the periodic case) is a
diffeomorphism onto its image, the collar in M about .

Standard arguments verify that on the collar, we have

VO,E=0, |3,El=1, <(4,E 0,Ey =0,
) V26,E + (K o E)3,E = 0,
0.E(r,0) = y(r),  V.0,E(r,0) =0,

where K denotes the Gauss curvature of M. Since the unit vector field
0,E/|0, E| must be parallel in the t direction, we may replace the vector
Jacobi equation (J) by the scalar equation

n+Kn=0
for n = |0, E|, with initial data

nr,0 =1, o0 =0.
The Riemannian metric is written in these coordinates as

(14) ds? = dt* + n*(r,t) dr?,



248 X. Surfaces of Constant Negative Curvature

D
c ¢
t Q
B ; A
Fig. 4

and the density of the Riemannian measure is given by

(15) dA = n(r,t) dt dr.
Note that when K = —1 we have
(16) n(r,t) = cosh t.

PROOF OF THEOREM 1: Our surfaces consist of a collection first con-
structed by Lobell {1].

Consider the quadrilateral 0 of Fig. 4, in M2, with ¢ = n/3, and place six
copies of Q adjacent to one another as in Fig. 5. We call the resulting
hexagon in H?, G, and label the geodesic segments bounding G: a,, B, a,,
B,, a3, B4 as indicated, with

(o;) = 2r, I(B) = 21, j=123.
ay

B

Qy BS

B2

Qa3
Fig. §
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Take another copy of G, G, with boundary &, Bl, &y, ﬁz, &y, 33, and
identify B; with Bi for j = 1,2, 3. The result is a Riemann surface Q with
compact closure and bounded by 3 simple closed geodesics, homeomorphic
to S? with 3 disks removed. Let y; be the bounding geodesic obtained from
a; and &;, j = 1,2,3. Clearly each of the geodesics y; has length 4r. The
Gauss—Bonnet theorem and formula (Section I11.1) implies that

AQ) = 2=
Note that by formula (38) in Section 5, ¢ and r are related by
(17) 1 = (sinh r)(sinh ¢).

So we think of the family of surfaces Q as parametrized by r. From (17), it is
clear that we may guarantee ¢ > 1 by picking

(18) r < arcsinh{4 csch 1}.

We refer to our surfaces Q as Lobell Y-pieces.

LEMMA 2. For Lobell Y-pieces Q, satisfying (18), we have

127 sinh 1

(19) A < S o D

where A(Q2) denotes the lowest Dirichlet eigenvalue of Q.

PROOF: First note that for each j = 1, 2, 3 the injectivity radius associated
to each y; is greater than or equal to ¢, and that the collars

K;={xeQ:dx,y) <t}

Jj =1,2,3 (more precisely, half-collars) are pairwise disjoint. For j =1,2,3
let D; be the attenuated collars,

D; = {xeQ:d(x,y;) < 1}.
Then
1
(20) ADy) = l(yj)f cosh 7 dt = 4rsinh 1.
0

Consider the function ¢ on Q given by

d(x, 0Q), dix, 0Q) < 1,
o(x) = .
1 otherwise.
Then

f lgrad @|?> dA = 12r sinh 1
Q
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-1
T3

73

Fig. 6

and
3
f p*dA > AQ) — ). A(D) =2n — 12rsinh 1.
Q jot

Estimate (19) now follows from Rayleigh’s theorem (Section 1.5).

To conclude the proof of Theorem 1, we take 2g — 2 copies of
Q:Q,,...,Q,, ,, with boundary geodesics y,; k=1,...,29 — 2,
Jj =1,2,3 (the k indicating that y, ; is part of the boundary of Q;). We think
of each geodesic y, ; as oriented by Q,, and denote the same geodesic with
reverse orientation by (y, ;)"

Now identify y, , with (y,,; )7  forall k =1,2,...,2g — 3 and y,,_, ,
with (y, 3)7*. Also identify y,,_, ; with (y5,,) ' foralll=1,...,g9 — 1. The
result of these identifications is a compact Riemann surface M of genus g
(Fig. 6). Since we used 2g — 2 copies of Q to produce the Lobell surface M,
Lemma 2, and the domain monotonicity of eigenvalues for vanishing Dirichlet
data (Section L.5), combine to imply

12r sinh 1
Fag-dM) < A0 < 5 b T

Given any ¢ > 0, we may pick r, at the outset, to be sufficiently small to
guarantee, beside (18),
12r sinh 1
2n — 12rsinh 1 =

which implies the theorem.
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The Lobell surfaces may also be used to prove

THEOREM 2 (Buser [1]). Given positive integers g and k and any
& > 0, there exists a compact Riemann surface M, of genus g, satisfying

AM)<i+e

PROOF: Recall from Theorem II1.8 that for any geodesic disk B(§) in H?
we have

L < AB©) < % + n?/6%,

where A(B(9)) is the lowest Dirichlet eigenvalue of B(8). By Corollary III.3

we therefore have, for any compact Riemann surface M, with diameter
d(M),

(21) M) < %+ 4n2k?/dX(M).

If M has genus g, and [ is the length of a simple closed geodesic in M, then
by determining Fermi coordinates on M based on the geodesic, and using
the Gauss—Bonnet theorem (cf. a similar argument in Corollary I11.4), we
have

(22) d(M) > arcsinh{2n(g — 1)/1}.

But for the Lobell surfaces, it is always possible to let I = 4r | 0. In these
examples, estimates (21}, (22) combine to imply the theorem.

On the other hand, there are some restrictions on the number of small
eigenvalues.

THEOREM 3 (Buser [1]). For any compact Riemann surface of genus
g, we have

Aag-2 > %
PROOF: It is a result of Fricke—Klein [1, p. 318] that M can be
triangulated with 4g — 2 geodesic triangles. By the domain monotonicity of

eigenvalues with vanishing Neumann data (Section I.5) the theorem will
follow from

LEMMA 3. For any geodesic triangle T in H?, and u(T) the first
nonzero Neumann eigenvalue of T, we have

T > %.



252 X. Surfaces of Constant Negative Curvature

(i) i)

Fig. 7

PrOOF: Before starting the proof, we emphasize that T denotes a domain
in H?, homeomorphic to a 2-disk and bounded by 3 geodesic segments.

By Courant’s nodal domain theorem (Section 1.5) any eigenfunction ¢ of
u(T) has precisely 2 nodal domains.

If one of the nodal domains G of ¢ has compact closure in the interior of
T, then i(T) = AG) > % by Theorem IL.5.

Now assume that both nodal domains of ¢ have closure intersecting 7.
Then the nodal line ¢ ~'[0] consists of a smooth curve in T (Cheng [4]),
and must intersect dT precisely twice. We distinguish two possibilities: the
two intersections of the nodal line with T (i) are, or (ii) are not, on the
closure of just 1 geodesic segment of T (Fig. 7).

In the first case, let G denote the nodal domain bounded by the nodal line
and the geodesic segment ¢ determined by the intersection of the nodal line
with T, Now pick Fermi coordinates z = ¢(r, ) in H? based on the full
geodesic containing ¢. Then the preimage of G in R? is a domain of the
form

N(r)

{rhn:te k=)1 (@fr), Br)), r € (a, b)},

where for each r in (a, b), N(r) may be finite or infinite, and a(r) > 0 for all j.
For the eigenfunction ¢ we then have, setting

®=¢-gq,

b N& B
(23) ff p*dA =J dr ®*(r, t) cosh t dt.
G a

j=1 vYa;r)

To estimate this integral from above, we give a slight variation of the
argument establishing (I1.45) (that the lowest Dirichlet eigenvalue of any
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disk in H? is greater than }). Fix j and r. Then (suppressing j and r from the
notation) we have

8 8
J ®? cosh = ®? sinh|f — 2f ®(2,®) sinh

8
=-2 j (9, ®) sinh

] 12( »8 1/2
< 2{[ @? sinh} { f 0,0) sinh}

] 1Y2{ ~B 1/2
< 2{] ®? cosh} {f (0,@)* cosh}

8 vz ( pf 12
< 2{[ o2 cosh} {f (lgrad ¢|? o q)cosh} ,

that is, after canceling and squaring,
B 8
(24) J‘ ®2 cosh < 4-[ (lgrad ¢|? < g) cosh.

The key to the string of inequalities is the vanishing of
®? sinh?

—indeed, # will always correspond to a point of G on the nodal line, in
which case ® = 0; and « will correspond to either a point of G on the
nodal line, in which case @ = 0, or a will correspond to a point of 4G on the
geodesic segment of 47, in which case @ = 0 and sinh = 0. We also note
that one goes from the third to the fourth line via the Cauchy-Schwarz
inequality.

One now substitutes (24) into (23) to obtain

8 f otda < fG lerad oI? dA = u(T) f 0? da,

which implies the theorem in this first case.

In the second case, where the nodal line intersects 6T at 2 distinct
geodesic segments, one determines geodesic polar coordinates centered at
the intersection of the 2 segments and argues as in the first case (following
the argument for (11.45) even more closely than in the first case).
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4. LOW EIGENVALUES
AND SHORT GEODESICS

We now examine the methods of Section 3 more closely. Estimate (22)
shows that the existence of a short simple closed geodesic implies a large
diameter for a compact Riemann surface. However, the estimate requires a
global piece of information, namely, the genus of the compact Riemann
surface. In what follows we start with an estimate of B. Randol for the
injectivity radius associated to a simple closed geodesic. As the length of the
simple closed geodesic becomes arbitrarily small, the estimate of the in-
jectivity radius will be of the same order as the estimate of the diameter
given by (22). This will allow for a more systematic investigation of the
arguments of Section 3.

THEOREM 4 (Randol [5]). Let M be a compact Riemann surface with
simple closed geodesic y of length I > 0. Then the injectivity radius 1, of the
collar about y in M, satisfies

25) 1 > arcsinh{csch I/2}.

COROLLARY 1. If C, denotes the collar about y, then
A(C,) = 2l csch /2.

Note that (25) implies, using the concavity in C, of the distance function
from v, that intersecting simple closed geodesics cannot be simultaneously
small.

Also note that

lim 2l esch [/2 = 4.
ilo

We remark that estimates for bounding A(C,) from below were first
considered in Keen [1] and Halpern [1]. The generalization of Randol’s
argument to surfaces of variable nonpositive Gauss curvature can be found
in Chavel-Feldman [3], and a still further generalization, with weaker
definition of the collar, can be found in Buser [2].

PROOF OF THEOREM 4: Let y: S$!(I/2n) » M, |y'| = 1, be a simple closed
geodesic of length 1.

An argument of Klingenberg [1] can be easily adapted (cf. Grossman [1])
to show that there exist two distinct geodesic segments o;: [0, 1] — M,
lo’l = 1, with ¢{(0) on y, for j = 1, 2, and satisfying

a,(1) = 6,(1), a1(1) = —a5(1).
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Fig. 8

So the union of the two geodesic segments is a smooth geodesic segment
which can be written as o: [0, 21] — M, |6'| = 1, such that ¢(0) = ¢,(0) =: p,,
a(21) = a,(0) =: p,. We let q denote o(i).

Note that Fig. 8 contains the two possibilities of how ¢ intersect y at p,.
Compare the discussion below.

Assume that y is parametrized so that (0) = p,, and that y is oriented so
that ¢'(0) is obtained by rotating y'(0) through n/2 radians in M,, the
tangent space to M at p.

Next, consider the geodesic T in M for which 1(0) = g, and 7'(0) is
obtained by rotating ¢'(1) through —n/2 radians in M,. The key to the
proof is that if (25) is false, then < is a geodesic loop which is freely homotopic
to y. Indeed, we lift the geodesics 7, o to geodesics 7, 6 in H? (the universal
covering of M) starting at some lift p of p,. Note that 6'(0) is obtained by
rotating §'(0) through n/2 radians in (H?);. Next, we let I be the geodesic in
M such that I'(0) = p(—1/2) = y(I/2), and I"(0) is obtained by rotating
¥(—1/2) = y'(I/2) through =/2 radians in Myp,. When y is lifted to H?
(starting at p,) to 7, the lifts of y(—1/2) = y({/2) are now distinct points on 7§,
thereby determining 2 lifts of ', I',—starting at $(—1/2), 7(1/2), re-
spectively. The lift, now, of the geodesic t, %, starting at 6(:) will be oriented
so that #(0) is obtained by rotating (1) through —n/2 radians in (H?),,.



256 X. Surfaces of Constant Negative Curvature

q, T 9,
I, +~ r,
0
~
Y
Fig. 9

By (3), if (25) is false, then 7 will have to intersect T and I,. By symmetry,
this intersection must be at the same arclength along [, and T, (cf. Fig. 9).
The respective points of intersection, §,, §,, will then project, under the
covering, to the same point in M. Therefore T projects to the loop 7 in M,
freely homotopic to y.

We now distinguish the two possibilities referred to in Fig. 8. For
convenience, let £ be the continuous unit vector field along y, orthogonal to
y, for which ¢'(0) = &(p,). The two possibilities are that (i) ¢'(2:1) = —&(p,),
or (ii) 6'(21) = &(p,)-

We consider the first possibility, that ¢'(2:)) = —&(p,). Then we go
through the same lifting construction in H? as before, except that we now
start at p,. However, since the lift of the geodesic segment o starting at p, is
oriented in the direction opposite to the one obtained by starting at p,, the
lift of = in H? now appears with the orientation opposite to the left of 1
obtained when we started the lifting procedure at p,. We therefore have ©
freely homotopic to y~*, which implies y is homotopic to y~*, contradicting
a theorem of Preissmann [1] (cf. Section XI.1).

For the second possibility, we have the lifting to H? through p, appear as
in Fig. 10. One then easily sees that if the surface M is cut along y then the
boundaries of the resulting surfaces are freely homotopic—an impossibility,
since the genus of M is greater than or equal to 2.

We now apply Randol’s estimate to give a more general form of the
argument of Theorem 1 (Schoen—Wolpert—Yau [1]).

We are given a fixed number f > 0, and consider all noncompact
Riemann surfaces Q@ with compact closure, whose boundary consists of
closed geodesic circles with total length I(6€2), satisfying

1(0Q) < 28.
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£
o
rs
Fig. 10
We claim that
I(0M)cosh g
(26) MO < an — koM osch B}
where
(27) o =: arcsinh(csch f).

To prove (26), let the geodesic circles yi, . . ., y,, With respective injectivity
radii t,,...,4 for the associated collars. Then since [; < 28 for all
Jj=1,..., k, we have by (25),

1.

j = o

forallj=1,... k.
Foreachj =1, ..., k consider the attenuated collar

D; = {xeQ:d(x,y) < a}.

LEMMA 4 (Matelski [1]). When k > 1, the collection of collars
D,, ..., D, is pairwise disjoint.

PROOF: Assume D, n D, # (& for a pair of distinct r and s. Then there
exists a’ in (0, a) such that the, still again, attenuated collars
D, = {x:dx,y,) <o}, Di={x:dlx,y) <o}

still have nonempty intersection. Let x, be the closest point in K, n K. to
¥,. Then an easy argument shows that

d(xo,7,) =
and the distance circles

E = {y : d(y’ yr) = d(x0’ y')}’ r; = {yd(y’ Ys) = a,}
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are tangent at x,. The argument of Randol’s theorem will then show that
the geodesic in M through x,, tangent to I, and T; at x,, will be a geodesic
loop simultaneously freely homotopic to 7,,y,. So 7, and y, are freely
homotopic, which is impossible unless Q is a cylinder bounded by y, and y,
in which case the Gauss curvature could not always be negative (by the
Gauss—Bonnet theorem). This implies the lemma.

We now estimate A(M) as in the case of the Lobell surfaces. Pick the
function

(x) = d(x, 0Q), d(x, 0Q) < a,
¢ = o otherwise.

Then one easily has

f lgrad @|? dA = I(8Q) csch B,
and ?

f @rdA > 2 {AQ) — i A(D)} = a*{2r — [2Q) csch B}.
Q ji=1

We have, above, A(Q) > 2= since by the Gauss—Bonnet formula A(Q) is an
integral multiple of 2n. We therefore have (26), by Rayleigh’s principle
(Section 1.5).

We now apply (26). Let M be a compact Riemann surface of genus g. For
each k =1,...,2g — 3, consider the family of curves €(M) consisting of
the disjoint union of simple closed geodesics dividing M into k + 1 com-
ponents. Then a combinatorial argument (cf. Keen [2]) implies that the
maximal number of simple closed geodesics, dividing M into <2g — 2
components, is 3g — 3. If we let (M) denote the minimum length of all
curves in %, (M), then a result of Bers [1, Statement XV] implies that there
exists a positive number 8 = f(g), depending only on g, such that

(28) (M) < B(g), =1,...,29 — 3.

An imediate consequence of (26), (28) and max-min arguments (Section
L.5)is

THEOREM 5 (Schoen—Wolpert-Yau [1]). If M is a compact Riemann
surface of genus g then there exists a positive number f, depending only on
g, such that

(29) (M) < L(M)B,
forallk=1,...,29 — 3.
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We note that (21), (22) imply
(30) Aag- (M) < § + 4n*(2g — 2)*/arcsinh?{2n(g — 1)/B,}.

the right-hand side depending only on g. Next, we give the argument in
Schoen—Wolpert-Yau [1] for a lower bound of A, in terms of [,
n=1,...,2g9 - 3.

THEOREM 6. For any integer g > 2 there exists a positive number
a = a, such that for any compact Riemann surface of genus g we have

(31) M(M) = (M),
k=1,...,29 — 3,and
(32) Rag-2(M) 2 0.

We note that for small [ (M), (31) can be replaced by the stronger result,
33) AM) = [ (M)a,

(in fact, it requires that one first prove (31)) but we shall content ourselves,
here, with the weaker result. See Schoen—-Wolpert-Yau [1] for the argu-
ment for (33).

PROOF OF THEOREM 6: For any regular domain Q in M, we define the
(Neumann) Cheeger constant §,(Q) by

L(I)
min{A(Q,), A(Q,)}’

where I ranges over embedded 1-manifolds in Q, for which oI =T n 5Q,
which divide Q into two open sets Q,, Q, with I’ = 8Q;, n Q = 3Q, n Q.
As in Theorem IV.5, one can show that one obtains the same infimum if
one restricts I so that the associated Q,, Q, are connected; and, in what
follows, we always assume I" has this property. Also, one can easily derive
the Cheeger inequality, as in Theorems IV.3 and IV.11,

(34) M) > 3h3(Q),

where () is the lowest nonzero Neumann eigenvalue of Q.

Now let M be divided, by a compact 1-manifold C consisting of simple
closed geodesics 9, . . ., y,, into k + 1 domains M,, ..., M,,,, k <2g — 3,
such that

by(@) = inf

(M) = ; L(y,).
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Recall that
s<3g—3.

The domain monotonicity of eigenvalues with vanishing Neumann eigen-
values then implies that

(35) A(M) = min{u(M,), ..., f(M,.)}.

From (34), it will suffice to bound bhy(M)),j = 1,...,k + 1, from below. Fix
one of the M; and call it Q.

When considering any I' in the competition that defines hy(Q), we have,
for each component of I, two possibilities:

(i) the component I}, is not closed, and it therefore intersects 6Q at both
endpoints; or

(ii) the component I is closed.

In case (i), our first comment is that both endpoints of I, must lie on the
same component y of dQ, in which case there are, here, two possibilities:
either I, is contained in the collar in Q associated to y, or it is not
completely contained in the collar.

If T, is contained completely in the collar, then I, and a geodesic segment
of y bound a domain G contained in the collar, the geodesic segment having
length less than or equal to that of I, and G homeomorphic to a 2-disk.
Then T' = I, and since G is homeomorphic to a 2-disk we have, by the
argument of (IV.15),

A(G) < L(0G) < 2L(I);
S0
L(T)/min{A4(G), AQ\G)} > LN)/A(G) = 3 = I(M)/2B(g).
If [}, is not completely contained in the collar, then
L(Ip) = 21, > 2 arcsinh{csch f(g)/2},
by (25), (28). So here we have
L(IN)/min{A(Q,), AQ,)} = L(T,)/AM)
arcsinh{csch f(g)/2}
2n(g — 1)Blg)

We now consider case (ii), namely, all components of I" are closed. If a
component I, of I' bounds a domain G in Q homeomorphic to a 2-disk,
then I = I, and by the argument of (IV.15) we have

(36) A(G) < L(06),

1(M).
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and one argues as above. Similarly, if I} is freely homotopic to a com-
ponent y of Q, or to another component I, of I, then I, and the other
circle bound a domain G homeomorphic to an annulus. But here, too,
inequality (36) is valid (cf. Ionin [1]; Yau [1]). When [, is freely homotopic
to y, we have

L(0G) = L(Tp) + L(y) < 2L(I,) < 2L(T);
and when T, is freely homotopic to I';, we have
L(0G) = L(I,) + L(I) < L(I').
So, again, we obtain
LTY/min{A(G), AQ\G)} > L(M)/26(g).

The last possibility, therefore, is that all the components of I" are closed;
none of them bound a two-disk; none of them are freely homotopic to a
component of JC, nor are any pair of them freely homotopic to each other.
We give a lower bound to L(I') depending only on g and },{(M). First we
replace each component of I by the shortest loop in Q freely homotopic to
it. This loop must be a nontrivial simple closed geodesic. Since this
replacement does not increase length, we may assume from the outset that
I' consists of a finite collection of simple closed geodesics. If

L) < (1/5)l(M),

then there exists a component, say y,, of C with L(I') < L(y,). This would
imply that by reattaching along y,, and cutting along I' we would have a
subdivision of M into k + 1 domains by disjoint simple closed geodesics
with total length < {M}—an impossibility. We therefore have

LT) = (1/s)l(M) = (3g — 3)_1lk(M).
So
L(D)/min{A(Q,), A(Q,)} = L)/AM) = i(M)/12rn(g — 1)*.

We therefore have, by (34) and (35), the estimate (32), where

. —l[min{ 1  arcsinh{csch ﬂ(g)/2} 1 :l
T4 28(9)° 2nig — DBlg) | 12m(g — 1>

and the theorem is proved.
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5. THE UPPER HALF-SPACE MODEL
OF HYPERBOLIC SPACE

We first discuss the 2-dimensional case. We let
Ct={z=x+iyeC:y >0},
and consider the map C* — D given by
w=(z - iz + i

—a fractional linear transformation of C, taking C* to D. To pull back the
H?2 metric on D to C*, we have

dw = 2i dz/(z + i)?, ldw| = 2|dz|/|z + if?, 1 — jw)? = 4y/wl%;

therefore
ds = |dz|/y.

Again, the geodesics of H?, in this model, are generalized circle segments in
C* intersecting the boundary, that is, the x axis, orthogonally.

One can check, now, that the orientation preserving isometries of H?, in
the C* model, are given by PSL(2; R), the fractional linear transformations

w = (az + B)f(yz + 9),

where a, f8, y, 8 are real constants satisfying « — By = 1. Thus the group is
given by the real matrices

a B

y o

(with composition of mappings represented by matrix multiplication) with
determinant equal to 1. To achieve an isomorphism between the isometry
group and the matrix group one must factor the matrix group by +
(identity matrix). To include orientation reversing isometries, one has the
group generated by PSL(2; R) and the reflection in the y axis.

Now let z = pe® determine polar coordinates in C, and consider the
domain Q in C* given by

0<T<p<T+R, 0<¥Y<0<mn/2.
To calculate the hyperbolic distance r from iT to T + R), we have
T+R
r =f dy/y = In(1 + R/T);
T

SO

r=1In(1 + R/T), R =T —1).
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Next, we note that the geodesic segments given by
{z=T:¥ <0 <n/2)

and
{z=(T+ R)e":¥ <0 < n/2}

have the same hyperbolic length, since the metric ds is invariant with
respect to homotheties of C, centered on the x axis and restricted to C*.
The specific hyperbolic length ¢ is given by

t = f; csc 6 df = arctanh cos V.
These calculations suggest that we introduce in C* the coordinates
37 r=In(1 + p), t = arctanh cos 6,
for then we have
ds? = |dz|*/y? = (dr® + r? d6%)/r? sin%0 = dt* + cosh?t dr?
that is,
ds? = dt* + cosh?t dr?.

Thus the coordinates r, t are Fermi coordinates in H? based on the geodesic
represented by the y axis in C*, where r denotes directed hyperbolic
distance from i, along the y axis, and t denotes the directed hyperbolic
distance along the geodesic emanating, orthogonally, from the y axis. Of
course, the injectivity radius, here, is + 0.

We now consider the quadrilateral Q in Fig. 11, and establish the formula

(38) cos ¢ = (sinh r)(sinh ?).
D
c [
¢ Q
8 . A

Fig. 11
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Fig. 12

To this end, we represent Q in C* by Fig. 12, where E is the center of the
circle corresponding to the geodesic CD; ¢ is the radius of CD;

0 = 4 EOC, 0 = AODE;

and R, T are the Euclidean lengths corresponding to the hyperbolic lengths
r,t. We take 4 = i;so

¢ = {1 + R) tan 0, E =+ R)sech.
By the law of cosines,

1 -1
cos<p=——cos5—( ;IR_: R)— ctn 6,

and (38) follows from (37).
We now consider the upper half-space model of H" for general n > 2. To
map

R = {x e R":x" > 0},
to B", first let
(39) z=x+ (¢ — 2x"e,,
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where e, is the nth element of the standard basis of R". Then {x:x" > 0} is
mapped diffeomorphically onto {z: z" < 3}. Next, consider the inversion

(40) y=-¢ 1+ —e)lz—el

in the sphere of radius 1 centered at z = e,. Then {z:z" <3} is mapped
diffeomorphically onto {y:|y| < 1}. The composition of (39) followed by
(40) therefore maps R diffeomorphicaily onto B".

To determine the induced metric on R” we have

dz 2{dz,z — e,y

dy = - -
Vel T kel
ldz|? 1-2z7
dy|* = . ==
R e —ep
SO
ady _ ddeP

M=y =227
From (39) we have on R",
41) ds? = |dx|2/(x">.

We finally note that, in these coordinates, the Laplace operator is given
(using (I.33)) by

5 0 0
A= (xn)n z ﬁ((xn)z_n E)

i=1
n az a
_ m2 _ n
=0 L g TR g
that is,
@) TR A S
=Y 4 axiox X axe

is our formula for A on H" in the upper half-space model.



CHAPTER XI
The Selberg Trace Formula

Burton Randol

1. PRELIMINARIES

In this chapter we will discuss and apply some of the idea connected with
the compact case of the Selberg trace formula (Selberg [17), emphasizing the
differential-geometric rather than the arithmetic side of the theory, and
restricting our discussion to hyperbolic spaces. We begin with a very brief
review of some hyperbolic geometry.

Recall that hyperbolic n-space H" (n > 2) is a complete simply connected
Riemannian manifold having constant sectional curvature equal to —1, and
that for a given dimension, any two such spaces are isometric (Wolf [1]).

There are several models for H", the most important being the half-space
model, the ball model, and the hyperboloid or Lorentz model, with the ball
model being especially useful for questions involving rotational symmetry.
The half-space model consists of the open half-space of points
(Xg5--v»Xg_1,2) in R" for which ¢t > 0. The metric in this case is given by
(ds)*/t>, where ds is the Euclidean distance element, and this metric is
obviously conformal. The ball model consists of the open unit ball x| < 1
(x=(x4...,x,) in R% and the metric for this model is given by
4(ds)*/(1—|x|%)%. We will not use the hyperboloid model in this chapter, but
the algebraic structure of the isometry group is especially clear in this
model, and it is useful, among other things, for constructing examples of
compact hyperbolic space forms (cf. Borel [1]; Sullivan [1]).

We begin with a discussion of the half-space model. It is evident that if §
is any (n — 1)-dimensional hemisphere in R” whose equatorial plane is the
boundary ¢t = 0, then inversion, or reflection, in S is an isometry of H". This
is obvious since the hyperbolic length element is given by ds/t, which is
invariant under such reflections (recall that inversion in a sphere of radius r
and center X, is given vectorially by X — rX(X — X )/1X — X,)* + X,).
Clearly ordinary reflection in the intersection of the half-space with an

266
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(n — 1)-dimensional plane perpendicular to the boundary is also an isom-
etry. Note that by taking a product of two reflections in concentric
hemispheres we can obtain any homothety about any point on the bound-
ary, and by doing the same for two parallel half-planes, we can obtain any
translation, from which it is easy to see that the group generated by such
reflections, and hence the isometry group of H" is tramsitive. We will
henceforth call half-planes and hemispheres perpendicular to the boundary
hyperplanes, or hyperbolic hyperplanes, if there is danger of confusion with
Euclidean hyperplanes, and use the term reflection to mean reflection in
such a hyperplane.

It is a simple exercise to see that the image of a hyperplane under
reflection is again a hyperplane, and that any two hyperplanes can be
transformed into each other by a finite sequence of such reflections.
Additionally, any two generalized circles, that is, half-lines or semicircles
perpendicular to the boundary can be transformed into each other by a
finite sequence of reflections.

Suppose now that two points in the half-space model lie on a vertical line
L perpendicular to the boundary. It is then evident, since the hyperbolic
distance element is ds/t, that the unique shortest path between them is the
segment of L connecting them, and it follows that the portion of any such
line interior to the half-space is a geodesic. Since any two generalized circles
can be brought into each other by an isometry, and since for any two points
there is a generalized circle containing them, this shows that the geodesics
in the half-space model are precisely the generalized circles, and that for any
two points, there is a unique geodesic containing them.

Notice that a hyperplane has an intrinsic characterization as the locus of
points equidistant from two points. This is clear if the hypersurface is a
Euclidean half-plane perpendicular to the boundary, and since any two
hyperplanes can be brought into one another by an isometry, it is true in
general. Another intrinsic characterization which can be immediately ver-
ified is that a hyperplane consists of the union of geodesics perpendicular
to and passing through a fixed point on a geodesic. Reflection in a
hyperplane P can also be intrinsically described as follows: if a point p € H"
lies on P it is not moved. Otherwise, there exists a unique geodesic g
containing p and perpendicular to P. The image of p is then the point on
the other side of P which lies on g and at a distance along g from P equal to
that of p. Notice finally that a hyperplane in H” with the induced metric is a
totally geodesic subspace and a model for H" 1. This is clear from the
metric if the hyperplane corresponds to a Euclidean hyperplane per-
pendicular to the boundary, and it then follows for all hyperplanes by the
transitivity of isometries on the set of hyperplanes. Henceforth, we will
think of hyperplanes as intrinsic objects in H".
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Passing now to the ball model, we note that the fractional linear
transformation z — (z — i)/(z + i) of the complex plane maps the upper
half-plane Im z > 0 with the hyperbolic metric isometrically onto the unit
disk |z] < 1 with the hyperbolic metric. Since fractional linear transfor-
mations are conformal on C, it follows that the geodesics in the ball model
for H? are either open arcs of circles perpendicular to and having endpoints
on the boundary |z| = 1, or open diameters. In dimension 2, the hyper-
planes coincide with the geodesics. Additionally, in the ball mode! for H"
with n arbitrary, it is obvious from the metric that the intersection of the
ball with a Euclidean (n — 1)-dimensional equatorial hyperplane is a locus
of points equidistant from two points, and is therefore a hyperbolic
hyperplane. Now it is clear that the intersection with the ball of any
Euclidean k-plane through the origin is, with the induced metric, the ball
model for H* That such an intersection is totally geodesic can be seen by
first noting that it is a hyperplane and hence totally geodesic in some ball
model for H**1, obtained by intersecting the H"-ball with an appropriate
Euclidean (k + 1)-plane. Then working our way up until the process stops
at H" we eventually find that the intersection is the first stage in a tower of
subspaces, each of which is totally geodesic in the next, and hence it is itself
totally geodesic in the H"-ball. Since any two points in the H"-ball can be
connected by a unique generalized circle lying in a Euclidean 2-plane
through the origin, it follows that the geodesics in the ball model for
H™n > 2) are given, as in the 2-dimensional case, by open diameters or by
open arcs of circles perpendicular to and having endpoints on the bound-
ary. Since any hyperplane is the union of the geodesics perpendicular to
and intersecting some geodesic at a point, it follows that the hyperplanes in
the ball model are either intersections with the ball of Euclidean equatorial
planes, or intersections with Euclidean spheres perpendicular to the
boundary.

Suppose T is an arbitrary isometry of the H"-ball. By the transitivity of
the group of reflections we can find a reflection g such that g - T(0) = 0.
Now it is clear, since the metric is radial, that the subgroup of the isometry
group which stabilizes the origin is O(n), and since O(n) is generated by
reflections in equatorial hyperplanes, it follows that g - T is a product of
reflections and so therefore is T; that is, the full isometry group of H" is
generated by reflections.

Suppose now that M is a compact n-dimensional hyperbolic manifold,
that is, a compact Riemannian manifold having everywhere constant sec-
tional curvature equal to —1 (for a discussion of such manifolds, which are
numerous, see, for example, Borel [1], Ford [1], Sullivan [1], and Thurston
(1.

Now M can be regarded as the quotient of H" by a discontinuous
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compact group I' of isometries, which are the covering transformations of
M. Suppose y # e is a nontrivial element of I. Consider the function d(x, yx)
on H" where d denotes hyperbolic distance. Evidently it is bounded away
from zero, since for x € H", any arc in H" connecting x and yx projects to a
closed homotopically nontrivial loop on M, and by compactness there is a
smallest possible length associated with such a loop. Again using the
compactness of the quotient manifold M, it is easy to see that there exists
X € H" such that d(x,, yx,) actually achieves the minimum. Let g be the
geodesic passing through x, and yx,. Then y leaves g invariant, although it
does not in general fix the points of g. In order to see that g is invariant,
note that y maps g onto some geodesic g, which clearly passes through the
point yx,. Suppose g # ¢, that is, 6 # = (cf. Fig. 13). Let x be a point on g
between x, and yx,. By the triangle inequality, it must be the case that the
geodesic arc connecting x with yx is shorter than the sum of the lengths of
the geodesic segments connecting x to yx,, and yx, to yx. But this latter
sum is clearly d(xq,yX,), which is the presumed minimum of the function
d(x, yx). It follows that 6 = =, so g is invariant under y. As we shall see, if
v # e such a geodesic is unique, and is called the axis of y. In order to
obtain a canonical form for y, which will in turn imply this last result, note
to begin with that in the half-space model we can, by the transitivity of
isometries on geodesics, conjugate y into some ' so that the geodesic I,
which is the vertical half-line perpendicular to the boundary and emanating
from the origin is invariant by .

Now I, with the induced metric, is the half-line 0 < t < oo, with metric
(dt)*/t%, and it follows from calculus that every isometry of I is either of the
form S or TS, where S is a dilation ¢t — At (1 > 0), and T is inversion about
the point t = 1; that is, T is the transformation t — 1/t. For later con-
venience, we will denote by H! the Riemannian 1-manifold of which [ is a
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model. Now since every transformation of the form TS has a fixed point on
I, namely, t = A~ "2, and since d(x, y'x) is bounded away from zero (since 7’
is conjugate to 7), we conclude that the transformation y’ is a pure dilation
on I, which can be regarded as the restriction of a dilation
S:(Xgy ey Xg158) > (AXy, . .., AX,_q, Af) on H" It follows that S~y is the
identity on I. Passing to the ball model, and letting I correspond to a
diameter, we see that S~y in this model is an element of O(n) fixing some
1-dimensional subspace; that is, S™!y’ has a 1-dimensional eigenspace with
eigenvalue 1. It follows that S~ 'y’ can be identified in an obvious way with
an element of O(n — 1). Returning to the half-space model, we summarize
our conclusions.

If M = I'\H" is a compact hyperbolic manifold, then every y e I other
than the identity is conjugate in the full isometry group of H" to a
transformation of the form KS, where S is a dilation (x;,...,x,_;,t) —
(Axg,...,AX,_(,At), and K 1is an element of O(n — 1) acting on
(X15 - - -» X,— 1). Moreover, it is clear from this canonical form that for every
such y, there is exactly one geodesic I,, such that y(I,) = I,. This geodesic is
called the axis of y.

Suppose now that y, and y, are two nontrivial elements of I' which
commute. Then y,(1,,) = y,7:(I,,) = 717,(1,,); that is, the geodesic y,(1,,) is
invariant under y,. Since the axis of y, is unique, this shows that
7201,) = I, so I, is the axis of both y; and y,. In other words, any two
nontrivial commuting transformations in I" are coaxial.

Next suppose that I'' is a nontrivial abelian subgroup of I By the
previous argument, all the nontrivial transformations in I'" have the same
axis, which we will call A. Since I is discontinuous, so is I', which can be
regarded as acting discontinuously and in a fixed-point free manner on A,
which is a model for H'. It follows that I’ can be thought of as a group of
dilations on H? and it is well known that such a group, if it is discon-
tinuous, is infinite cyclic. Let y, e I’ generate the transformations of T'* on
A. Then it is easy to see that y, generates the transformations of I’ on H” as
well, since otherwise there would be a y, € I’ such that yy, is the identity
on A but not on H", for some integer k. Since no element of I’ can have a
fixed point, this is impossible. Summing up, we have shown that any
nontrivial abelian subgroup of I" must be infinite cyclic. Note also, for later
use, that the above arguments show that the centralizer of any nontrivial
element of I" must be infinite cyclic (cf. Preissmann [1]).

We next briefly describe the so-called Dirichlet fundamental domain D
for T taken about a point x,, in H".

Suppose x, is a point in H". Define D to be the set of x’s in H" which
satisfy d(x, xo) < d(x, yx,) for any y € I. Equivalently, D can be constructed
as follows. For a nontrivial y € I, consider the geodesic segment g, connect-
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ing x, to yx,. Let P, be the hyperplane which is the perpendicular bisector
of g,, and let H, be the closed half-space consisting of the points on the x,
side of p,, together with P, itself. Then D is the intersection of all the H.,’s,
and it is not difficult to see that it is in fact the intersection of finitely many
of them and is compact; that is, D is a compact convex polyhedron in H".
Moreover, it is easy to see that the polyhedra of the form (D) (y e I
tesselate H"; that is, H” is covered by the union of the y(Dy’s, and any two of
them either have no points in common, or intersect only at their bound-
aries, and in such a way that vertices always intersect vertices, and the
intersection is the convex span of the common vertices.

2. THE PRETRACE FORMULA

We begin by recalling a few facts from previous chapters.

(a) In the upper half-space model for H" the Laplacian is given by
A = r3(0%/0x3 + --- + 0%/oxE_, + 0%/ot*) — (n — 2)t 0/ot.

(b) The area A(r) of a sphere in H" of hyperbolic radius r is
C,_, sinh""'r, where ¢,_, is the area of the unit sphere in R" so the
Laplacian in geodesic polar coordinates about a point p in H" is given by

A = 8%/0r* + (n — 1)cothr 8/dr + Agy,,.,),

where Ag,., is the Laplacian on the geodesic sphere of radius r about p.

Suppose now that k(p) (—oo < p <o) is an even C* function having
compact support. By setting k(x,y) = k(d(x, y)), where (x,y) € H" x H", we
obtain a smooth function of x and y which depends only on the distance
between x and y. We will call such a function a point-pair invariant,

LEMMA 1. Suppose k(x,y) is a point-pair invariant. Then A k(x,y) =
A, k(x, y), where the subscript indicates the variable in which the Laplacian
is applied.

PROOF: Let us look for a moment at A k(x,y). In geodesic polar
coordinates about y, k(x,y) = k(r), since k(x,y) is radial about y, so
A k(x,y) = k"(r) + (n — l)cothr k'(r), since Ag.,k(r) =0. That is,
A k(x,y) = k"(d(x,y)) + (n — 1) coth(d(x, y))K'(d(x, y)).To examine A k(x,y)
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we take geodesic polar coordinates about x, repeat the argument, and find
that A, k(x, y) is given by the same formula. q.e.d.
Suppose now that f is a smooth function on H". Then the integral

. k(x, y) f(y) dy

makes sense, and we claim that the Laplacian commutes with this operation
of £, that is,

Al kxy) fly)dy = i} kx, y)(A, f(y) dy,
H7 n

or what is the same thing,

f (B, k(x, ) f9) dy =f Kx, 9)(A, £(3) dy.
#Hn Hn

To see this, recall that (AF, G) = (F, AG) if either F or G is compactly
supported, so

k(x, y)(A, () dy = N]"(Ay kx, y) f(y) dy,

H»

and by the last lemma, the integral on the right equals

(Ack(x, y)) f() dy,
Hn

which proves the assertion.

We next examine radial eigenfunctions of the Lapiacian. Suppose ¢
satisfies Agp = i¢ for some A, and that ¢ is radial about a point x € H".
Introducing geodesic polar coordinates about x, we see that

(1) @"(r) + (n — V) cothr ¢'(r) — Ae(r) = 0,

which is a second-order ordinary differential equation for ¢. This equation
has a singularity of the first kind at r = 0, and it follows from the standard
theory of such equations that for any A, real or complex, the general
solution is of the form ¢, f,(r) + ¢, f5(r), where f;(r) is an entire function of r
with f1(0) = 1, and f,(r) is defined for all r > 0, with a singularity at r = 0
of logarithmic type if n = 2, and of type r ="~ if n > 2 (Olver [1], pp. 148—
153]). In particular, for any fixed 4, real or complex, and any point x € H",
there is exactly one function wy(x,y), which is radial about x, with
w,(x, x) = 1, and which satisfies A jw;(x,y) = dwy(x,y). Since wy(x,y) is a
function only of d(x, y), it follows that it also satisfies A, w,(x, y) = dw,(x, y).



2. The Pretrace Formula 273

Suppose now that f is a function on H". We define its radialization about
a point x € H", written f¥(y), by setting f7(y) = [s_f(Ty)dT, where S, is the
subgroup of the isometry group of H" which stabilizes x, and dT is
normalized Haar measure on S, . As we have already seen, the S,’s are all
conjugate and can be identified with the orthogonal group O(n).

It is clear that f}(y)is a radial function of y, with ff(x) = f(x).

Suppose now that k(x, y) is a point-pair invariant. We claim that

k(x,y) f(y) dy = . k(x, y) f(y) dy.

H»

To see this, note that

kx, ) £20) dy = f Ky [ ) ar

Hn

_ f aT | kix,y) f(Ty)dy
M'I

x

=f aT| KT ) 0)dy

x

=J dT M"k(x,y)f(y)dy

- [ ke soay

which proves the assertion.

THEOREM 1. Suppose ¢ is an eigenfunction of the Laplacian, with
A = l¢. Then ¢ is also an eigenfunction for the integral operator cor-
responding to any point-pair invariant, and its eigenvalue in the latter
context depends only on 4, and not on ¢; that is, there exists a function A,
defined on the set of all possible eigenvalues, which we have seen in this
case is all of C%, such that ‘

. k(x, y) o(y) dy = h(d) p(x).

The fact that # does not depend on ¢, while easy to establish, is of crucial
importance for the development of the theory, because it shows that h can
be computed by using a simple set of representative eigenfunctions, which
makes unnecessary computations involving ¢’s about which we may a
priori know very little.
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PROOF OF THEOREM 1. We begin by noting that

K Do) dy = [ ke o) dy = o) [ Koyt ) dy.
i b Hn
Now it is easy to see that for a given A, the quantity [y. k(x, y)w,(x, y) dy
does not depend on x. In more detail, bearing in mind that the isometry
group of H" is transitive, note that for any isometry T,

k(Tx, Yo (Tx, y)dy = |  kix, T~ 'y)wy(x, T~ 'y)dy,

Hr (3t
= | kx,y)a,x,y)dy.
Hﬂ

It follows that if we set h(4) = [y k(x, y)@,(x, y) dy, the theorem is proved.

Let us now compute the function h.

For this purpose it is helpful to have a simple collection of representative
eigenfunctions, and in the half-space model, which is convenient for this
purpose, such a collection is provided by functions of the form 5 = &'°%,
where s is complex and we take the real branch of the logarithm. It follows
from the expression for the Laplacian in the half-space model that

) Ar = s(s + 1 — n)ts.

Since s(s + 1 — n) takes on all complex values as s ranges over the
complex plane, we can regard h as a function of a complex parameter r,
related to s by the equation s = ((n — 1)/2) + ir. This will be compu-
tationally very convenient. Note that in terms of r, (2) becomes

At(("‘l)/2)+ir = _(((n _ 1)/2)2 + rZ)t((n-l)/2)+ir‘

1t will also be computationally convenient to replace k(x, y) = k{d(x, y)) by
an arbitrary function of the form L(Q(x, y)), where L(p) (0 < p < c0)isa C*®
function with compact support and Q(x, y) = |x — y|*/tg, where |x — y| is
the Euclidean distance between x and y, with x = (x,,...,x,_,,?) and
y = (Vi -+ Vu—1,0). Note that Q(x, y) is a C* strictly increasing function of
d(x, y). Indeed, the relationship between d and Q is given by Q = (2sinh d/2)?,
so any L is automatically an even C* function of hyperbolic distance.

We will now determine h(r) as a function of L(x, y).

By Theorem 1,

3) J L(x, y)gl@= 021 +ir gy — p(p) gln=1y2) i,
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If we take x =(0,...,0,1), and note that by the conformality of the
metric, dy = ¢~ "dy, ---dy,_, do, the left-hand side of (3) becomes

f f dyl---dyn-lf L2 + - + 321 + (1 — 0P)o)e""26" dojo
. —w 0

1/2

After the transformation ¢~ /“y; — y;, this becomes

f J dyl"'dyn—lf L(y% + -+ yi—l + (0.1/2 — a—l/Z)Z)O.irda/a’
- - 0

or
f f dy}"'dYn—lf Ly} + --- + y2_, + (2sinh u/2)%)e"™ du,

if we set ¢ = 0.
Taking polar coordinates p = (y2 + --- + y2_ )20 = p"'(y1s . s Yn1)s
and changing the order of integration, this becomes

f ™ du f d9 f L(p? + (2sinh u/2)?)p"~ 2 dp,
sn-2 0

where d0 is the area element on $" 2 Since the integrand is independent of
6 and even in u, we find, after the transformation p? + (2sinh u/2)? — p,
that

@ o) = s |

0o

o e 4}

cos ru duj Lip)(p — z(u))"~ 32 dp,
2(u)

where z(u) = (2 sinh 4/2)% and for n = 2 we define ¢, = 2. This will be our
expression for h in terms of L. Notice that if n is even, the inner integral is a
fractional integral evaluated at z(u), and if n is odd it is an ordinary iterated
integral evaluated at z(u). In particular, if n = 3, it is simply — F(z(u)), where
F is the antiderivative of L which vanishes at infinity.

Let us next sec how to evaluate h in terms of an arbitrary k(x,y) =
k(d(x, y))-

If we think of k and L as functions of a single variable p (0 < p < o),
then it is evident that the L which corresponds to a given k is obtained by
setting L(p) = k o &(p), where 8(p) = 2z~ !(p). Substituting k - & for L in (4),
and noting that z'(p) = 2 sinh p, we then find that h(r) is given by

(5) 2¢,_, f ) cos ru du J. wlc(p)(z(p) — zZ(u))*~ 32 sinh p dp,
1] u

which is our expression for  in terms of k. Note that if n = 3, this becomes

Qo

6) h(r) = 47:.[‘ cosru dujmk(p) sinh p dp.
0 u
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Suppose now that M is a compact hyperbolic manifold. Then M can be
regarded as a quotient of H" by a fixed-point free discontinuous group I" of
isometries, and we have seen in the last section that I' is torsion-free as well,
since any nontrivial cyclic subgroup of I' must be infinite. Suppose f is an
I? function on M. Then f can be regarded as a function on H" which is I?
on compact sets, and automorphic with respect to I that is, f(yx) = f(x).
Conversely any such function can be regarded as an I? function on M. Now
it is very natural to ask how the operator corresponding to a point-pair
invariant acts on such an f. Accordingly, suppose k is a point-pair invariant
corresponding to an even C® compactly supported function on (— oo, c0).
For convenience, we will suppose that k is real, although this requirement
can be easily dropped. Consider the operator

¥)] f- - k(x, y) f(y) dy

on the Hilbert space of functions on H” which are I* on compact sets and
automorphic with respect to I, where the Hilbert space inner product is

(f,g)=fo?

(remember that I'-automorphic function which are I? on compact subsets of
H" can be regarded as I? functions on M),

Suppose now that F is a fundamental domain for I. Then the images of F
under I tesselate H" so we can write

" ke, fWdy =Y | kx,nfdy =Y | kix, ) f(yy)dy

vel v yF yel vF

= L(Z k(x, vy))f(y) dy.

vel”

Consider the function K(x,y) = Y, k(x,yy) (since k is compactly sup-
ported there are only finitely many nonzero terms in the sum for any given
x and y).

It is easily checked that K(x,y) is biautomorphic, that is,
K(y:x,7,y) = K(x,y) for any y;,7, € I. In addition, K(x,y) is C* and
K(x,y) = K(y, x) (since k(x, y) is a real point-pair invariant). It follows from
this that K(x,y) can be regarded as the kernel of a Hilbert—Schmidt
operator on I*(M), given by

®) fo fM K(x,7) /() dy.
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On the other hand, the action of K on a function f e I*(M) can be
computed by (7), if we lift f to H"

Suppose now that @g, @, @,, . .. is a complete orthonormal sequence of
eigenfunctions, real or complex, of the Laplacian on M, corresponding to
eigenvalues 0 = 4, < 4; < 4, < ---. (Following previous convention, we
write Ag, + 4,9, =0.)

If we regard the ¢s as automorphic eigenfunctions of the Laplacian on
H" we have already seen that they satisfy

k(x, Y)oi(y) dy = h(r)e[(x),
M'l
where, following our convention about the sign of 4;, r; is either of the two
roots of (n — 1)/2)* + r5 = 4,.
In terms of K(x, y), this says that the ¢,’s satisfy

fM K(x,9) @) dy = hr) ou(x).

That is, the ¢,’s are eigenfunctions of the Hilbert—Schmidt operator
corresponding to the kernel K(x,y), and since they are complete, they
constitute a complete orthonormal set of eigenfunctions for this operator. It
therefore follows from standard Hilbert—-Schmidt theory (Riesz—Nagy [1])
that

2K(x,y) = Y. h(r,) 9. (x) @),

where the convergence is in [>(M x M) and we count both r,’s correspond-
ing to a given 4,,. (If 4, = ((n — 1)/2)% we count r, = 0 twice.)
In other words,

) Y kix,py) = 33 h(r) @x)B,y)-
b n

What can we say about the validity of (9) in the sense of pointwise
convergence? From Theorem IV.14 we have that in two dimensions,
[¢allc = O(4) = O(r?), and in dimension m > 3, @], = O(4;"*) = O("?)
(cf. also deRham [1]). Since k comes from an even C*® function with
compact support, it is easily checked that  is entire and that h(r,) = O(r,™)
for any j > 0, so it follows that the right-hand side of (9) must converge
uniformly and absolutely to the left-hand side, since the equality is already
true in I2(M x M). This fact can also be derived from Mercer’s theorem
(Riesz—Nagy [1, p. 245]).

In the event k is complex, the truth of (9) follows, in both the I? and
pointwise sense, by splitting k into its real and imaginary parts. We will call
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the identity (9), in either its I? or pointwise form, the pretrace formula. The
function h is computed from (5). Equivalently, if we start with a function L
of Q(x, y), the pretrace formula is

(10) Y Llx, 1) = 33 ) o)D),

where h is given by (4).

A natural question to ask in connection with the pretrace formula is:
What are conditions on k, less restrictive than compact support, which wilt
guarantee the I? and/or uniform pointwise truth of (9)? We will not enter
into a detailed discussion of this question, but remark that the hypothesis of
compact support can be considerably weakened. In general, if we have a
k(x, y) for which we want to establish, say, the pointwise version of (9), we
define h by (5), verify that the right-hand side of (9) is absolutely and
uniformly convergent with this A, and then approximate k by a sequence of
smooth compactly supported point-pair invariants, for which the sum on
the left-hand side in (9) tends to the corresponding sum for k. We next try to
prove, for example, by dominated convergence, that the associated sequence
of the right-hand sides of (9) converges to the right-hand side corresponding
to k. It should be pointed out in this context that k(p) should be O(e™“?), for
some ¢ > n — 1, in order to guarantee the absolute convergence of the left-
hand side of (9), since the volume of the ball of radius r in H” grows like
e~V which implies that for a given y, the number of lattice points yy
which are within distance r of a given x grows like ¢~ 1". We leave the
following as exercises for the reader.

(a) Ifkis given by k(p) = e~ ’ for ¢ > 0, then (9) is valid, with absolute
and uniform convergence.
(b) If

kip) =1 for 0<p<r,
=0 for p>r,
then (9) is valid in the I?* sense.

3. APPLICATIONS
OF THE PRETRACE FORMULA

We will sketch three applications of the pretrace formula. The first, due
to Wolfe [1], is a hyperbolic version of Kendall’s celebrated result on the
number of Euclidean Iattice points in a random oval (Kendall [1]). The
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second, due to the author (Randol [9]), deals with ergodic properties of the
projection to a quotient manifold of dilating spheres in H". The third, due to
the author, describes analogs of classical electrostatics in hyperbolic mani-
folds. Although the discussion of each of these examples can be carried
out in arbitrary dimensions without any essential difficulty, we will in all
cases work in H?, because of the exceptional simplicity of formula (6), which
links k(x, y) to h(r) in that case.

A. Lattice-Point Estimates!

Suppose M is a compact 3-dimensional hyperbolic manifold. As we have
seen, we can regard M as a quotient of H*® by a discontinuous group I' of
isometries. For a given pair of points (x, y) in H? x H3 let Ny (x, y) be the
number of lattice-points of the form yy (y € I') which lie on the closed ball of
radius T about x. Then if, for arbitrary x and y we define k(x, y) to be 1 if
d(x,y) < T and O otherwise, it is clear that Ny(x, y) = Z,, kr(x, yy), and that
Ny(x,y) is biautomorphic; that is, for any y,v, € I, N(y,x, 7,¥) = Ng(x, y),
so Ny(x, y) can be regarded as a function on M x M. By the exercise at the end
of the last section, the I* pretrace formula is valid for ki(x,y), so we
conclude that in the sense of I? equivalence

(11) Nz(x,y) = 3 ¥ hr(r) 0(x) ),

where the subscript on & indicates its dependence on the parameter T.
Suppose now we regard Np(x,y) as a random variable on M x M, where
M x M is equipped with the product of normalized hyperbolic measure on
each of the factors. Then it follows from (11) that the mean of N{(x,y) is
A~ 'h(i), where A is the volume of M. (Recall that in three dimensions the
two r,’s which correspond to A, = 0 are i and —i, and that @, = 4~ Y2)
Again by (11), bearing in mind that the functions ¢,(x)@,(y) are orthonormal
on M x M with respect to the product of ordinary hyperbolic measure on
each factor, we find that the variance of N(x, y) is given by

(12) (24)72 ¥ |hr(m)l?,

where the prime means that the values r, = +i are omitted from the sum.

!Compare Giinther [1], Patterson [1], and Wolfe [1].
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We wish to estimate the variance as a function of 7, and for this we need
to compute h{(r). By (6), h(r) will be given in this case by

41tJ~ cos ru duf k(p) sinh p dp
4] u

T
=4z f (cosh T — cosh u) cos rudu
0

(13) = {4n/r(1 + r?))(cosh T sin rT — rsinh T cos rT) (r #0,+0)
= (4n)(T cosh T — sinh T) (r=0)
= nsinh 2T — 27T (r = ti).

Note that the value of h(+i) coincides with
T

WT) = 47tf sinh?u du,

0
which is the volume of the ball of radius T in hyperbolic 3-space, and that

hy(r) = O *¥IT)
if r is imaginary and |r| < 1, and
hy{r) = O(r>¢(T))

if 7 is real, where e(T) = Te” if r, = 0 is present, and equals e otherwise.
Note also that by Weyl's asymptotic formula for the eigenvalues,
Y oIl @ *? is convergent, for any & > 0.

Combining these facts, we are led to the following conclusions:

(a) The expected value of Ny(x, y)is A7 WV(T).
{b) The variance of N{(x, y) is given by

(14) QA2 Y Ihn)?
where h(r) is given by (13). In more detail, each imaginary r, which is
present in (14) contributes a term which is asymptotic to

447202 |r (1 + £~ 22T,

while the infinitely many terms corresponding to real r,’s in (14) are in their
aggregate O((e(T))?). In particular, the standard deviation is asymptotic to

247 'n(of1 + o) le T,

where « is the largest absolute value in the interval (0, 1) of an imaginary r,.
If no such r, is present, the standard deviation is O(e(T)).
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Remark 1: Notice the special role played by the imaginary r’s with
jr,l < 1 in this result, or what amounts to the same thing, the 1,’s satisfying
0 < 4, < 1. In general, the eigenvalues (if any) of a compact n-dimensional
hyperbolic manifold which satisfy 0 < 4, < ((n — 1)/2)* are called small
eigenvalues of the manifold (cf. Randol [1]), and as we shall see, they play a
prominent and striking role in many aspects of the theory.

Remark 2: The pretrace formula can also be used to derive lattice-point
estimates for fixed values of x and y (cf. Giinther [1]; Patterson [1]).

B. Ergodic Properties of Projections
of Dilating Spheres

As before, we assume for simplicity that n = 3. Keeping the previous
notation, define, for fixed x € H3, du(x, y) to be normalized hyperbolic area
measure on the sphere of radius T about x, and for fixed x € M, denote by
dmy(x,y) (y € M) the projection of du;(x,y) onto M, that is, the dm;,
measure of a set in M is the measure with respect to du; of its total
preimage under the projection from H?3 to M. Then

(15) dm(x,y) = Y dp(x, yy),

and the right-hand side of (15) can be analyzed using the techniques we
have developed. By approximating the measure du(x,y) by a family of
smooth compactly supported functions, we find that the effect of dm(x, y)
on a C* function f on M is given by the formula

(16) L FO)dmy(x,y) = 1Y eaha(r) o:x),

where ¢, = [y f(x)@,(x) dx is the nth Fourier coefficient of f, and h.(r) is
computed in accordance with (6), with the function k(p) replaced by
(4msinh®T)"! times a J-function concentrated at p = T. Carrying out this
computation, we find that

hi{r) = (sinrT)(rsinh T)~ .
To estimate the ¢,’s, note that
leal = I(f, @)l = 47 °(f, Bg)l  forany i>1
= 4y ‘WAS, @)
< A4 NS = 06 %),
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by the Cauchy—Schwarz inequality, where the inner products and I norm
are taken over M.

On the other hand, we have already remarked (Theorem IV.14) that
ol < 2% so for large i, the series on the right in (16) converges

absolutely and uniformly. Moreover, since it is easily checked that

cohr(ti)gox) = A" f .
M

which is the integral of f over M with respect to normalized hyperbolic
measure, we conclude that the difference D,(f) between the integral of f
with respect to normalized hyperbolic measure and the integral of f with
respect to dm(x, y) is given by the formula

DT(f) = zl cnhT(rn) (Pn(x),

where as before, the prime means that the values r, = +i are omitted from
the sum. Since as we have seen, |c,@,(x)| = O(4,”) for any fixed j > 1, this
implies that the asymptotic behavior of D.(f), which is a standard measure
of equidistribution of dm{(x,y), can be studied in terms of the h(r,)’s. In
particular, remembering that h4(r) = (sin rT)(r sinh T)™ %, our analysis leads
to the following conclusions:

(@ If M has small eigenvalues, then Dy(f) = O(e® 7), where a is
defined as in the previous example.
(b) If M has no small eigenvalues, then D{(f) = O(e™ 7).

Remark 3: This account is adapted from Randol [9], in which pro-
jections of dilations of more general sets in R" onto the n-torus are also
discussed.

Remark 4: Peter Sarnak has also studied projections of dilating spheres
in H3 using the wave equation.

C. Electrostatics

We retain the notation of the previous examples, and again for simplicity
assume that M is 3-dimensional. In what follows, we will think of M as a
conductor of unit conductivity. Additionally, we postulate a force law for
M, that is, a smooth real-valued function H(p), defined on [0,00), which we
will assume arises from a potential k(p) by the relation k'(p) = — H(p), where
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k(p) is a smooth function on [0,cc) which vanishes at infinity and for which
the pretrace formula (9) is valid, with uniform and absolute convergence.
We will assume that the effects created by a charge concentrated at a point
propagate along geodesics, with an attenuation given by the force law for
M, and obey the law of superposition. More precisely, if a unit of charge is
located at y € M, then its effect at x € M (x # y) is given by Y, H(L,)V,,
where L, ranges over the lengths of the geodesic segments g, connecting y
to x, and V, is the unit tangent vector to g, at x. If a unit of charge with
negative sign is located at y, we define its effect at x to be -, H(L,)V,.
Additionally, we think of vector fields on M as force fields, and assume that
such a field F induces a current on M. The direction of the current at a
point x € M is that of F at x. Under the influence of F, the instantaneous
rate of flow of charge out of a small piece Q of M having boundary dQ is
assumed to be given by integrating the dot product of F with the outer
normal to dQ over dQ, and therefore by the divergence theorem is equal to
fodiv F.

Ohm’s law suggests that we define the instantaneous power generated
within S by the current induced by F to be f,(F, F), that is, the square of the
I? norm of F over Q.

Let us examine some of the consequences of these assumptions.

It is evident from the definitions that if we lift everything to H?3, then the
effect at a point x € H? of a unit charge concentrated at y € H? is given by
Y., H(d(x, yy))V,, where V, is the unit tangent vector at x to the geodesic
segment connecting yy to x. Now it is easily checked that
H(d(x, yy)V, = =V k(x, yy), where “V,” denotes the gradient taken with
respect to the x variable, and k(x, y) = k(d(x, y)), so it follows that

Y H@(x, vV, = =V ) kix, p),
Y Y
and by the pretrace formula,

_Vx k(X, )’Y) = _Vx Z h(rn) (pn(x)an(y)'

Passing back to M, we conclude that the vector field corresponding to a
unit charge located at y € M is given by

(17) Flx,y) = = hr) (Vo () )

(the gradient removes the constant function).
Suppose now that we have a distribution m(y) of charge on M. If we
define the vector field it produces to be

Fo(x) = f F(x, y)m(y) dy,
M
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it follows from (17) that
(18) Ful(%) = =Y. ayhr) Vo, (x),

where agy,a,,4a,,... is the sequence of Fourier coefficients of m(x) with
respect to @g, @5, P35 . - .-

Suppose now that we have force fields F,(x) and F,,(x), corresponding to
two charge distributions m and m’ with Fourier coefficients ag, a;,a,, . ..
and by, by, b,y,.... What is the inner product of F, and F,, that is,
.‘.M (F ms F, m’)?

It follows from (18) that the inner product will be given by

(19) Y5 ab ko) | (V9.Ve) = X a,b b,

where the last conclusion follows from Green’s theorem for M.
In more detail, because of Green’s theorem, the nondiagonal terms in (19)
are zero, and

f (an,V<pn)=—f 0uBay = A
M M

In particular, we conclude that the square of the I? norm of the force field
F,, corresponding to a distribution with Fourier coefficients aq, a,, a,, . .
is given by the formula

(20) IFI? = 3 la,l? A 4,

(]

This leads at once to an interesting conclusion, which we express as a
theorem.

THEOREM 2. For any force law, a constant charge distribution on M
always gives rise to the zero force field on M. If the function h does not
vanish at any r, # +i, then the constant distributions are the only distri-
butions having this property, which we will call neutrality. If, on the other
hand, h vanishes at one or more of the r,’s # +i, then there are nontrivial
neutral distributions. These distributions are precisely those whose nonzero
Fourier coefficients occur at indices corresponding to r’s at which h
vanishes.

Remark 5: 1t is possible to exhibit force laws for which there are non-
trivial neutral distributions. Interestingly, there are an infinite number of
Gaussian potentials, that is, k’s of the form e~ * (B > 0) for which there
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exist such distributions. In order to see this, note that if we integrate (6) by
parts, we find that

h(r) = (4n/r)fwk(p) sinh p sinrp dp.
0

It follows that if we define k(p) = e~ ?“/*4 (4 > 0), then up to a multipli-
cative constant depending on A, h(r) = r~'e”“"* sin 2Ar (Bateman [1, p. 92,
formula 37]). From this it is clear that by appropriately selecting A, we can
produce a zero of h at any nonzero real r,. On the other hand, it is easy to
see that the conditions k(p) > 0 and (k(p) sinh p)’ < 0 will ensure that h(r) is
positive on the real axis, and on the segment of the imaginary axis between
—i and i. To avoid later anomalies involving the potential energy of
distributions, we will in what follows assume that h(r,) > O for all r, # +i.

Suppose now we begin with a distribution m(x) which is not neutral, and
wish to describe its evolution toward a neutral distribution. What is the
differential equation of this process? If we denote the distribution at time ¢
by m(x,t) (m(x,0) = m(x)), the corresponding force field by F,(x,t), and
recall that the instantaneous rate of flow of charge out of a small ball @ in
M is given by jQ div_F,(x,t)dx, we easily conclude, by considering this
quantity divided by the volume of Q as Q shrinks to a point, that

0/0t m(x, t) = —div, F,(x, t).

Denoting the Fourier coefficients of m(x, t) by ao(t), a,(t), a5(¢), ..., and
recalling that by (18),

Fm(x’ t) = —Z’ a,,(t)h(r,,)V(p,,(x),

n

we conclude that

0/0t mix, 1) = Y ay(t) gux) = div, Y a (&) h(r) Vo, (x)

n

= Y a,(t)h(r,) div Vo, (x) = Y a,(t) h(r,) Ap,(x)

= — ZI an(t) h(rn) ll,, (pn(x)'

This implies that
a;r(t) = _an({) h(rn) An >
or

a,(t) = a(0)e M
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We collect these conclusions into a theorem.

THEOREM 3.
a,(t) = a,(0)e ™ "r=nt

m(x, 1) = =3 a,(0)e "rAtg,(x),

and so, by (18),
Fo(x, 1) = =) a,(0)e ™" *h(r,) Vo, (x).

From this we see that m(x) decays exponentially into the neutral distri-
bution whose Fourier coefficients are zero except at those n for which
h(r,) = 0, where the Fourier coefficient is simply a,(0). We are, of course,
using the assumption that h(r,) = 0 for all r, # +i.

What is the energy expended in this process, that is, what is the potential
energy of m(x)?

Recall that the instantaneous power produced over all of M is given by
{s(F,, Fy), and it follows from Theorem 3 and (20) that this equals

>’ |a (0)2e ™ 2Hini(h(r )24, .

The total energy expended in moving to a neutral distribution is accord-
ingly given by

[ T taioie 2t di = 45 0,00,

THEOREM 4. If the force law is such that h(r,) > 0 for r, # +i, then the
potential energy of a distribution m(x) having Fourier coefficients
ag, 4y, 45, . . . is finite, and is given by

52 la, k().

Remark 6: This result can also be derived from the counterpart of the
standard formula (Wermer [1, p. 33]) for the energy of a distribution in
terms of the potential function.

COROLLARY. Under the circumstances of Theorem 4, the maximum
potential energy which an I? distribution of norm 1 can have is 4 max, h(r,).
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This maximum is achieved for any normalized distribution whose nonzero
Fourier coefficients occur at indices for which A(r,) is a maximum.

Remark 7: This is only one of several possible corollaries of this type,
each of which corresponds to a different admissible class of Fourier
coefficients. The corollary suggests the possibility of an intrinsic notion of
capacity for all of M, if one defines the capacity of M to be the maximum
potential energy that M can hold, as a result of the presence of a suitably
normalized charge distribution. Alternatively, one can minimize rather than
maximize the potential energy. This will not give anything interesting for M
itself, but for subsets it can. For a subset S one can, for example, take the
infimum of the potential energy over the set of nonnegative measures
supported on S and having suitably normalized L* Fourier coefficients.

There are other avenues of investigation suggested by Theorem 4. For
example, suppose we take a finite number of §-functions on M, supported at
points x,,...,xy. It would be interesting to know something about the
stable configurations for such a collection, that is, the configurations for
which the associated force field vanishes at x,,...,xy. The previous
analysis predicts that with the passage of time, the charges will diffuse out
and cease to be pointlike, but it is intuitively plausible, and can be proved
using (17), that a configuration which minimizes potential energy is stable,
and the potential energy in the case at hand can be described. In particular,
the nth Fourier coefficient of such a distribution is @,(x,) + - -+ + @,(xy),
and so by Theorem 4, the question becomes one of finding local minima in
the N-fold Cartesian product of M with itself for the function

N N
@ 12( 2 £ amin i
i=1j=1
This is probably in general difficult, although there are some easy
consequences of (21) that one can derive immediately. For example, if the
x;s are identically and uniformly distributed throughout M, and if we
normalize the volume of M, then the expected value of the energy is

(N/2) Y h(r).

Remark 8: Although we have carried out the analysis in the context of
H3 because of the simplicity of the transforms which arise in that case, there
is no intrinsic dimensional restriction involved, and similar conclusions are
true for any H". Additionally, an analysis of this kind can be carried out,
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using the Poisson summation formula, for quotients of Euclidean spaces by
lattices of translations.

Remark 9: There are, of course, many applications of the pretrace
formula besides those which we have sketched in this section. For example,
it can be used to study eigenvalue and eigenfunction asymptotics of M (cf.
Randol [8]).

4. THE TRACE FORMULA

Suppose we set y = x in either form of the pretrace formula and integrate
over M, thereby eliminating the eigenfunctions. Is the resulting trace
formula of interest?

In order to study this question, we will work in the covering space and
take as our starting point the form of the pretrace formula given by (10).
Setting y = x in (10) and integrating over a fundamental domain F of I, we
obtain

(22) Y h(r,) = 2AL(0) + 2 z’j L(x, yx) dx.

Let us group the terms on the right of (22) by conjugacy classes of I. Let
{y} denote the conjugacy class of I' determined by the element y. We are
then led to consider sums of the form

Y fL(x, yx)dx.

ye{yo} vF

A typical term of the last sum is of the form

[ L ronds = [ Lowwannas = | L wnax,
yF
On the other hand, if 97 9071 = ¥; 'Yo¥2, then yo(y,95 ") = (7177 )70, 8O
that y,7; ' € I, where I is the centralizer of y, in T; that is, y, = y'y,,
withy" e I,
It follows from this that the sum on the right-hand side of (22) can be
replaced by

(23) 2%* j L(x,yx)d

where the sum is now over one representative from each nontrivial con-
jugacy class of I, and D, = Uyl v F, where y; ranges over a set of repre-
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sentatives from the orbits of the left action of I, on I'. Now it is easy to
check that D, is a fundamental domain for I/H" and that the integral in
(23) is the same for any two fundamental domains of I, which are not too
pathological. In order to select a particularly advantageous fundamental
domain, let us look at I',. As we have seen in the first section of this chapter,
I, is infinite cyclic. Suppose & is a generator for I, such that y = é™ for
some positive integer m. By conjugation within the full isometry group, if
necessary, we can assume that ¢ is of the form K,8,, where S, is a dilation
Wis- s Vnoist) = (Ns¥4, -« s N5yu_1, N5t), with N5 > 1, and K, € O(n — 1)
operates on the y,, ..., y,_, variables. Such a change of coordinates on H"
will of course have no effect on the computation of a typical integral in (23).
Note that in such a coordinate system, 7 itself is of the form KS, where
K = K% and § = S§ (since K, and S, commute), and by analogy with Nj,
we define N, = Nj', which is the dilation factor for y in this coordinate
system. This is clearly a well-defined function on conjugacy classes.

It is evident from this that the subset of H” defined by 1 <t < N; is a
fundamental domain for I, and we will now define D, to be this set.

In view of this, we need to compute
Ns

L(x, yx) dx = f = dt f Lilw — KSw|* + (1 — N,)2t%)/N, 1) dw,
1 Rt

b, t=

where we have set (y,...,V._1,¥) = (w,t), recalled that L(x,y)=
L(}x — y|*/ot), and restricted KS to R"! in the obvious way.
If we make the transformation (N,/?t)”'w — w, this becomes
N

N2 f lz-l dt L L(UI — KS)w? + (NM? — N; Y2)?) dw,
t= Rn-1

where I is the identity transformation on R"". Setting I; = log N;,
I, = log N,, this becomes

N 112, L4 — KS)w|* + z(L)) dw.

[1: 3R }

After the transformation (] — KS)w — w, this becomes

N~ D2 |det(I — KS)|™* f

RrRn

LW + 2(0,) dw.

If, now, we introduce polar coordinates (p, §) in R"~ and then make the
transformation p? + z(L,) — p, exactly as in the steps leading up to (4), we
find that the last quantity becomes

NG ORLdet(I — KS)'e,-s | Lip)p — 2(0,)" ¥ dp.

z(ly)
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By (4), the integral in this expression is the cosine transform of
2(nc,_,)” 'h(r), evaluated at I, so if we define

gu) =n""! f h(r) cos ru dr,
0
we have shown that

f L(x,yx)dx = N{"~ V2l |det(I — KS)|""g(l,).
D,

Thus, if we define A(y) = I;, and note that the quantity |det(] — KS)|~ ' is
a well-defined function on conjugacy classes, we obtain

(24) Y h(r) = 2AL(0) + 2 ) Ni"~ V2A(y)ldet(I — KS)|™g(l,),
n 1$7]

where the sum on the right is over the nontrivial conjugacy classes of T.
Notice that in (24) the only remaining vestige of the function L is the first
term on the right, which suggests the possibility of regarding h or its
transform g, rather than L, as the primary function and thereby directly
studying the effects on (24) of various transform pairs.

Suppose, for example, we regard g as the primary function. Then as we
have remarked, (24) implies the relation

(25) c,—29(0(u) = f Lip)(p — w2 dp,

where as before, 6(u) = z~ '(u).

If we make the assumption that g is an even C™ function of compact
support, then G(u) = ¢, *,g(8(u)) is C* with compact support on [0, o), and
if n > 3 is odd, we conclude from (25) that
(26) L{w) = b, G~ (),

while if n > 2 is even, we find that

@1 [ Lore - w2 ap = b6 212w,

where we have set b, = (—1)""Y((n —3)/2))" ! if n is odd, and
b, = (1) 22(((n — 3)/2)((n — 5)/2)- - %)—1 if nis even (b, = 1).

Now (27) is an instance of Abel’s integral equation, and it is well known
(cf. Courant [1]) that (27) implies that

(28) L(u) = —n_lan.mG("/z)(p)(p _ u)_l/z dp
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It follows directly from (26) if n is odd, and easily from (28) if n is even,
that under the hypotheses on g, L(u) is C* with compact support on [0, 0).
For the case n even, one integrates the right-hand side of (28) repeatedly by
parts, from which it is easily seen that L has arbitrarily many derivatives.

That is, if g is an even C*® function of compact support, then g
corresponds to a valid L in the pretrace formula. Moreover, by the Paley—
Wiener theorem, if the function 4 is an even entire function of exponential
type, and of rapid decrease on the real line, then the corresponding g will be
an even C* function having compact support, so there are realistic con-
ditions on either 7 or g which will guarantee the validity of (24), with
absolute convergence on both sides.

Remark 10: It can be shown more generally that if h is even and
holomorphic in a strip of width greater than n — 1 about the real axis, and
if h(r) = O(r~"*?) uniformly in this strip as r — oo, then (24) is valid, with
absolute convergence on both sides.

Let us now look more closely at L(0).
Suppose n odd. Then since

gu)=n""! J h(r) cos ru dr,
0
it follows from (26) that

L(0) =f h(r)®,(r) dr,
(1]
where
(29) Or) = (me,_5)” b, 0" 2 /0u" V2 cos ro(u)) |, -
If n is even, similar reasoning based on (28) leads to the conclusion that

L(0) = fwh(r)mn(r) dr,
0

where

(30) D,(r) = —(n*c,-5)" ‘b..fmp" Y2(9"2/9p"* cos ré(p)) dp.
o
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Let us calculate @,(r) and @;(r). We begin with ¢4(r). By (29),
@y(r) = —(2n2)~ 1(0/0u cos ré(u))|,—o = (27%)~ ! lim r(sin ré(u))'(u)
u—0

= (2n?)~? lim r(sin ré(z(u))) 6 (z(u))
u—0

= (2r?) ! lim r(sin ru)(csch u)

u—0
= (2n%)~ 2

We next calculate @,(r). By (30),

®,(r) = —(2n?) 7! pr‘ Y2(6/0p cos ré(p)) dp.
(1]
Now for p > 0,
0/0p cos rd(p) = —(r sin &(p))5'(p),

so if we set u = d(p), p = z(u), the last integral becomes
(2r?)~! f r(sin ru)(csch u/2) du,
1]

where we have used the fact that z'(u) = sinh u.

The last integral is a sine transform, and it follows from Bateman [1, p.
88], that it equals (2n)~ !r tanh nr.

Recapitulating, we have shown that

@,(r) = 2n) !r tanh nr,
and
@5(r) = (2n%) "2

In general, ®,(r) will be a polynomial of degree (n — 1)/2 in r? if n is odd,
and will be a polynomial of degree (n — 2)/2 in r? times r tanh nr, if n is
even. We mention without proof that it can be shown using Harish-
Chandra’s Plancherel formula for spherical functions (Harish-Chandra [1])
that in general

D,(r) = ne,2m)~?|TGr + (n — 1)/2)*|TGr)| 7%

where m,, is the volume of the unit ball in R" It would be an interesting
exercise to derive this from (29) and (30).
Summarizing, for suitable transform pairs h and g,

Y Kr,) = ZAImh(r)Q,(r) dr +2) N7 " D2A(y)|det(] — STK™ Y|~ g(l,).
n 0 {7}
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or what is the same thing,

Z h(r,) = 24 f:h(r)(b,,(r) dr + 2 Z N, "~ D2A(y)idet(I — STIK™ Y|~ lg(l),),
n [%2]

(31

with absolute convergence of both sides. We will call the identity (31) the
Selberg trace formula.

Note that in 2 dimensions, if I" is a group of directly conformal (i.e.,
holomorphic) transformations, which we can always assume to be the case
by the uniformization theorem, then K is the identity for all {y}, and

Ny V2det(T — STHKT|TH = Ny VAL = N T = fesch /2,

so in two dimensions, the trace formula becomes

(32) Z h(r,) = (A/m) uDh(r)r tanh nr dr + Z A(y)(csch 1,/2)g(l,).
n 0 [¢7]

For reasons of notational economy, we will henceforth designate the
quantity |det(] — S™*K~1)|™ %, which occurs on the right-hand side of (31),
by D(y) (D(y) of course depends only on the conjugacy class of y).

5. APPLICATIONS
OF THE TRACE FORMULA

A. The Geometric Information Contained
in the Laplace Spectrum

Suppose M is a compact hyperbolic n-manifold. We will call the sequence
of eigenvalues 0 = 4, < 4, < 4, <---, with repetitions for multiplicities,
the Laplace spectrum of M. Knowing the Laplace spectrum of M is clearly
equivalent to knowing the numbers {r,} which occur on the left side of the
pretrace and trace formulas.

Now it follows immediately from the Weyl asymptotic law for the
eigenvalues that two manifolds having the same Laplace spectrum have the
same dimension and volume. We remark that the Weyl law in the case at
hand can be easily obtained from the trace formula (cf. Hejhal [1]).

Let us examine the geometric meaning of the numbers {/,} which occur
on the right-hand side of the trace formula. Suppose y € I' is an element of
the conjugacy class associated to /. Then the axis I, of y projects to a
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geodesic on M which must be closed, since it follows from the definition of
I, that any two points on I, which are distance I, apart are identified by y.
In this way, we can associate to y a closed geodesic on M of length [, and it
is evident that the closed geodesic resuiting from this process depends only
on the conjugacy class of y.

Conversely, every closed geodesic g on M corresponds to a unique
conjugacy class of I in the above way, for if we lift g to a geodesic I in H", it
follows from the fact that g is closed, that there must be some y € I" which
takes a given point p, on I to a point p, on I, with d(p,, p,) = length(g). It
is then clear that if S denotes the segment of I from p, to p,, that S and y(S)
must join smoothly at p,, since otherwise the projection of S to M would
have a corner; that is, I must be invariant under y, so I =1, and
I, = length(g). Clearly such a y is unique for a given lift I of g, since if y, and
y, both have these properties, then y; 'y,(p,) = p,, which is impossible
unless y;, = 7,. It follows easily that if we consider all possible lifts of g, it is
precisely the elements of {y} which correspond to g in the above way.

That is, we can identify the nontrivial conjugacy classes of I" with the
closed geodesics of M, and the numbers {l,} are precisely the lengths of the
closed geodesics. It is customary to call the sequences of the I.’s, arranged in
nondecreasing order and with repetitions for multiplicities, the length
spectrum of M.

Suppose now that two compact hyperbolic manifolds M and M’ have the
same Laplace spectrum. If we apply the trace formula (31) to both of them
and subtract the resulting identities from each other, we conclude, since the
volumes of M and M’ must be identical, that the sum which is the second
term on the right-hand side of the trace formula must be identical for M
and M'. If now for a given | > 0, we let the function g in the trace formula
range through a family of even functions whose restriction to [0,00) is
supported in progressively smaller intervals about I/, and such that
g(h) = @~ V2 for any g in the family, we find that the following quantities
are identical for M and M’': The numbers /, which can arise as the length of
some closed geodesic, and associated with each such [/, the sum of the
corresponding numbers A(y) D(y).

Let us examine the implications of this result for the 2-dimensional case.

In this case, as we have seen, we may assume that D(y) = |1 — N,;7!| 7%,
which is computable from [, alone.

Now among the nontrivial conjugacy classes of I there are the so-called
primitive ones, which are the conjugacy classes not of the form {y*}, for any
k > 2. These correspond to the primitive closed geodesics on M, that is, the
closed geodesics which do not wrap around themselves.

Suppose now that two compact hyperbolic 2-manifolds have the same
Laplace spectrum. By our previous remarks, the corresponding length
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spectra must both have the same first element /,, and any conjugacy class
corresponding to [, is clearly primitive. Now in 2 dimensions, we can
compute the multiplicity m, with which I; occurs, since as we have
remarked, in this case D(y) is computable from [,, and for a primitive
conjugacy class, A(y) = ,. For each j > 1, we can then remove from each
length spectrum m, elements of the form ji,. The first element of each of the
two remaining sequences clearly corresponds to a primitive conjugacy class.
It follows from repetition of this process that the length spectra of M and
M’ must be identical, since any nontrivial conjugacy class is a positive
integral power of a primitive conjugacy class; that is, in two dimensions, the
Laplace spectrum determines the length spectrum. We therefore conclude
that two compact hyperbolic 2-manifolds having the same Laplace spec-
trum have the same volume and the same length spectrum. It follows from
the Gauss—Bonnet theorem that they must also have the same genus, and
therefore isomorphic fundamental groups, since they are of constant curva-
ture —1 and have the same volume. Conversely, it is not difficult to show
that two such manifolds having the same length spectrum and volume must
have the same Laplace spectrum (cf. McKean [2]). We remark that there is
considerable redundancy of information in these data. For example, it is not
difficult to show that in the case at hand, the length spectrum determines
the volume, and there are other redundancies as well (McKean [2]).

Is it perhaps the case that two compact hyperbolic 2-manifolds with the
same Laplace spectrum are isometric?

Wolpert [1] has shown that this is close to being correct, in the sense that
the Riemann surfaces not characterized by their Laplace spectrum are, in a
precise sense, very infrequent in an appropriate space of such surfaces. On
the other hand, Vignéras [1] has shown that in two and three dimensions,
there exist nonisometric pairs of compact hyperbolic manifolds having the
same Laplace spectrum (cf. also Sunada {1]). In three dimensions this has
the striking corollary that the Laplace spectrum does not even determine the
fundamental group, since by the Mostow rigidity theorem (Mostow [1]),
any two compact hyperbolic 3-manifolds having the same fundamental
group must be isometric.

B. The Asymptotic Behavior of the /,’s?

For T > 0,define G(T) =), _, 1.
What is the behavior of G(T)as T — o0 ?

2DeGeorge [1], Hejhal [1], Huber [1], Langlands [1], and Randol [3].
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We will study this question by studying the asymptotic behavior of a
sequence of auxiliary functions culminating in G(T). The first auxiliary
function is H(T), defined by

H(T) = IZT A1 + Ny~ D)D(y).

In order to describe the asymptotic behavior of H(T), set
B = (n — 1)(1 — 4n), and introduce numbers a,, . . ., a,, by defining «; to be
Ir| + (n — 1)/2, where ry,...,r, is the sequence, in order of decreasing
absolute value, of those r,’s in the trace formula which are located on
the open segment of the imaginary axis between ((n — 1)/2)i and
((n = 1)/2)(1 — 1/n)i. If there are no such r’s present, we simply omit the
terms arising from the s in all subsequent estimates. Finally, for typo-
graphic convenience, introduce a function Ex(x) (T,x > 0), by setting
Efx) = x~ e~

LEMMA 2, As T —» 0,
H(T) = Ex(n — 1) + Ef{2,) + -+ + Eq(,) + O(e7).

We will defer the proof of this lemma for the present and now examine
some of its consequences.

If we recall that D(y) = |[det(] — S" 1K~ ')|™!, that K~ ! and S~! com-
mute, and that the powers of K~! are all orthogonal matrices and thus
have columns which are unit vectors in R""!, it follows easily from the
Neumann series for (I — S™'K~ '), that D(y) = 1 + O(N,”'); that is

HT)= 3 AG(L+ N1+ 0N )

LsT

~ T A+ 0( ZTA(y)N;l).

L,<T I,<

~Efn-1), by Lemma 2.
Thus, if we define
WT) = Y A®),

LsT
it follows from the last estimate and the fact that only a finite number of the
N,’s are less than any fixed bound, that Y(T) ~ Ef(n — 1).

We therefore find that

T
X AWK =f e dy(x) = O(e"~2T)
[

LT

ifn>2,and =0(T)ifn = 2.



5. Applications of the Trace Formula 297

Thus, by Lemma 2 and the fact that the last two estimates are in all
dimensions less than O(e?T), we find that in fact

(33) Y(T) = E¢{n — 1) + Eg(a)) + --- + Ef{a,) + O(e"7).
Next consider the function

T = YFAw),

l,sT

where the sum is taken over the [’s corresponding to primitive geodesics.
Evidently

(34) W(T) =XT) + HT/2) + --- + 3(T/k),

where, for a fixed manifold M, k is of the order of T, since once k is greater
than or equal to TY/l,, (34) will certainly be valid. (As before, we are denoting
the length of the smallest closed geodesic of M by I,.)

It now follows easily from (33) and (34) that

(35) T) = Eq(n — 1) + Eqloy) + -+ + Eqla,) + O(T).

Next define n(T) = nysr 1, where as in the case of ¥T), the sum is taken
over the I,’s corresponding to primitive geodesics.
Now n(T) = {§x~1d9(x) if 6 < I, so it follows from (35) that

(36)  w(T) = li" D7) + li(e®T) + --- + li(e™T) + O(T ~1ef7),

where li(x) = [3dt/log .
Finally, note that exactly as before, our original function G(T) satisfies

G(T) =nT) + n(T/2) + --- + 7(T/k),

so (36) implies the following theorem:

THEOREM 5.
G(T) = lie™ D7) + lite®T) + -- - + li(e*T) + O(T ')

Note that since li(x) ~ x/log x, this implies that
G(T) ~ (n — )7 T~ 1e VT,

Remark 11: The principal term in the asymptotic estimate of Theorem 5
does not depend on the manifold M, but only on the dimension.

Remark 12: The “0” error term in all the estimates up to and including
Theorem 5 can be very slightly improved by using, in the proof of Lemma 2,
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known estimates for the remainder in Weyl’s asymptotic law for the Laplace
spectrum, but we will not carry this out.

We must now prove Lemma 2.
For this purpose, define a family g5(x) of functions for use as g’s in the
trace formula as follows:

(a) Let I{x) denote the indicator function of the interval [— T, T]; that
is, I(x) = 1if |x] < Tand I{x) = 0if }x| > T.

(b) Suppose ¢(x) is a nonnegative C* function supported on [—1, 1],
and such that {1, ¢(x)dx = 1. For ¢ > 0, define ¢,(x) to be ¢~ '¢(x/e). Then
@/x) is supported on [—¢, £], and [°, g,(x)dx = 1; that is, the s constitute
a family of approximate J-functions.

(¢) Finally, set gy{x) = 2(cosh((n — 1)/2)x)(I7 * ¢)(x). Then for any
£, T > 0, gi{x) is a valid g in the trace formula, and the corresponding
h in the trace formula, which we will denote by h5(r), is given by
S(r + ((n — 1)/2)i) + S(r — ((n — 1)/2)i), where S(w) = (2w~ ! sin Tw)(H,(w)),
with the understanding that S(0) = 27T

Now define H(T), which will be an approximation to H(T), by setting

H(T) = ) Ny @~ D2A() D(y)gidl,).
1341
Note that for any & > 0, H(T — &) < H(T) < H(T + ¢).
On the other hand, it follows from the trace formula that

37
H(T) = 3 i f htrr) dr = Shit) + f Hr) difr),

where Y'* denotes the finite sum over those r’'s on the nonnegative
imaginary axis, and du,r) is the measure on {0,00) given by
dN(r) — A®,(r) dr, where N(r) = Y o <,,<, 1.

We now set g = ¢~ (= 11207,

Then if we note that by Taylor series considerations, ¢,(x) =
@lex) = 1 + Ofex) for fixed x as £ — 0, it follows that the term in Y} hi{r)
corresponding to r; (1 < j < m) is of the form

(20 ! sinh &, T) @ i) = Er{a) + Oee™T),
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so we easily conclude that
(38)  YPHi(r) = Eq(n — 1) + Eq(@) + -+ + Eq{n,) + Ofee® ™17
i

= Ern — 1) + Ef{2)) + -+~ + Eqla,) + O@"").

We still need to estimate the term {§ h5{r) du,(r) in (37).
By Weyl’s law, the total variation of du,(r) over an interval [0,x] is O(x").
Now it follows from the form of h%(r), that for real r, and any fixed k > 0,

()] < MKy~ Y271 4+ 071 + en)¥;
that is,

") duntr)
0

< M(k)e“"‘“/z”fm(l + 1)+ en)F [dug(r)].
]

To estimate the last integral, we break it up into two ranges, by setting

,"?)o - l/s + jl/B
In the range [0, 1/¢],

hg(r) = O™~ AT|1 4+ A7),
while in the range [ 1/, 00),
heT(r) = O(e((n— l)/Z)Ts—kr—(lH- l))'

If we now integrate by parts, we easily obtain the estimate O(ef”) for both
integrals; that is,

(39) f H(r) dinr) = O(e).

Combining (38) and (39), we conclude that
(40) H(T)=Eyn — 1) + Ef{a,) + --- + Eg(a,) + O(7).
But
H{(T — &) < H(T) < H(T + ¢),
and
Eryn—1D=(@n—1)ter T2 = (5 — )71 V(] + O(e))
= Ef{n — 1) + O(*7),
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so it follows from (40) that
H(T) = E{n — 1) + Eq{ay) + --- + Eqla,) + O(e"7),

which concludes the proof of Lemma 2.

C. Small Eigenvalues

In the discussion of the last topic the small eigenvalues of M, if present,
have once again played a major role. Do there exist manifolds having small
eigenvalues? Can one characterize such manifolds? We will very briefly
outline a method for obtaining an answer to the first question. It turns out
that such manifolds exist in all dimensions, with arbitrarily numerous small
eigenvalues as close to zero as one wishes (Randol [1]).

Satisfactory answers to the second question are not known. There are
interesting classes of hyperbolic manifolds which may not possess small
eigenvalues. For example, it is known (Jacquet—Langlands [1]) that the
Laplace spectrum of a compact hyperbolic 2-manifold corresponding to a
quaternion lattice embeds in the discrete Laplace spectrum of the (noncom-
pact) manifold associated with some congruence subgroup of SL(2, Z), and
it is known (Selberg [2]) that for congruence subgroups, A, > . It is quite
possible, though unproved, that for such groups 4, > %.

In order to discuss the first question we need a form of the trace formula
somewhat more general than the version we have developed. In more detail,
suppose y is a character of the discontinuous group I' corresponding to a
compact n-dimensional hyperbolic manifold M.

Consider the problem Af + Af =0 on H" where the function f is
required to transform under I" by f(yx) = x(y)f(x). Then it can be shown
(cf. Hejhal [1]; Selberg [1]) that there is associated with this problem a
sequence 0 < A4(x) < A4(x) < --- of nonnegative eigenvalues tending to
infinity, and that the set of associated eigenfunctions is complete in the
Hilbert space of measurable functions on H” which transform in the above
manner and are I? over a fundamental domain F of I, with the inner
product given by (f,g) = [ /4.

It is possible to develop the pretrace and trace formulas within this more
general context. In particular, the trace formula takes the form

41) Y hn(0) = ZAJ h()®r) dr + 2} x(y) Ny "~ V2A()D(y)g(l,),
n Y 147]
where the r,(x)’s correspond to the 1,(x)’s in the previously discussed way.
Now by using (41) with appropriate transform pairs, it can be shown that
the A,(x)’s vary continuously with y. In particular, and this is the only fact
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that is needed, if I' admits a sequence of nontrivial characters converging to
the trivial character x,, then A4(x) — 0 as y — x, (Randol [1]).

Suppose now that G = I'/[T, I'] has elements of infinite order; that is,
suppose the first Betti number of M is positive. Let g be a nontorsion
element of a basis B of G, and define a character y of G by setting
2(g) = exp(2ni/2N), for some very large positive integer N, and x(g’) = 1 for
g € Band g’ # g. Let K be a large positive integer which is nevertheless

much smailer than N, and define a finite sequence ,,. . ., xx of characters
of G by setting x; = %, %2 = X1, .- -+ Xk = Xk-1-
Then the characters y;, . . ., xx are also characters of I in an obvious way,

and if 1 <m < K — 1, there exists y € I" such that x,(y) # 1 and x{y) = 1
forj > m.

Now given a manifold M and any small ¢ > 0, we can, by the continuity
of the eigenvalues of x, find N such that 0 < 24(y)) < eforj=1,..., K.

Suppose accordingly that F;(x), ..., Fx(x) are eigenfunctions correspond-
ing to such Ay(xy), - - -, Ao(xx)- Then the functions F,(x), ..., Fx are linearly
independent, for if not, there exists an integer m such that 1 <m < K — 1,
a constant c,, # 0, and constants c,, ., . . ., Ck, such that

(42) CnFlX) + -+ + ex Fi(x) = 0.

Now suppose y € I' is chosen so that x,(y) # 1, but x(y) = 1 for j > m,
and suppose X, is such that F,(x,) # 0. Then

Cn Fn(7X0) + Cma 1 Fns 1(7X0) + -+ + cx Filyxo) = 0,

or

(43) Cn Xm(V) Fn(X0) + €t 1Fmi1(X0) + -+ + cxFylxo) = 0.

Subtracting (43) from (42), with the latter specialized to x = x,, we obtain
a contradiction.

Now let I'”” be the kernel in I" of the homomorphism y,. Then I'" is of
finite index in T, since y, is a homomorphism into a finite group.
Furthermore, for any F{(x), y € I'" implies that F{yx) = F{x). Thus the F{x)’s
are eigenfunctions of the Laplacian on the manifold M’ corresponding to I™,
and since the F{(x)’s are linearly independent, we conclude that the number
of A,’s which lie in [0, £] is at least K. It follows easily from the maximum
principle for harmonic functions that none of these eigenvalues is zero, so
M has at least K small eigenvalues, if ¢ < (n — 1)/2.

Now it is proved in Millson [1] that in every dimension there are
compact hyperbolic manifolds with arbitrarily large first Betti number, so it
follows that the phenomenon of small eigenvalues occurs in all dimensions.
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Remark 13: In two dimensions, every compact hyperbolic manifold has
positive first Betti number, so any compact hyperbolic 2-manifold has finite
covers with arbitrarily numerous small eigenvalues.

6. CONCLUDING REMARKS

The Selberg formulas, in the spirit in which we have presented them, were
outlined in Selberg [1]. There is also a little-known and prescient note of
Delsarte [Delsarte] which strikingly anticipates some of the later develop-
ments. A forthcoming book by Cohen and Sarnak [1] will present a
detailed treatment of various aspects of the general hyperbolic case, and the
books of Hejhal [1, 2], which are encyclopedic in character, contain an
enormous amount of detailed information about the 2-dimensional case.

In order to maintain a reasonable size for this chapter, we have not
discussed several important aspects of the pretrace and trace formulas; for
example, the noncompact case, the Selberg zeta function, applications to
more general groups, and connections with automorphic forms and arith-
metic, as found, for example, in Jacquet—Langlands [1]. For a compre-
hensive bibliography of the subject we refer the interested reader to the
reference sections of Hejhal [1, 2].



CHAPTER XII

Miscellanea

In this chapter we collect various facts, problems, references, and proofs,
which are either used in the previous chapters, or supplement and amplify
earlier material.

1. VOLUMES OF DISKS AND SPHERES

We recall, here, how to explicitly calculate the volume o, of the unit disk
in R". First note that if ¢,_, denotes the (n — 1)-volume of S"~!, then one
has, using spherical coordinates on R”",

mn = cn~1/n‘

So it suffices to calculate ¢, _,.
Define the gamma function I'(x), x > 0, by

T(x) = J‘me_'t"_1 dt,
0
and verify that
I'x + 1) = xI'(x)
for all x > 0, and

I'(n + 1) = nl,

J wt"e"z dt = 4T'((n + 1)/2),

0

for all nonnegative integers n.
Next, use spherical coordinates in R” to obtain

{ f e dr}" =1c,_,T(n/2)
R

303
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forall n > 1. Apply to n = 2, and conclude that

[[era= =T,
R
and
C,—1 = 21" /T(n/2).
Another method of calculating c,_; is to use geodesic spherical coor-

dinates in S"~! to prove

T
Cpoy = c,,_zf sin"~2¢ dt;
[¢]

one can now iterate the formula.

2. THE FOURIER TRANSFORM

For f, g in L*(R"), the convolution of f and g, f * g, defined by
(f*9)(x) = 2m)~"2|  flx — y)g(y) dV(y),
W'l
converges absolutely for almost all x, and satisfies
ILf*gl < @)~ "2l fll gl L1
Given f: R" — C, y € R", one defines the function 7, f by
(t, S)x) = f(x — ),

and verifies that if f € L?, p > 1, then the map R” — L” given by

y— 1, f

is uniformly continuous.
To every f € L! is associated the Fourier transform of f, f by

f©) = Cn™"2)  f(x)e™ "% dV(x).
Rn

One establishes directly that
/&) < @m) 21 f I
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forall £ € R", and
T,(0) = e 9@,
NN a
e (&) = (7, /NE),
FOXNE) = 271/,
One also has that if g € L, then
T () = f(©)io).

Finally, the Riemann-Lebesgue lemma states that

lim f(§) =0

Il

forall £ e R".

We now let #(R") be the Schwartz space of functions on R", that is, &
consists of those f e C® such that for any integer N > 0, and multi-index
o = (o, ..., 0,), W& have

(1 + MDA )(x)
bounded on R", where
D = (=it an(@)ox 1 - - - (8)0%,).
Certainly, we have
Crecysclr

for all p>1; so & is dense in LP. One checks that if f,g € &, then
f*ge ¥,and

D(frg) = (D) +g, DY@ =&0E,  (—DYf = ).

Thus the Fourjer transform f+— f maps & to & .
One also checks that for

$x) = 7112
we have

$(@) = e7rerr,
Finally, one has for f € &, the Fourier inversion formula
fx) = Cm)~"]  f(§e=® av(e),
g

and the Plancherel formula

“f”LZ = I|fl|Lz
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3. THE POISSON SUMMATION
FORMULA

Given the lattice T, of rank n, in R", recall from Section I1.2 that the
eigenfunctions of the associated torus T are given by

Bx) = &0,

where y € I'* and x ranges over 7. Show that

_fvolT i y=y
((bys ¢y’) - {0 lf y # yl’
and conclude that for any f € L*(T) we have
(1) f=2 ¢,
yel™*

in L¥(T), where
¢, = (vol T)“f fo,adv.
T
In a fashion similar to that of Fourier series, one finds that the convergence

in (1) is uniform for any f e C*(T).
Given f € &, one derives the Poisson summation formula

n/2
@ s ) =2 5 r2ny)

seT vol T &

as follows: Set

gx) =Y fix+7y

yel
and show that g € C*(T). Then expand g as a function on T by
g= Z cyd’y’

yel*
from which one obtains

Y=Y ¢,

yell yel*

and, finally, verify that
¢, = {2n)y"?/vol T} f(2ny).

Next, we remark that Weyl’s asymptotic formula for eigenvalues of tori
can be seen as a consequence of the Poisson summation formula. The
argument is to pick, for t > 0,

flx) = e,
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show that (2) implies

(3) Z e 4m vt — Z =y I2/4t

2
yeIl'™* 47tt)n/ yel

and then show that
lim Z e P4 —
t>0* yell,yp#0

Thus, by (I1.3), we have
4) Z e M ~ (vol T)/(4nt)~"/?
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ast — 0%, where {0 = Ay < 4; < A, < --.} are the eigenvalues of T. Weyl’s
formula now follows from (4) and Karamata’s Tauberian theorem (Feller [1,

p. 442f.]).

It is not surprising that the Poisson formula implies the Weyl formula,

since (3) is nothing but a rewrite of

(VL.14) Y e M =f p(x, x, 1) dV(x),
i=o M

where p is the heat kernel of T. Indeed, if q: M > M is a Riemannian
covering, with deck transformation group I', and p, p are the respective heat
kernels of M, M (we are in a situation where the heat kernels are unique),

then for all (%, , t) e M x M x (0, +00) we have

pa(®), (), ) = Y p(x, v, 0).
yell
We therefore have, for the torus T,
plxy,0) = 3 e(x,y +7,1),

yell

where e is the euclidean heat kernel, which implies, easily,

1T
f plx, x, 1) dV(x) (Zot ) Y e

yell

4. THE FOURIER TRANSFORM
AND THE HEAT EQUATION

We sketch the formal calculations which motivate guessing

e(x, y, 1) = (4nt)~"2e~IxyIH4

as the fundamental solution of the heat equation on R".

—Iyl2/4e



308 XII. Miscellanea

For a function v: R" x [0, +00) — R we set

wé 1) = (21t)_"/zf v(x, e 1 dV(x),

n

that is, o( , ) is the Fourier transform, with respect to the space variable x,
only, of v.
Given u: R* x [0, + 00) = R with

u( ,0) =1,

and satisfying the heat equation on R* x (0, 4+ c0), we have

—1€1%ul, ) = (Au)& 1) = (Bu/on), 1) = (6/o0)u(é, 1)),

from which one concludes the existence of ¢(¢) such that

wé, 1) = c(&)e .

But
&) = u(, 0) = f1&;
SO
uE, 1) = f(E)e™ 1 = fg)e 122
a //\2

— @D e TP )

= (v @) "2 TP,
Thus

ulx, 1) = {f + 21)""2e™ F¥}(x)

= (4m)‘"”f e X TA(y) dv(y),

which is (VI.16).

5. EIGENFUNCTIONS ON SPHERES
AND HYPERBOLIC SPACE

We give here a more explicit representation of solutions to
&) T +(n— )C/SI)T + {A—Il+n—-28S;3T=0

(cf. (11.33), (I1.34)) for the radial factor of eigenfunctions, on spheres and
hyperbolic space, obtained via separation of variables. We are, therefore,
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considering the case x # 0. The case k¥ = 0 corresponds to the euclidean
case, and is discussed in Theorem 11.4.
First set

q(t) = S 71O T().
Then q(t) satisfies the differential equation
9"+ (C/S)q + {4 + k(n/2 — 1)
—[(m2 — H*C2 + Il + n— 2)IS%}g = 0.
Upon changing the independent variable by
x =Cdt),  p(x) = q(1),
we obtain, for p(x), the associated Legendre equation

d’p

dp s
— 2 —— — —_— — ]
1—-x )dx2 2x I + {v(v +1) T xz}p 0,

of degree v given by

(©) v ==}t Ak +(n - 174,
and order u given by

(7 p=/n—2%4 + 1l +n-2).

The solution of (5), bounded in the neighborhood of t = 0, is therefore given
by

T(1) = S, ""HPYCAD)),

where P4 is Legendre’s associated function of the first kind with v, 4 given
by (6), (7), respectively.

For more details, we refer the reader to the treatises by Hobson [1],
Lebedev [1], and Olver [1].

6. MINIMAL SUBMANIFOLDS
OF EUCLIDEAN SPACES AND SPHERES

Let M* M" be fixed Riemannian manifolds, k < n, and ®: M > M a
Riemannian immersion of M into M, or, in the language of Section I1.1, ®
is a local isometry. Because all our calculations are local, we shall simply
assume that @ is an imbedding—more particularly, we shall think of ® as
the inclusion map of a closed manifold M in M.
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To each pe M, M, denotes the tangent space to M at p, and M;
the orthogonal complement of 1\7!, in M,. Given any ¢ € M, we let ET &N
denote the projections of £ to M, M 5, respectively.

It is standard that if V,V denote the Levi—Civita connections of the
respective Riemannian metrics on M, M, then forany pe M, ¢ € M,,and Y
a tangent vector field of M defined on a neighborhood, in M, of p, we have

V.Y = (V7).

Also, it is standard that in this situation, (V;Y)" only depends on the value
of Y at p, not on the behavior of Y on a neighborhood of p. So, given &, n in
M,, one extends 7 to a tangent vector field Y on a neighborhood of p in M,
and defines

B, n) = (VY)\.

Then B: M, x M, — M is easily seen to be symmetric bilinear, and is
referred to as the second fundamental form of M in M, the first fundamental
form consisting of the restriction of the Riemannian metric of M to M. The
mean curvature vector H of M in M is defined to be the trace of the second
fundamental form with respect to the first fundamental form.

If x: U - R*is a chart on M, then

k
H= % (V)"

rs=1

where d, ..., d, are the coordinate vector fields on U associated to the
chart, and g™ is given by (1.21).

Nowlet M = R". Thenthemap (X!, ..., X") — X4, foreachd =1,...,n,
is a C* function 6n R", and the function

prt=X4-0
is a C* function on M. We denote by A® the R™-valued mapping
AD = (Ad', ..., Ad")

with the Laplacian calculated on M. (We shall take for granted the

identification of tangent vectors to R” with vectors in R".) The key formula
is

®) AD=H

for any Riemannian immersion ®: M* — R".
To prove (8) we first show that A® is always normal to M. We do the
calculation with respect to a coordinate chart x: U - R* on M, and take
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advantage of the identification of the abstract coordinate vector field J; with
0®/dx! =: 9;®. We have (using the notation of Section I.1)

(A®, ,0) = (1/\/9) Y. 0,(/99™)9a + Y. 47°¢0,0,®, 8,0
= (/)89 + T 0,49, + ¥ ¢°Thg,

r,5,t

= Z [%grsalgsr - grsargsl + %{g’sasgh + grsargls - g'salgsr}]

in passing from the second term of the right-hand side of the first line to the
third term in the second line we used the fact that

<ar6sq)’ aI(I)> = <Vras9 al>s

and Eq. (1.23); from the second to the third line we used the formula for
differentiating determinants, and the explicit calculation of the Christoffel
symbols in (I.31).

Therefore,

N
AD = (AD)* = [Z {(1/V/9)0/990.® + g0, 5@}]

= [Z(l/ﬁ)a,(\/g}g")a@] + [Z g, as)}

=H,

which concludes the derivation of (8).

What if M = S"(), the n-sphere of radius « in R"*!? We claim that (8)
becomes

© AD = H — (k/a?),

where ® denotes n + 1 coordinates of position in R"*! and H denotes the
mean curvature vector of M in $%(«). Indeed, we now have

(10) 3,0, = V.0, + (V0" + <0,0,®, ®/adD/a.
Using (8) as though M were in R"*!, and applying it to (10), we obtain
AD = H + Y ¢"¢0,8,0, DD/’
But, since |®| = «, "
{0,0,®, @) = —(4,®, 3,D) = —g,,,
which implies (9).
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A Riemannian immersion ®: M* - M" is said to be minimal if the mean
curvature vector vanishes identically on M. (The name derives from the fact
that the Euler-Lagrange equation associated to the variational problem of
finding immersions of least k-volume is H = 0.) From (8) we immediately
have that a Riemannian immersion ® of M* into R” is minimal if and only if
the coordinate functions of the immersion are harmonic. From (9) we
immediately conclude that if a Riemannian immersion @ of M* in S"(x) is
minimal, then the coordinate functions of the immersion are eigenfunctions
of the Laplacian on M with eigenvalue k/a>.

A theorem of Takahashi [1] gives the converse of this last result, namely,
if @: M* - R"is a Riemannian immersion such that

(11) AD + D =0

on all of M, where 4 is a nowhere vanishing function on M, then ® is a
minimal Riemannian immersion into S$" () for some a, and A = k/a?.
Indeed, because A® is always normal to M, we have from (11) that

0= AD) = —AKD, &

for all £ € TM. Since A never vanishes, we have (®, &) = 0 for all ¢ € TM,
from which one concludes immediately that |®| is constant on M. So, ®
maps into S"~(a) for some a > 0. Therefore,

—la? = (D, AD) = ¥ diAD!

A=1
= Y {div(®* grad ®*) — |grad &4}
A=1
= JA|®* — Y [grad ®4)?
A

= —Y |grad @4,
But for any Riemannian immer;ion, one has
(12) Y |grad @)% = k.
The minimality of ® in §""(;) follows easily.
A closer look at this last argument indicates (using (12)) that
IAD)? = (D, AD) + K

for any Riemannian immersion ®: M* —» R", the formula being employed in
the above situation. For H the mean curvature vector of the immersion, we
have

(13) IAI®? = (@, H + k.
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One easily concludes from (13) that if Q is a regular domain in M, with
boundary I' carrying outward (with respect to Q and still tangent to M) unit
vector field v, then

(14) kV(Q) + Hﬂ KO, HY dV = fr (D, v) dA,

a formula of J. H. Jellet [1]. We may now leave, as an exercise for the
reader, the following generalization of A. Hurwitz’ proof of the classical
isoperimetric inequality (Chavel [2]): Assume I is connected and M is
minimal in R". Then

(15) JUDVQ)/AT) < Jk — 1/k

with equality if and only if Q is the intersection of a disk in R" with a k-
dimensional affine space. (Formulas (14), (15) and the result also apply when
k = n, with H defined to be identically 0.) Note that when k = 2, formula
(15) is, in fact,

(16) LAT) - 4nA(Q) > 0,

a result originally due to Carleman [1]. We refer to Chavel [2] for other
references, and for the extension of (15) to simply connected ambient spaces
of nonpositive sectional curvature.

Takahashi’s theorem may be used to construct minimal immersions of
homogeneous spaces into spheres, as follows: M is a Riemannian manifold
such that its group of isometries G acts transitively on M, that is, given
distinct x, y € M, there exists g € G such that g-x = y. For any g € G, we
have the usual action g* acting on functions on M. Since G is a group of
isometries, it preserves the volume element of M, and, therefore, its action
on functions preserves the L2-inner product of functions on M.

Let W be a finite-dimensional subspace of C®(M), invariant under the
action of G. Then, with the inner product on W inherited from L*(M), W is
viewed as a finite-dimensional Euclidean space with a group G* of orthog-
onal transformations. The space M may be mapped into W, by assigning
to every x € M, the uniquely determined element of W, A(x), for which

(Alx), ¢) = ¢(x)
forall ¢ € W.If {¢;, . . ., ¢} is an orthonormal basis of W, then

1
a7 Ax) = Y ¢{x)¢;
j=1
One checks that for any g € G, we have

(18) gHAX) = Alg™" - x),
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from which one proves that Al is constant on M—so A maps M into a
sphere in W. In fact, from (17), one has that the radius of the sphere is
Jdim W/V(M).

From (18) one has that A is C®. One checks that the pullback of the
metric on W to M via A is an invariant Riemannian metric with respect to
G. Therefore, if for any x € M the fixed-point group of x acts irreducibly on
M,, then the puliback of the metric on W to M via is conformal to the
original metric on M. The homogeneity of M then implies that A is a
homothety. The homothety is nontrivial as long as A is not the constant
map, that is, as long as W does not consist exclusively of constant functions.
When A is a nontrivial homothety, we may rescale the metric on W to make
A into a local isometry. One finally shows that A is a Riemannian covering
of M onto A(M).

For W we pick finite-dimensional eigenspaces corresponding to nonzero
eigenvalues of the Laplacian all of whose elements are in L?. Then
Takahashi’s theorem will guarantee that A is a minimal immersion. The
example of the first two eigenspaces on the standard sphere (corresponding
to nonzero eigenvalues) are discussed in Berger—-Gauduchon-Mazet [1,
pp. 175-178].

A closer analysis of the function A: M — W yields the result (Li [2]) that
if M is a compact homogeneous Riemannian manifold, with diameter 4,
then

MM) > n?/4d?;

and if the fixed-point action on tangent spaces is irreducible, then the
estimate can be improved to

AM) > n2njad?.

General introductions to minimal submanifolds are to be found in
Lawson [1] and Osserman [1]. Papers in which the above discussion is
developed are, for example, Calabi [2], doCarmo—Wallach [1], Li [3], and
Wallach [1].

7. NORMALIZATION
OF GEOMETRIC DATA

We collect here various formulas describing the effect of changing a given
Riemannian metric {( , >, on an n-dimensional manifold M, to the
Riemannian metric

(18) K, »=0%,>.
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We denote the new data with the same notation as the original data except
for the ” over the appropriate symbol.

We start by assuming that ¢ is a positive function on M, thereby
describing a conformal change of metric, that is, the measurement of angles
in the new metric is the same as in the original one.

For the expressions of the Riemannian metric, given in local coordinates
by (1.21), we have

(20) Gi=0%n, =0 j=0o"g

Therefore, we have for n-dimensional volumes

(21) AV = 6" dv,

and for (n — 1)-dimensional volumes

(22) dA = 6" 1 dA.

We also have, for a function fon M,

(23) grad f= o2 grad f.
When n = 2, the Dirichlet integral (1.77) satisfies

(24) DLf,h] = DLf, h].

One also has for the Laplacian

(25) A =g

so the metrics have the same collection of harmonic functions. From among
the many, and far-reaching, consequences of this fact we cite one striking
example: The Poisson integral formula for the unit disk in the Euclidean
plane, solving the Dirichlet problem for the unit 2-disk, becomes, when the
unit 2-disk is endowed with the hyperbolic metric, the solution to the
Dirichlet problem on the complete hyperbolic plane for given “boundary
values at infinity.” In particular, Liouville’s theorem, that there are no
bounded nonconstant entire harmonic functions, is false for the hyperbolic
plane. (Actually, Poisson integral formulas also exist for higher-dimensional
hyperbolic spaces, but they are not nearly as effortless as the 2-dimensional
case.)
We also note that when n = 2, the Gauss curvatures are related by

K =6"%K —2AIn o).

We now assume that ¢ is a positive constant; so the new Riemannian
metric is homothetic to the original one, that is, in addition to the same
measurement of angles, one has that the distortion of length of tangent



316 XIL. Miscellanea

vectors is constant on all of TM. Of course we have as mentioned (20)—23).
Equation (24) becomes

(26) D[ f, k] = 6"~ 2D[, h].

Equation (25) still remains valid. So any eigenfunction of the Laplacian A
remains an eigenfunction of A, except that if 1 was the original eigenvalue,
the new eigenvalue A will be

(27 A=0c"2

The Levi—Civita connection V is the same as the original one V, and the
Riemann curvature tensor R is equal to R. For sectional curvatures one has

28) R =0672K,
for Ricci curvatures

(29) Ric = 6”2 Ric,
and for scalar curvatures

(30) S=¢72s.

For Cheeger constants (Definition IV.1) one has

(31 h=0o""b,

and for the Sobolev and isoperimetric constants (Definitions I1V.2, 3) one
has

(32) =5 3=3.

8. GEODESIC COORDINATES

We are given the Riemannian manifold M and a point p € M. Recall
from Section III.1 that D, denotes the largest open set in M, such that for
any ¢ € D, the geodesic

7t) = exp t&

minimizes the distance from p to y(¢), for all ¢ € [0, 1]. The image of D,
under the exponential map is denoted by D,, and exp maps D, diffeo-
morphically onto D,,.

For fixed £ € €, let 7, denote parallel translation by ¢ units along y,,

Rt = 1_{R(y«1), t.n)yL)}

p°
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for any n € M, (where R is the Riemann curvature tensor), the orthogonal
complement of R¢ in M, &(t; ) the path of linear transformations of &*
satisfying

(33) A"+ Rk =0

with initial conditions

(34 A0;8) =0, A0, ) =1,
and

Ja(t: &) = det (£: &),
Then the Riemannian metric on D, can be expressed by
ds(exp t&) = dt* + |L(t; &) dE)?,
with volume element

dV(exp té) = \/g(t; &) dt du, &),

where dy,, is the (n — 1)-dimensional volume element of S,. The (n — 1)-
dimensional volume element of S(p; t) n D, is given by

dA(exp t&) = \/9(t; &) du, ).
Note that for small ¢t we have the Taylor expansions
A(t; &) = tI — BPR0)/6 + O(tY),
o &) = 711 — 1 Ric(g, £)/6 + 0(r%)),
from which one obtains the classical formula

L C U= AS(p ) . o," — V(B(p: 1)
— ] n—1 — n .
S) zl—l:r(: Cn_l{"+1/6n xl—tr(; c,,_lt"+2/6n(n + 2)

We now consider Riemann normal coordinates on D,. Fix an orthonormal
basis {e,, ..., e,} of M, and map n: D, - R" by
n‘(g) = {(exp|D,)"*(q), e,
that is,

(=Y le = niexpl) =10

j

For fixed { € &, we have

() =&, YL = Y Eo,(rA0):

i
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and the vector field 0(y,(t)) along y(¢) is given by
A1) = (€xP,)apee = ¢ Y1),
where Y(z) is the Jacobi field along y, satisfying
Y0 =0, (V\Y)0) =e¢;.
One now easily shows that for all { € D,
gulexp {) = 8 — (R, e)¢, &> + O(LP),
g*(exp {) = 8, + 3R, ), &> + O(LP),
Jo(exp §) = 1~ §Rie((, ) + O(LF°).
Note that
Og;p) = 0

for all j, k, ! and that for any C? function f, we have

@0) = ¥ @)

As an exercise, we consider the eigenvalues of small geodesic disks,
namely, we consider 6 > 0 for which B(p; ) = D, and fix Riemann normal
coordinates on B(p; ). An easy argument based on the above formulas, the
Rayleigh theorem, and the max-min methods, show that if A, is the kth
Dirichlet eigenvalue of the unit disk in R", then

35) A(B(p; 9)) ~ Ay/6*
asd 0.

A slightly trickier result is that
(36) 4(B(p; 8)) ~ A/8* — S(p)/6

as 6 | 0. To prove (36) we note that for ¢ = \/6 on D, we have
Ao~ *)exp {) = $8(p) + O(L)

by the above formulas. Next, associate to any fe CX(B(p; 6)) the function
F e CZ(B(p: d)) given by

F = o'
Then

Af = FA@™%) + 72 T 0 (g3, F).
Bk
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Since ¢ never vanishes on B(p; 8), we conclude that the eigenvalue problem
Af+Af=0
is equivalent to the eigenvalue problem

LF + AF =0, L =Y d(g"0) + ¢"*A(e~ %)
Jk

Working with L, and the above arguments, one can obtain (36) as above.

We note that (36) might be viewed as a variant infinitesimal (with respect
to 8) Cheng theorem (cf. Theorems IIL.5, 7) in that raising the “curvature”
lowers the eigenvalue.

We now consider Fermi coordinates based on a submanifold. Let M* be a
closed submanifold of M" k < n, and M the normal bundle of M in M, that
is, RM = | J,.pr M3 endowed with a natural differentiable structure. Let
m: MM — M be the projection map and Exp: MM — M the exponential
map, that is,

Exp = exp|RM.
We also let SRM denote the unit normal bundle, that is,
SRM = NM N GM.

Now fix £ € SRM, p = n(£). Then there exists a symmetric L, M »— M »
such that

<B(u’ U), 5) = <L§us U>,

for all uuve M »» Where B is the second fundamental form of M in M (cf.
Section 6). L is often referred to as the Weingarten map of £. Note that L, is
given explicitly by

Leu = —(V,Y),

where Y is any extension of £ to a normal vector field along M.
A vector field Y along y, is said to be transverse if

i) Y(©) € M (&)
i) <VY)O) + L(Y(0), M,> = 0.

A transverse vector field arises from a transverse variation of y, as follows:
Let p = n(¥), o(e) a path in M with ¢(0) = p, £(¢) a unit vector field along o,
orthogonal to M, with £(0) = &, and let

u(t, &) = Exp t&(e).
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Then n =: 0,v|,- o is transversal. Indeed, 5(0) = ¢'(0) € M Furthermore,
since L{n(0)) € M ,wehaveatt =¢ =0,

Vin)(©0) + Lin(0), M,> = (V,0,v — (V,0,0), M,,>
= (V,8,v — V,d,v, M, = 0.

It is standard that the collection of transverse Jacobi fields along y, is an
n-dimensional vector space; that ty/(t) is always a transverse Jacobi field;
that the Wronskian

VWX, YD — (VY XD

of transverse Jacobi fields X, Y along 7, is constant; and that the transverse
Jacobi fields along y,, always orthogonal to y,, are an (n — 1)-dimensional
subspace of all the transverse Jacobi fields along y,.

The point y(f), B > 0, is said to be a focal point of M along 7e if there
exists a nonzero transverse Jacobi field Y, along y,, vanishing for ¢ = f. The
classical argument of Jacobi shows that y, cannot minimize distance to M
past a focal point of M along 7. It is also standard that to each ¢ € SRM
the distance

(&) = sup{t > 0:d(M, y(r)) = t}

from n(&) to its cut point 7€) along v, is positive and that y, is the only
minimizing geodesic from M to 71) for all ¢ € (0, c(£)).
We set

DM = {tE e RM :0 < t < (&), E € GRM}, DM = Exp DM,
BM(S) = {{ e RM :|{| < 6},
SM(3) = {{ € RM : (| = 4},
SM(6) = {q € M:d(qg, M) = 5}.
Then we always have
BM(S) = Exp BM(§), SM(5) n DM = Exp SM(5) n DM.

To describe the Riemannian metric on DM in terms of distance from M
we let &(g) be a path in M, a(e) = (n - £)(¢), and

u(t, &) = Exp té(e).
Then
00 = V> V.o,v =0,
and d,v has constant length equal to 1. For t = 0 we naturally have

(0:0)(0,8) = &(e), (0, v)(0, &) = a'(e);
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80
{6,v,0,v)(0,¢) = 0.
On the other hand,
0,{8,v, 0,v) = (0,0, V,0,v)
= {,v, V,0,v)
= 30,10,/
So =0.
{0,v,0,0>) =0
for all ¢, e.

The study of 0,v is based on the fact that d,v is a solution to Jacobi’s
equation along yy,, . The initial data are given by

(0.0)(0, ) = a'(e)
(as mentioned above), and
(V,0,0)0, 8) = (V,8,0)(0, &) = V,&(e) = — Ly 0'(e) + (VL))"

For ¢ = 0 set £(0) = &, ¢'(0) = {, and [(V,&)(0)]" = n. Then (d,v)t, 0) is the
Jacobi field along y, which is the sum of the transverse Jacobi fields Z, Y
along y,, where

G0 Z0)=¢ (WD) = -Lg,
(38) Y0 =0 (WO =7

When k = n — 1, that is, dim M = dim M — 1, then M; is 1-dimen-
sional, and the Jacobi field Y of (38) vanishes identically. Then for
e GNM, p = n - £, we may express the Riemannian metric on DM by

ds*(Exp &) = dt* + |4(t; &) dpl,

where dp denotes the generic element of M = EL and (¢ €) is the
solution of (33) satisfying

(39 AG, =1, S0 =-L;.
The volume element on DM is given by
N
dV(Exp t8) = \/9(t; &) dt dA(x - &),

where dA is the (n ~ 1)-dimensional volume element of M. If we write dA
for the (n — 1)-dimensional volume element on SM(5) N DM, then we have

dAExp 68) = \/9(6; &) dA( - ).
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9. THE LEVY-GROMOV
ISOPERIMETRIC INEQUALITY

We first require a Bishop comparison theorem for Fermi coordinates
based on a codimension 1 closed submanifold M of a given Riemannian
manifold M. Such estimates go back to Berger [1], Grossman [1], and,
more recently, to Heintze—Karcher [1]. We keep the notation from the end
of the previous section.

We assume, for convenience, that M is complete, that x is a real constant
satisfying

Ric({, {) > (n — Dx|([?

for all { € TM, and that § is a real constant, and £ an element of @RM for
which

trL, > (n — 1)5.
Let B, s be the first zero of
I (1) = {Ct) — oS, ()}

in (0, + o0 ]. Then for #(t; &) satisfying (33) with initial conditions (39), and B
the first zero of \/E(t; &) in (0, + 0], we have

(40) B < Brs

and

(41) Vol 8 < I, 40

on [0, 8], with equality in (41) at ¢, € (0, #] if and only if
42) L, =4I,

and

43) R=xl, ;) =(C, -5
on all of [0, z,].

Note that in the spaceform M, with the hypersurface M consisting of a
geodesic sphere of radius B, ;, we have

Jot &) = 3,40

for £ pointing into the sphere and

V8 = 3, _o1)

for £ pointing outward from the sphere.
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To prove (40), (41), set
v=min{f, sl U=oAA',  o=trU=/g/\/s;

then, as in the proof of the Bishop theorem (Section II1.3), ¢ satisfies the
differential inequality

(44) @ +¢*n—1)+xn-1<0.
For
¥ = (n— D{C, — 35}/{C, — 35},
we have
¥+ yHn—1) +k(n—1)=0,
¥'=—(n— 1+ 5)/HC, — 3S,}?
@(0) < —(n — 1)é = Y(0).

If x + 6% # 0, then Y’ never vanishes on [0,1), so there exists a C®
function 0(t) defined on [0, 7) by

(1) = Y(0(1)),
which implies
(Y - 6)1—8)=0.
Should x + 6% > 0, then y' is always negative, and 8(0) >0, & > 1 on
[0, 7), from which one has 6(t) > ¢t and
0 < ¥,

which implies (41) on [0, 7). In particular, § = 7, which implies (40), (41). If
we have ¢(ty) = Y(t,) for any ¢, € (0, B), then 8’ =1 and ¢ = ¥ on all of
[u, t,]. The conclusions (42), (43) then follow as in the Bishop theorem.
If x + 62 < O then one argues in a similar fashion.
If k + 62 = O, then for sufficiently small ¢ > 0, x + (6 — &)* # 0, and if
we let Y, denote the function i but with ¢ replaced by 6 — &, we then have
P <Y,

on [0, 7) for all ¢ > 0, which implies
() < Y(t) = —(n —1)o
on [0, t) which yields inequality (41) with

Jx,b(t) = e-(n— 1)6t.
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If there exists t, € [0,f] for which \/g(to) = e "% then ¢ft) =
—(n— 1) and ¢@'(t) =0 on all of [0,t,). Thus we have equality in
{43) on all of [0, t,), which implies (42), and (43) on all of [0, ¢,].

Now also assume that M is compact, and M a compact, codimension 1,
submanifold of M dividing M into domains M,, M,. Then there exist
0 € (— o0, + o) and

pL= Bn,a, P2 =< ﬁx,—é

such that

45) p1 + pa < d(M),

46) VIM,) < AGWD) f s,
0

@7 V) < 40D [0, .

Indeed, let M’ vary over all compact, codimension 1, submanifolds of M
which divide M into domains M, M, satisfying

V(M,) = V(M)).

Let M, be the submanifold in this collection for which A(M’) achieves a
minimum. Then the regular points of M, have constant mean curvature,
say 6. (We leave the discussion of the existence of M, and the lack of effect
of possible singularities on the ensuing argument, to Gromov [1] and
Schoen [1]) Furthermore, the domains M, ,, M,, are covered by
Exp M. Then the claim follows easily from (40).

An easy application of the above result is that the Cheeger constant K{(M)

satisfies
d(M) -1
b(M)zU C:-‘} :
o

which by Cheeger’s inequality (Theorem IV.11) provides a lower bound for
AM) in terms of the diameter of M, and a lower bound of the Ricci
curvature of M—a result originally due to Li-Yau [1] (their estimate being
sharper).

A second application is the isoperimetric inequality discussed in Remarks
1,2 of Section 1V.2. Again M is compact with Ricci curvature bounded
below by (n — 1)k, and k > 0. Set

B = VIM)/V(M,).
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Then § <1 by the Bonnet—-Myers theorem (Section II1.3). Let Q be a
domain in M with smooth boundary, and D the geodesic disk in M, for
which

B = V(Q/V(D).
Then
(48) A(0S)) > BA(@D),

with equality in (48) if and only if M is isometric to M, and Q is isometric
to D. Indeed, there exist p,, p, and 6 so that

A(@Q) 2 V(Q){fpl.]x’a}_l Z V(Q) A(Sx(ﬁx,é))

0 V(B.(B.s)’
that is,
(49) A(OQ) = VIQA(SB,.o))/ V(B (By.s)),
and, at the same time,
(50) A0Q) = VIM\Q)A(S (B, - )/ V(B (B, - 5))-

Furthermore, the function A(S.(z))/V(B.(1)) is strictly decreasing with
respect to 7. So, if f, 4 is less than the radius of D, then (49) implies

A(0Q) > V(Q)A(ED)/V(D) = BA(OD).
If, on the other hand, B,, is greater than the radius of D, then
n/\/_ — Br.s = B« -sis less than the radius of M \D, and (50) implies
A(3Q) > VIM\Q)AGM,\D)/V(MAD) = BA@GD).

So (48) is proven. The case of equality is easy.

10. HEAT CONDUCTION ON THE
EUCLIDEAN UPPER HALF-SPACE

In this section we give an explicit solution to the initial-boundary value
problem for the heat equation on the Euclidean upper half-space:

R% = {x € R":x" > 0}.

Although this example does not fit into the theory of Chapter VII, it has the
advantage of possessing easily obtainable formulas.
The idea is that to each x = (x', ..., x") in R" we associate its reflection

in the plane x" = 0, x* = (x!, ..., —x"): and, for

e(x, 1) = (dmt) ~"Ze~ I P
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the heat kernel of R", and
_  yn—2
Ve = {1—/((’;/2n§)1cr:|;lj yl,yl . :i
the Newtonian potential of R", we define
q(x, 3, 1) = e(x, y, 1) — e(x, y*, 1),
G(x, y) = ¥(x, y) — ¥(x, y*),

to be our candidates for the Dirichlet heat kernel and Green’s function,
respectively, on R’,. Both functions satisfy (i) their appropriate differential
equation in the x variable, (ii) are perturbations of the free space kernels by
global solutions of the respective differential equations, (iii) are symmetric in
the space variables, (iv) are positive on R", and vanish on IR, = R"~!.

For the moment, assume that n > 2. Then from the substitution

T =|x — y|*/4t

we have

) |x _ yl—n+2 Jmo B _
dt =" — ten/2-2 g
[ etxnn | e

= |x — y7"(n/2 — 1)/4n"? = Y(x, y)

(cf. Section XII.1), which is the formula (VIL.49) for Q = R", n > 2, which
implies, in turn, (VIL.49) for Q = R, with g, G above.

Now suppose that f: R", - R, ¢: R*~! - R are bounded and continuous,
and seek a solution u(x, ) to the heat equation on R” x (0, +o0) with

lim u( ,t) =7, lim u(x, ) = @(w).
tl0

x—+wedQ

Then (VII.27) suggests that we consider

)= [[ aten000)av0)

f fm o, w )00) dAOw).

To treat the two integrals, we set

wie ) = [|ate050) v

‘ 0
uy(x, 1) = — fo de L %(x, W, )p(w) dA(W).
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First note that
x = y* = |x -y,
so that

O<g<xe

on all of R". Also, whenever x is restricted to a compact subset X in R,
then

x — y* > dK,R*"}) >0

for all y in R". Using these comments and the arguments of Section V1.2,
one can easily verify the convergence of the integral u,; that differentiation
of u, with respect to x and t may be carried out under the integral sign;
and, therefore, u, is a solution to the heat equation; and that

limud ,0) =1, lim u; =0.
tl0 x—0Q

To estimate u, for large values of ¢, one has
) < suplf1} [ [ felx 1) = ey, 0} aVO)
R

_ {suplf} ™ (e (b _ g temtyiary gum

Jant

{Suplf(} U f]

for any A > 0. Given any ¢ > 0, there exists A > 0 such that

0

A-e)y"+x)<y" —x"<y +x"

for all y" > A. Fix this value of A; then

f {emOnmxma _ gmbn AL g < {4t /<1~s)}f Tz
(

1—el A+ X")/\/4l

© 2
~ Ja f e d,
(A +xn)/V4

from which one concludes

lim sup u; < {suplfIH{(1 — &)~" - 1}/2

tt +oo
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for all ¢ > 0. Therefore

lim u, = 0.
tt+w

To study u, note that
(09/0v,)(x, w, 1) = —(x"/t}e(x, w, 1);
sO

(51) uy(x,t) = Ldtfw_l (x"/t)e(x, w, T)@(w) dA(w).

We leave it to the reader to establish that u, is a solution to the heat
equation, identically equal to 0 at time ¢t = 0.
If we consider the substitutions

@) w=X+rf r>0  £eS"?
(if) r=2/rs,
(iii) p = (x"?/4t,
then

uy(x, t) = n‘"/zf p Ve P dpf e S22 s
@24t 0
[ o+ wsti/pras,
sn—-2

where dS"~2 is the (n — 2)-dimensional volume element on S"~2. We leave
it to the reader to legitimize the formal limit:

fim uy(x, 1) = <p(fc)c,,_zn‘"”f p‘”’e"’dpf e Vs 2 ds = (%)
xn|0 0 0

by Section 1.

To investigate what happens to u,(x,t) as t1+o0, we apply the
substitution

p =|x — w*/4t

directly to (50), and obtain

x" o(w) ® - -
uy(x, 1) = dA(w #p"* ! dp.
2%, 1) a2 L&n—x Ix — wi" ™ Ix—WIzi“'e g g
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It is not too hard to justify the formal limit

lim wy(x, 1) = — f M) aw) f e=?p"2~1 dp
123 Q

tt+ o ,nn/2 n-1 Ix - Wl"
_ x"T'(n/2) e(w)
T g x — W dA(w)
_ = f 20 44wy
Cooy Jmn-t [X — W]

= [ @G/am)x wiotw) ddw)

which is the classical solution to the Dirichlet problem for Laplace’s
equation Au = 0 on the Euclidean upper half-space.
Our calculz**on, therefore, yields Theorem VIIL.6 for R, .

11. THE MAXIMUM PRINCIPLE
FOR THE LAPLACIAN

The strong maximum principle. Let M be a Riemannian manifold with
Laplace—Beltrami operator A, and let u be a bounded C? function on M
which satisfies

(52) Au>0
on M. If there exists x, in M for which

(53) u(x,) = sup u
M

then
ulx) = u(xo)
on all of M.

Furthermore, if u € CX(M) n CY(M) (cf. Definition VIL.2) satisfies (52) on
all of M, and M has a nonempty boundary with x, € M satisfying (53), and
the interior sphere condition at x, (i.e., there exist y € M, r > 0, such that
B(y;r) = D, = M, x, € B(y; 1)), then

duf/dv > 0

at x,.

We refer the reader to Protter—Weinberger [1, Section 11.3] for a proof of
the theorem when M is diffeomorphic to a domain in Euclidean space. A
standard continuation argument then extends the resuit to all of M.



330 XII. Miscellanea

Of course, if one is given
Au<0

instead of (52), on all of M, then one has a corresponding minimum
principle. For solutions of Laplace’s equation, both principles are valid.

12. RECENT PROGRESS
ON EIGENVALUE
AND HEAT KERNEL ESTIMATES

We start by noting that for Neumann eigenvalues {0 =y, <
Uy < py, <---} of a regular domain M in R" the Polya conjecture
(cf. Remark II.1) reads as

()" < {@2n)/w,} k/vol M

for all k =0,1,2,.... The conjecture has yet to be proved or disproved.
Partial results can be found in Li-Yau [4]. Compare also the discussion
below.

Next, recall that Theorem IV.9 gives estimates for lower bounds of
Dirichlet eigenvalues in terms of the Sobolev(-isoperimetric) constant and
the volume. Furthermore, once one knows the Sobolev constant, the
estimates of the eigenvalues have the form

A, = const - k!/n Dy~ 2n

(for example, when n > 2). Of course, it is desirable to improve the above
estimates to the form

A, = const - (k/V)*",

which will reflect the growth indicated by the Weyl formula (naturally, for
regular domains in R", the Polya conjecture is that the constant is that of
the Weyl formula.) As remarked in Remark IV.3, any estimate of the form

0

(54) Y eM < Arm?

k=1
implies
Ak > {Ae} —2/nj2in

for all k = 1,2,.... We summarize the argument of Cheng-Li {1], in the
spirit of Section IV 4, to obtain an estimate of the form (54).
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The idea is that for the Dirichlet heat kernel q of M, we have

4x, %, 1) = f 2%, 3, 1/2) V()

which implies

@ua)(x, x, 1) = fM (6,9)(%, 7, 1/2)4(x, 3, 12) AV(3)
- fM (A, 9%, 3, /2)4(x, y, 1/2) dV(Y)

- L grad, g*(x, y, 1/2) dV().

But from the inequality (IV.26) (we are assuming, for convenience, that
n > 2) we have, for

JO) = alx, y,1/2),
the inequality

f igrad 12 V= (M)l 2y,
M

where ¢ is given by (IV.27). Holder’s inequality implies

1S 2 2 { jM fZ}(M)/"{ fM |f|}_4/",

and naturally, we have

~[-lelalel.

One concludes
(0,9)(x, x, 1) < —c(M){q(x, x, t)}"* 2=,
From

lim g(x, x, t) = + o0,
t10

one now has
(55) q(x, x,t) < {c(M)t} "2 = {c(n)/s(M)}t~"?,

where c¢(n) is a constant depending only on n, and s(M) is the Sobolev(-
isoperimetric) constant of M. Thus (55) gives an upper bound on the trace
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of the heat kernel depending only on the Sobolev(-isoperimetric) constant of
M. Therefore,

i e =J qix, x, 1) dV{x) < {c(mV(M)/s(M)}t "2,
k=1 M

which implies
(56) A(M) = c(n){s(M)k/V(M)}>"
forallk=1,2,....
Next, let M be a compact Riemannian manifold of dimension n > 2,
diameter d, and volume V having Ricci curvature bounded below by

(n — Dk, k < 0. In Section II1.3, we derived Cheng’s comparison theorem
(Theorem II1.7) and gave (Remark I11.4) a crude upper bound

M) < cln, x, d)?

(where c(n, x,d) denotes a constant depending on n, kx, and d) for large
values of j. For x = 0 we had, explicitly,

AM) < 4cp?/d?

for all j =1,2,.... A better estimate was obtained in Li-Yau [1]; namely,
forallj=1,2,..., we have
(57 Ay < eyln e, d) + cpn, k, DG + 1)V},

which is consistent with the growth with respect to j, given by the Weyl
formula. For ¥ = 0, the estimate becomes

(58) A < em{(j + 1/ V3R

forallj =1,2,....

For lower bounds on eigenvalues, we have already mentioned, im-
mediately following Theorem V .4, that A, may be bounded below in terms
of n, k, d alone (Li-Yau [1]). A weaker estimate in terms of the same data
(due to Gromov [1]) was derived, here in Section 9. For k = 0, H. Z. Yang
and J. Q. Zhong [1] have recently proved the sharp estimate

A > n¥jdr.

For lower bounds on the higher eigenvalues, preliminary estimates were
obtained in Li-Yau [1]. These were improved, using upper bounds for the
heat kernel, in Li-Yau [4], to yield

A'j 2 C(n,j, K, d)
forallj =0,1,2,..., which, when x = 0, becomes

A; = c(m)j*"/d?
forallj =0,1,2,....
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Although we have only discussed the eigenvalues of a compact manifold,
the above papers of Li and Yau also contain results (and references) for the
Dirichlet and Neumann eigenvalues.

In Section VIII.3 we derived lower bounds for the Dirichlet heat kernel
on geodesic disks when the Ricci curvature is bounded from below. These
were then extended to lower bounds for the heat kernel of a complete
noncompact Riemannian manifold with Ricci curvature bounded from
below. When M is compact with nonnegative Ricci curvature and heat
kernel p, Li and Yau [4] have shown that

59 p(x, x, 1) > (4nt) "2

for all (x,#) in M x (0, + o). Inequality (59) is also valid when M is a
regular domain, with convex boundary, and nonnegative Ricci curvature
and p is the Neumann heat kernel. One has, then, for the eigenvalues,

Y e~ > (4nt) "*V(M)
k=0

when M is compact, and

Y e7H > (4nr)"2V(M)
k=0

for the Neumann eigenvalues of M a regular domain with convex boundary
and nonnegative Ricci curvature. (This is the “Polya conjecture” for the
Laplace transform of Neumann eigenvalues.)

New upper bounds on the heat kernel have been developed in Li-Yau
[4]; namely, if M is a complete Riemannian manifold with Ricci curvature
bounded below by (n — 1)k, k < 0, and p is the heat kernel, then

c(n, &) —d*(x, y)
60 1) <
(©0) plx.0 < V2(B(x; \/)VYX(B(y: /1)) CXP{ (4 + o

for all 6 > 0, where c(n,d) > oo as & —» 0. Note that the estimate (60) is
sharp (except for the c(n, §) in the front) when M = S* x R, k + | = n (in
which case, k = 0). If the Ricci curvature is not bounded from below, then
one also has a corresponding estimate for x, y restricted to geodesic disks
centered at some fixed point,

A corresponding lower bound of the form

on, &) exp{_ (x, y) + c(n)sxt}
VIAB(x; /O)VVA(Bly; /1) L4 o

is also derived in Li—Yau [4].

- c(n)6xt}

(61) plx,y,1) =




APPENDIX
Laplacian on Forms

Jozef Dodziuk

The Laplace operator acting on functions has a natural generalization to
differential forms. In the theory of this new operator, also called the
Laplacian, the interplay among analysis, topology, and geometry is even
more striking. One of the most exciting aspects of this interplay is the heat
equation approach to index theorems, which will be outlined in Section B
for the special case of generalized Gauss—Bonnet formula (cf. Atiyah—Bott—
Patodi [1] and Gilkey [2]). References for the classical theory of the
Laplacian on forms include deRahm [1], Yano—Bochner [1], and Warner
[1]. The aim of this section is to describe the flavor of this beautiful subject
and to entice the reader to further exploration. No attempt is made to give
proofs or to make an exhaustive survey of the area.

A. DERAHM-HODGE THEORY,
VANISHING THEOREMS

For a smooth manifold M”", let A?(M) denote the space of C* differential
forms of degree p=0,1,2, ..., n with real coefficients. The exterior de-
rivative d maps AP(M) into A?*1(M) and the resulting complex (the deRham
complex of M)

(A1) 0 A°M) S A\M) S .- 5 A (M) S A" (M) - 0

contains a great deal of topological information about M. Namely, we have

THEOREM Al (deRham). The cohomology of the deRham complex of
M is isomorphic to the singular cohomology of M with real coefficients
(more precisely, the isomorphism is given by integration of forms over
smooth singular chains).

334
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From now until further notice we require M to be compact, oriented,
Riemannian, and without boundary. The Riemannian metric { , ) induces
inner products in fibers of various tensor bundles over M, also denoted by
{ , >.Italso induces the * operator mapping forms of degree p to forms of
degree n — p. For a form o« € A’M,, *a is uniquely determined by requiring
that

(A2) {a, B, dV = B A *a,
for all B € A" *M, . Identifying decomposable covectors 7, A g, A -+~ A 1,
with span{n,, 12, ..., #,} one can interpret * as taking the orthogonal

complement. For two smooth forms «, 8 € AP(M), we define their 12 inner
product as

(A3) (a,ﬁ)=j(a,ﬁ>dV=jaA*ﬁ.
M M
The operator 6 = (—1)"*"*! x d« is the formal adjoint of 4 in the sense that

(A4) (do, B) = (o, 08)

whenever o € AP"'(M), Be A" P(M). This is an easy consequence of
Stokes’s theorem. It is worth mentioning that, under the duality M, >~ M?*
induced by the Riemannian metric, —& on forms of degree one corresponds
to the divergence of vector fields.

The Laplace operator A,: A?(M) — A?(M) is now defined as

(AS) Ay=—d6+6d, p=012..,n

Note that A, = —d is just the Laplacian on functions, since 6| A°(M) = 0.
One often writes A, = A if keeping track of degree is not crucial. A form o
is called harmonic if Aw = 0. The space of all harmonic p-forms will be
denoted by #?(M). By (A4) w is harmonic if and only if dw = dw = 0.
Another consequence of (A4) is that A is symmetric, that is, (Aa, ) = (o, Af)
for a, f € A¥(M). We mention that in case of the flat torus R"/Z” in the
natural coordinate system induced from R” the Laplacian is computed by
applying the ordinary Euclidean Laplacian to the coefficients of a differen-
tial form.

A fundamental result relating the Laplacian to the topology of M is the
theorem of Hodge (cf. deRham [1] or Warner [1]).

THEOREM A2. For every p =0, 1,2, ..., n, A”(M) admits the orthog-
onal direct sum decomposition

AP(M) = dAP (M) @ #P(M) @ AP (M),
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that is, every form w € A’(M) can be written as w = da + h + 68, with
ae AP (M), Be AP*}(M), and Ah = 0. do, h, and S8 are determined
uniquely. As a consequence #7?(M) is isomorphic to the deRham coho-
mology of M in dimension p.

One can see easily that Theorem A2 is implied by existence of the
orthogonal sum decomposition

AXM) = #P(M) © AAP(M).

In case of functions this reduces to the familiar fact that the equation
Au = f can be solved for u if and only if f is orthogonal to constants,
that is, if f, fdV = 0. One can see the way the Hodge theorem comes
about by pretending that the spaces of differential forms are finite dimen-
sional. If this were so, (A,AP(M))* = ker A* = ker A, = #?(M) and
AY(M) = #P(M) ® A, A*(M). In general such heuristic, “finite-dimensional”
arguments produce correct results for the Laplacian on a compact mani-
fold. However, to justify them one has to work considerably harder. A
proof of the Hodge theorem based on the heat equation for A, will be
sketched below.

The Hodge theory gives a relation between the topology and analysis on
M. One way in which geometry enters is via the following formula which
goes back to Bochner (cf. Yano—Bochner [1], or deRham [1]).

PROPOSITION A3. ForO < p<nand we A?
(@) Aw = —(V*Vo + F,w),
(b) Aol = {Aw, w) + (F,0, w) + |[Vol|*.

Here V denotes the covariant derivative induced by the Levi—Civita con-
nection, V* is its formal adjoint, and F, is an algebraic operator involving
the Riemann curvature tensor. For p = 1, F, is given by the Ricci tensor.
Thus applying the second formula above to a differential df one obtains
formula (IT1.56).

This proposition leads to a method (due to Bochner) of proving “vanish-
ing theorems,” that is, theorems which assert that under certain assump-
tions on curvature some cohomology groups are trivial. A scheme for
proving such theorems is given by

THEOREM Ad4. Suppose F, >-0, that is, (F,0, w), > 0 for all xe M
and all w € APM,. Suppose further that there exists x, € M for which



B. The Heat Equation on Forms 337

(F,w, w),, > 0 for all nonzero p-forms w € A’M,. Then every harmonic
form of degree p is identically zero.

This theorem gives a method for proving vanishing theorems. The real
work is always in proving that F, > 0. We indicate how the method works.
One can use either (a) or (b) of Proposition A3. Using (a) and Aw = 0, we
obtain

0= (Vo, Vo) + (F,w, v).

Both terms are nonnegative so that Vw = 0. It follows that (w,w) is a
constant, which must be zero in view of strict positivity of F, at one point of
M. Alternatively, if w is not identically zero, |w| attains a positive maximum
at a point x, € M. Using (b) we see that

3Alo* = (F,0,0) + (Vo, Vo) >0
at x,. By the maximum principle |w| = const so that
(F,0,w) + {Vo, Vo) = 0.

As above w must be zero identically.

It is rather surprising that such a simple result has so many deep
consequences (cf. Yano—Bochner [1]). It applies not only to the Laplace
operator, but also to the d-Laplacian in Kéhlerian geometry (cf. Morrow—
Kodaira [1]) and to the Dirac operator on spinors (cf. Hitchin [1]). It
exhibits very nicely the interaction between spectral properties (the kernel of
A), topology (cohomology), and geometry (curvature entering via F,). We
quote just one result proved fairly recently by Gallot and Meyer [1].

THEOREM AS. Suppose the curvature operator p: A2M, — A*M, has
a positive lower bound at every point x € M. Then M is a real homology
sphere, that is, H*(M, R) =~ H*(S", R).

B. THE HEAT EQUATION ON FORMS

Consider the initial value problem
(A6) A, = dw/ot, w(x, 0) = my(x),

where w is a C*® p-form on M depending smoothly on a parameter
t € [0, o). This problem admits a fundamental solution, often called the
heat kernel, e,(x, y, t) whose value at a point (x,y,f)e M x M x (0, 0) is a
linear map from A’M, to A?M, . Using the duality M, =~ M} given by the
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Riemannian metric we can also think of ej,(x,y,t) as an element of
APM, ® A’M,, that is, a double form. The e,(x, y, t) depends smoothly on
(x,y,) e M x M x (0, o0), and its defining property is the fact that

0(5,0) = | 2,053, A 040) dV0)
is a solution of (A5). To be precise we require that w(x, t) satisfies the heat
equation for ¢t > 0 and extends to a C® function on M x [0, ) if w, is
smooth. Solutions of (A5) are unique (e.g., by the energy method). Therefore
e (x, y, t) is unique if it exists.

A modification of the method of Minakshisundaram employed in
Chapter VI to construct ey(x, y,t) = p(x, y, t) yields existence of the funda-
mental solution of the heat equation on forms for 0 < p < n (cf. Patodi [1]).

THEOREM Bl. Given a C® form w, € A?P(M), the unique solution of
(AS) is given by

(A7) wlx, 1) = fM €%, . 1) A sgly) dV(),

where the kernel e, is a symmetric double form on M x M depending
smoothly on a parameter ¢t > 0. The kernels e,(x, y, t) have the properties
(AS) dxep(xs y, t) = ayep+ l(xa y’ t)

for

(x,p,) e M x M x (0, c0),

(A9) ex, x, 1) ~ 3, tITIC, (x),

j=o

that is, for every integer k > 0

k

ex,x, 1) = Y, t~"WDTC, (x) + O(*~*"P)
j=0

as t approaches 0. Each C,; is a smooth double form, the estimates are

uniform on M, and the coefficients of C,; are given by universal (but not

unique) polynomials in Riemann curvature tensor and its covariant

derivatives.

Milgram and Rosenbloom [1] showed that the Laplacian itself can be
studied via the heat equation. In particular the Hodge theorem follows from
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basic properties of the heat kernels e,(x, y, ). We outline the argument. Let
P((x) = [y €,(x, y,1) A *(y) dV,, for a form w € AP(M). One first shows
that the limit

Ho = lim P(t)w

t— o
exists for every w € AP(M). Clearly P(t)Hw = Hw and therefore

0 7,
0=—_— = _ P =
3 Hw o (t)Hw = AHow,

so that Hw is harmonic. Next consider Gw = | (P(t)w — Hw) dt, and
compute

AGw = J AP(w =f i P(tyo = lim P(t)ow — lim P(t)o = Ho — o.
0 0 at t—+w t=0

Of course, in this formal argument convergence of the integral defining Gw
and differentiation under the integral sign have to be justified. This is not
difficult since, in fact, P(t)w — Hw decays exponentially as t goes to infinity.
The equalities prove that w = Ho — AGw = Hw + ddéw + ddw, which is
the Hodge decomposition of w. Compare Sections V.1, VIL3.

As in the case of functions one can also derive the spectral decomposition
of the Laplacian and H. Weyl’s asymptotic formula from the properties of
the heat kernel. The argument differs only in notational detail from the

proofs of the Sturm-Liouville decomposition and the Weyl’s formula in
Chapter VI.

THEOREM B2. The completion L247(M) of AP(M) with respect to the
L? norm has an orthonormal basis ¢, ,, @, ,, @3 ,, . .. consisting of eigen-
forms of A,. One can order the eigenforms so that the corresponding eigen-
values 4, , satisfy

(A10) (i) 0<A,,<4;,<4;,<:- > o,
in particular the multiplicities are finite;

. @veM
@ T(m2) + )"

() N = #{klh, <4}

(i) elx,y,0) =Y e Mro, (x) @ ¢ )

k=1
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We next describe how the heat kernels can be used to obtain a link
between local and global invariants of the manifold M. Taking the trace
and combining the asymptotic expansion (A9) with (A10)(iii) we obtain

(All) f tr e (x, x, t) dV(x)
M

= kgl e“""-""_yo+ t™ag, + ay, + tPaz, + -+ )
where a;, = ) tr C, {x)dV(x). On one side of this formula we have
eigenvalues which are global invariants of M. The other side contains
integrals of locally defined functions.

To sketch the heat equation approach to generalized Gauss—Bonnet
theorem we need some notation. For 1 > 0, and 0 < p < n let A?(1) be the
eigenspace of A, belonging to the eigenvalue A. Of course A?(4) is finite
dimensional and it is nonzero only for countably many values of A. Clearly
AP(2) is perpendicular to AP(u) for A # pu, and, since dA = Ad, 6A = AS,
dAP(A) = AP*Y(A) and 6A4P*'(A) = AP(A). It is an easy exercise in linear
algebra to see that, for A > 0, the sequence

0 A% S ANS.. -S40

is exact. Therefore, for 4 > 0,

Y (—1)? dim A7(4) = 0.
p=1
It follows that

i (1P ¥ e Mdim A7) = ¥ e~* Y (—1)? dim AP(4)
r=1

120 iz0 p=0

S (-1 dim 4%(0)
p=0

2 (=17 dim #7(M) = 1(M),

p=0

where x(M) is the Euler characteristic of M. This expression for yM)
combined with (A11) gives

1(M)= i (—I)PJ tre,(x, x, 1) dV(x) ~. Xn: (=12 i a; v
p=0 M =0 p=0 j=0

=2y tf(f; (—1)vaj.,).
p=0

j=0
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It follows immediately that for j < n/2, Y _o(—1)¥a; , = 0, that (M) = 0
for n odd and that for even n

M) = ¥ (=1Yay;,,.

p=0
We recall that

aj, = jM tr C, {(x) dV(x).

The following theorem was conjectured by McKean and Singer [1] as a
“fantastic cancellation.” It was proved independently by Gilkey [1] and
Patodi [1].

THEOREM B3.

" » _ 0 if j<n/2,
(p;o(— 1) tr Cw-(x)) dV(x) = {Q it j=np.

where Q is the integrand in generalized Gauss—Bonnet formula (cf. Chern

(1D

Gilkey's proof is particularly elegant. He proves that the construction of
the heat kernels forces the forms (3 %_, (—1)° tr C,.[x)) dV to have certain
functorial properties. He then shows that the dimension of the space of
forms with these properties is zero when j < n/2, and is one for j = n/2. The
proof is completed by verifying that Q has the required properties and that
fs2 Q = 2 for all k.

We remark that other classical index theorems (Hirzebruch signature
formula, Riemann—Roch formula for compact Kahler manifolds) can be
given similar proofs (cf. Gilkey [1]). One can also prove the Lefschetz fixed-
point formuia (as well as Atiyah—Bott [1] generalization of it) using the heat
equation (cf. Kotake [1]).

C. EIGENVALUE ESTIMATES

The situation here is much worse than in the case of functions. Such tools
as the maximum principle or Harnack inequality which hold for elliptic (or
parabolic) equations are not available for systems (e.g., for the Laplacian on
forms). Similarly, the beautiful relationship between geometric invariants
(e.g., isoperimetric constant or Cheeger’s constant) and analytic ones
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(Sobolev constant, the smallest eigenvalue) have not been generalized to the
Laplacian on forms. The case of Cheeger’s inequality deserves some discus-
sion. The following example is due to E. Calabi and its understanding leads
to Cheeger’s inequality. Let M be the surface of the dumbbell pictured in
Fig. 1 on page 79. If the radius of the tube tends to zero, then A,, the first
positive eigenvalue of Ay, approaches zero. One can think of the space M
splitting into union M’ of two disjoint manifolds. The multiplicity of zero
as an cigenvalue of A, is one for M and two for M’. Assuming that the
spectrum varies continuously under such drastic deformation of the mani-
fold, 1,{M) has to approach zero. Cheeger’s insight is that this is the
only way to make 4; approach zero. Similarly, in the case of forms, the
convergence of the smallest positive eigenvalue of A, to zero ought to
correspond to creation of a new cycle of dimension p. It appears that some
kind of isoperimetric constant involving cycles of codimension other than
one might give a lower bound for the lowest eigenvalue of A,. No such
result has been proved.

Finally, as another indication that much less is known about the
Laplacian on forms, no comparison theorems for heat kernels exist (cf.
Sections VIIL.3 and 4). It is not even clear that any comparisons are
possible since one deals with vector-valued functions.

Having pointed out the difficulties one encounters we review some of the
known eigenvalue estimates for A,.

The simplest lower bound for 4, , follows from Weitzenbock identity,
Proposition A3 (Lichnerowicz’s theorem, (II1.55), is a special case).

THEOREM C1. Suppose F,>a >0 at every point of M. Then
Ap =

The proof is straightforward. The theorem may be regarded as a quanti-
tative version of the vanishing Theorem A4. Concrete results are proved by
examining which geometric conditions guarantee that F, is bounded below
by a positive constant. The following is an example.

THEOREM C2 (Gallot and Meyer [1]). Suppose that the curvature
operator p,: A2M* — AZM* satisfies p, > x > 0 for all x € M. Then for
everyp, 1 < p < n/2,

Aip2kpln —p+1).

The equality is attained for the sphere of constant curvature k.
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We remark that this gives a lower bound of A, ,forallp,1<p<n—1,
since * maps AP(M) isomorphically onto 4" ?(M) and *A = A%,

Lower bounds for higher eigenvalues of A, were obtained by Li [1]. His
departure point is also the Weitzenbdck identity A3, which easily leads to
the inequality

lwllAw| < (A ~ p(n — p)K)lwl?

for every eigenform w € AP(M) belonging to the eigenvalue 1. As above k
denotes the lower bound of the curvature operator. Setting f = |w| and
integrating, one obtains

[ rriar <= ptn = pws1Y

On the other hand,

2l -1

B IVFiI2.
The scheme described in Section 1V.4 applies to the function f and yields

(among other things) a lower bound for 4;, in terms of the volume, the

lower bound of the curvature operator, the Sobolev constant, p, j and the

dimension of M.

[ rmar= - [ -
M

D. BOUNDARY-VALUE PROBLEMS

There are boundary conditions for A,, which are natural generalizations
of Dirichlet and Neumann boundary conditions for A,. As in the case of
functions their understanding helps even in the study of A, for manifolds
without boundary. To describe these boundary conditions we need some
notation. Let M be a smooth, compact, oriented, Riemannian manifold
with smooth boundary 6M. Suppose 7 is the unit inward pointing normal
in the cotangent space at a boundary point x € M. A differential form
w e APM* can be decomposed uniquely into its normal and tangential
components ® = Wy, + Oporms WHETE Woorm = L A N, @, € AF(OM)E,
ue AP HOM)E.

Analogous to Dirichlet boundary conditions are absolute boundary
conditions

Wpn = 0, (0w = 0.

Relative boundary conditions
wnorm = 0’ (dw)norm = 0

generalize the Neumann conditions.
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Either of these boundary conditions gives rise to an elliptic, self-adjoint
boundary value problem. Formally, the theory is very similar to what we
outlined for the boundaryless case. For example, the deRham-Hodge
theory holds (cf. Conner [1]; Ray and Singer [1]). In particular, harmonic
forms which satisfy absolute (respectively, relative) boundary conditions
represent the absolute cohomology of M (respectively, the relative coho-
mology of the pair (M, dM)). Indeed, this is the source of the terminology.

Heat equation methods have been used successfully to study these
boundary value problems (e.g., by Ray and Singer [1] and by Cheeger [2])
and to some other nonlocal boundary value problems in connection with
index theorem for manifolds with boundary (cf. Atiyah—Patodi—Singer [1]).
H. Weyl’s asymptotic formula holds in this context and gives the asymp-
totic rate of growth of the eigenvalues but almost no eigenvalue estimates
are known for A, with either absolute or relative boundary conditions.
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