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Preface 

The subject of the geometry of the Laplace operator has undergone a 
veritable explosion in the past fifteen years, characterized by a dizzying 
wealth and variety of subject matter and techniques. The only systematic 
treatment available, with a Riemannian geometric viewpoint, is the lec- 
ture-notes volume by Berger-Gauduchon-Mazet [ 11, which appeared in 
1970. It therefore seemed to me, ten years later, that an updated introduc- 
tion would be most desirable. 

The basic goals of the book are: (i) to introduce the subject to those 
interested in discovering it, (ii) to coherently present a number of basic 
techniques and results, currently used in the subject, to those working in 
it, and (iii) to present some of the results that are attractive in their own 
right, and which lend themselves to a presentation not overburdened with 
technical machinery. 

I have made no attempt to give an exhaustive definitive account of the 
subject with a grand overview-in fact, I have resisted any temptation to 
do so. More particularly, I have restricted the subject matter to the La- 
placian acting on functions (except for an appendix, graciously contrib- 
uted by J. Dodziuk, on the Laplacian on forms), to questions concerning 
eigenvalues of the Laplacian for compact manifolds and domains with 
compact closure, and to the study of the associated questions concerning 
the heat equation. (The study of the heat equation for noncompact mani- 
folds was viewed as a natural extension and application of the study of 
Dirichlet heat kernels of domains with compact closure.) Even in this 
area, I did not present, fully, all the topics deserving a detailed presenta- 
tion. In some cases I settled for remarks on the results and, in others, for 
references (e.g., the inequalities of Hayman and Osserman relating the 
inradius of a domain to its lowest Dirichlet eigenvalue). In still other 
instances, I simply relied on the bibliography to put the reader on the 
track to related topics. 

I also add that there is no overarching philosophy, nor big questions 
point-of-view, to my presentation. The hallmark of the subject, to my 
mind, is the lively and variegated interaction of the fields of topology and 

xi 



xii Preface 

Riemannian geometry with the fields of partial differential equations, 
probability, and number theory; and it is precisely this quality that I have 
tried to capture in these pages. 

The first chapter introduces the Laplacian or, more precisely, the La- 
place-Beltrami operator, acting on functions on Riemannian manifolds, 
summarizes the basic facts of the existence of eigenvalues, and their 
associated Weyl formulas, and then presents the classical Rayleigh char- 
acterization of eigenvalues, followed by the max-min method. 

The second chapter gives a discussion of the basic examples, emphasiz- 
ing, in some detail, the Dirichlet and Neumann eigenvalues of geodesic 
disks in simply connected constant curvature space forms. The third 
chapter then develops the comparison arguments with which to estimate 
the lowest Dirichlet eigenvalue of a geodesic disk in a Riemannian mani- 
fold in terms of the corresponding eigenvalue in a constant curvature 
space form, the constant in question being an upper or lower bound of the 
sectional curvatures of the geodesic disk of the original manifold. These 
estimates are then applied to derive the theorems of Obata and Topo- 
gonov. A summary of information about the exponential map, Jacobi 
fields, and geodesic spherical coordinates is presented in the beginning of 
Chapter 111. 

Chapters IV and V are devoted to isoperimetric inequalities. We start 
with the celebrated Faber-Krahn solution to the Rayleigh conjecture and 
with a number of variations of the argument. Then we discuss the Cheeger 
and isoperimetric constants and their effect on estimating eigenvalues and 
eigenfunctions. Chapter V is devoted to estimating the Cheeger and iso- 
perimetric constants in terms of Riemannian data of the underlying mani- 
fold. It starts with the contributions of M. Berger and J. L. Kazdan 
toward the solution of the Blaschke conjecture, which are then applied, 
by arguments of C. B. Croke, to the estimation of the Cheeger and isoper- 
imetric constants. 

In Chapters VI-IX we focus on the heat equation. We give the exist- 
ence theorems for eigenvalues (of the closed and Dirichlet eigenvalue 
problems) and the convergence of temperature distributions (for large 
times) to steady state, following the arguments of A. N. Milgram and P. 
C. Rosenbloom, which, in turn, require the existence of the heat kernel, 
for which we use the construction of S. Minakshisundaram. (The advan- 
tage of this approach is that the most advanced spectral theorem required 
is the one for compact operators on ililbert space.) Also included are the 
Weyl formulas for these two eigenvalue problems. We then study the heat 
kernel on noncompact Riemannian manifolds, starting with the unique- 
ness and existence theorems of J. Dodziuk, followed by the comparison 
theorems of J. Cheeger and S. T. Yau, and concluding with the estimates 
of J. Cheeger, M. Gromov, and M. Taylor. 
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In Chapter IX we present the work of E. A. Feldman and myself on 
topological perturbations of the underlying manifold with negligible spec- 
tral effects. Besides my obvious interest in these questions, I consider 
these results quite suitable for the book, as they draw on much of the 
earlier material, and as they provide an appropriate context for introduc- 
ing considerations of Brownian motion to the study of the heat kernel and, 
thereby, the study of eigenvalues. 

The next two chapters study compact surfaces of constant negative 
curvature. In Chapter X we study the interaction of the geometry-topol- 
ogy of the surface with low eigenvalues, using the arguments of P. Buser, 
B. Randol, and S. Wolpert-R. Schoen-S. T. Yau. These arguments re- 
quire only Chapters I-IV. (In fact, one might construct a convenient 
introductory short-course from Chapters I-V followed by Sections 1 ,  3, 
and 4 of Chapter X.) The whole chapter contrasts sharply with the elegant 
and powerful theory of the Selberg trace formula, presented in Chapter XI 
by B. Randol. One enters, here, to a completely fresh enterprise revealing 
a development of the subject of eigenvalues along totally different lines 
from those featured earlier in the book. 

The final chapter is what the title says it is: Miscellanea-those matters 
that did not fit smoothly into the flow of the text, but which I did not want 
to exclude. The Appendix is an essay, by J. Dodziuk, summarizing some 
of the basic features of the theory of the Laplacian on forms-most nota- 
bly, the heat equation approach to index theorems. 

The bibliography is far from complete, but I think that it is sufficiently 
serviceable to the reader wishing to continue exploring the subject. I only 
hope that there are no gross injustices in the inclusion-exclusion of refer- 
ences, and in the attribution of results. 

To  my knowledge, earlier surveys and collections of articles are as 
follows: (i) Volumes 16( 1970), 23( 1973), 27( 1979, and 36( 1980), of the 
Proceedings of American Mathematical Society Symposia in Pure Mathe- 
matics, with Volume 36 completely devoted to the geometry of the La- 
place operator. (ii) The books Polya-Szego [ 13, Bandle [I] ,  and the survey 
articles of Payne [l]  and Osserman [3; 41, on isoperimetnc inequalities. 
(iii) The articles of M. Berger in Volumes 16 and 27 of the above AMS 
Proceedings, the survey articles of Simon-Wissner [l], Li 141, the lecture- 
notes Berger-Gauduchon-Mazet [ I], the bibliography BCrard-Berger 
[l], and the broad survey article of S. T. Yau [3] on partial differential 
equations in differential geometry. 

It is a pleasure to thank the geometers and analysts of the doctoral 
faculty of the City University of New York for their extended help and 
discussions since I came to  C.U.N.Y. in 1970-J. Dodziuk, E. A. Feld- 
man, S. Kaplan, B. Randol, and R. Sacksteder. A special thanks goes to 
J. Dodziuk for his appendix on the Laplacian on forms. 
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I am especially grateful to B. Randol for his chapter on the Selberg 
trace formula and am proud that his essay is included in this book. 

And, finally, I am delighted to acknowledge my debt to Edgar A. Feld- 
man, with whom I have worked on this subject for more years than it is 
wise to announce. There is hardly a worthwhile insight that I brought to 
the pages of this book in which he does not have a major share. 

Riverdale, New York 
July 1984 

ISAAC CHAVEL 



C H A P T E R  I 

The Laplacian 

In this chapter we present the basic definitions and facts to be used in the 
subsequent chapters. Few proofs are presented here-our main interest is in 
the interplay between the eigenvalues of the Laplacian and the global 
geometric invariants of the underlying manifold, and we wish to get to this 
topic as quickly as possible. Thus, for example, we shall consider the heat 
equation later, in some detail, and content ourselves in Section 4 with the 
formal calculation connecting the phenomena of eigenvalues and diffusion. 
Only in Section 5 do we start sketching the arguments. Nearly all the 
background material is available in the book references. (We note that the 
max-min arguments are based on the classic: Courant-Hilbert [l, Vol. I, 
Chap. VI].) 

1. DEFINITIONS AND PRELIMINARIES 

We let M be an n-dimensional, n 2 1, connected, C", Riemannian 
manifold. Should M have a boundary aM,  we shall assume that M is 
oriented, and that (unless otherwise noted) i3M is also C". 

For each point p E M ,  the tangent space to M at p will be denoted by M,; 
and the tangent bundle, that is, the union of all the tangent spaces of M 
endowed with its natural differentiable structure, will be denoted by T M .  

We denote the real numbers by R. For any differentiable mapping of an 
interval of R into any manifold, differentiation with respect to the inde- 
pendent variable in R is denoted by a prime. Mappings from intervals of R 
into manifolds are usually referred to as paths. 

Given p in our manifold M and a C' real-valued function f defined on a 
neighborhood of p ,  then to each 5 E M, is associated the directional 
derivative off at p in the direction C, denoted by U; and defined by 

(1) u= (f w)'(O), 
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where w(t) is any path in M satisfying w(0) = p and w'(0) = t. The map 
M, -, R given by t H is linear. For functionsf, h one has 

(2) 

(3) 

The Riemannian metric on M associates to each p E M an inner product 
on M,, which we denote by ( , >. The associated norm will be denoted 
by I 1. The Riemannian metric is C" in the sense that if X, Y are C" vector 
fields on M,  then (X, Y)  is a C" real-valued function on M .  

t(f+ h) = g+ t h ,  

5(fh) = h(U) + f(5h)- 

DEFINITION 1. Given a real-valued Ck, k 2 1, function f on M ,  we 
define the gradient off, grad5 to be the vector field on M for which 

(4) (gradf,t) = cf 
for all t E TM. 

There is no question of the existence of gradf, since, as noted, the map 
t H u is linear on each tangent space. The calculation below (cf. (22)) 
shows that gradf is a Ck- ' vector field. One has for functionsf, h, 

( 5 )  

(6) 

grad(f + h) = gradf + grad h, 

grad(fh) = h(gradf) + f(grad h).  

Whereas the differentiation of functions on a manifold is naturally 
determined by the differentiable structure, the differentiation of vector fields, 
on the other hand, is not naturally determined but involves the choice of a 
connection, that is, a rule which associates to each p E M, 5 E M,, and C' 
vector field X defined on a neighborhood of p, a vector V, X E M, satisfying 

where X , Y  are C' vector fields, and f is a C' real-valued function, all 
defined on a neighborhood of p. It is required that V,X be linear in 5 E M p ,  
and that for X, Y E  C" we have that V, Y is a C" vector field. The vector 
VEX is traditionally referred to as the covariant derivative of X with respect 
to t. 

The Riemannian metric on M does determine a unique connection, called 
the Leoi-Cioita connection, when one adds the requirements 

(9) V*Y - v,x = [X, Y], 
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where [I , ] is the Lie bracket of the indicated vector fields, and 

(10) 

for all C' vector fields X ,  Y on M ,  and 5 E T M .  

t(X,Y) = <V,X,Y) + (X,V<Y>, 

DEFINITION 2. Given a Ck, k 2 1, vector field X on M ,  define the real- 
valued function the divergence of X ,  div X, by 

(1 1) 

where 5: ranges over M p  

(div X ) ( p )  = trace(5: M V,X), 

The divergence of X is a Ck- '  function on M ;  and for the function f; and 
vector fields X, Y on M ,  we have 

(12) 

(13) 

div(X + Y) = div X + div X 

div(fX) = f(div X) + (gradf; X ) .  

DEFINITION 3. For any Ck, k 2 2, function f on M we define the 
function the Laplacian o f f ;  Af; by 

(14) Af = div(gradf). 

One has that Af E Ck-';  and for functions f; h we have 

(15) A ( f  + h) = Af+ Ah, 

(16) div(h(gradf)) = h(Af )  + (grad h, grad f ), 

(17) A ( f h )  = h ( A f )  + 2(gradj; grad h )  + f ( A h ) .  

We now calculate the expressions of the above operators in local 
coordinates. Let U be an open set in M ,  and x: U + [w" a diffeomorphism of 
U into R", that is, a chart on M .  Then associated to the chart are n 
coordinate vector fields, written as d/axJ or as a j ,  j = 1, . . ., n. The direc- 
tional derivative determined by aj satisfies 

(18) ( q P ) ) f  = (W O x - ) l a d  (X(P)), 

where p is any point in U and f is any differentiable function defined on a 
neighborhood of p .  For each p E U ,  the vectors { a , ( p ) ,  . . ., J, (p) }  span M,.  
Therefore, for 
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and f E C', we have 

g = 1 paj$ 
i 

120) 

For the given Riemannian metric, define 

where j, k = 1, . . ., n, and (henceforth) det denotes the determinant. Then 

for all 5.  From (4) and (20) we have 

grad f = c (gk' al f )  
k ,  1 

(22) 

To calculate the divergence, one certainly has n3 functions c;, 
i, j ,  k = 1, . . . , n, known as Christofel symbols, determined by 

(23) vaiai = c &;ah 
on U. Thus for 5 given by (19) and X given by 

(24) 

we have, using (7) and (8), 

x = x q J a j ,  
j 

Therefore 

(26) 

so it remains to give an explicit calculation of &;. 
Recall that if X is given by (24) and Y is given by 

(27) 

then 

Y = 1 p a j ,  
i 
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One immediately has, by setting X = aj  and Y = a k ,  that (9) is equivalent 
to 

(29) r;'k = rlj 

(30) 

for allj, k, 1 = 1, . . ., n. If one also sets 5 = 8, then (10) becomes 

a i g j k  = 1 { c i g l k  f gjIrli}, 
I 

from which one deduces, with (29), by a standard argument, 

ri"j = $Cgk'{aiglj + ajg, ,  - a l g i j } .  
1 

(31) 

In particular, we have, by (26) and (31), 

= x{d jq i  + $qjtr(G-'ajG)} 

= 1 {aj q j  + +qQj(ln g ) }  

i 

i 

= (I/&) c q b l j J s ) ,  

dix x = (1/&) c aXs'Js). 

i 

that is, 

i 

In the above calculation we have let tr denote the trace, a jG the matrix 
obtained from G by differentiating each of the entries with respect to thejth 
coordinate. To go from the second line to the third, one uses the standard 
formula for differentiating determinants. 

(32) 

Finally, (22) and (32) combine to imply 

(33) 

2. GREEN'S FORMULAS 

M is our given Riemannian manifold. With the Riemann metric is 
associated an integration theory in which (i) the function f is measurable if, 
for every chart x: U -+ R" on M ,  f 0 x - '  is measurable on the image of U in 
(w", (ii) for every covering { x a :  U ,  -+ R": a E I } ,  where I is some set, of M by 
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charts with subordinate partition of unity {4u : a E I } ,  the Riemannian 
measure on M is given by the density 

(34) 

where dx: . . . dx: is the density of Lebesgue measure on x,( U,) G R", and gu 
is the determinant defined in (21) for the chart x,: U, + R". The point is that 
the density & dx' . . dx" on the domain U is independent of the mapping 
function x .  The partition of unity is then the device with which the measure 
is defined globally on M. 

Formula (32) admits the following interpretation: Given the vector field 
X on M, let {Ot> denote the induced flow on M. Fix any compact set K in 
M, and set 

u(t) = I dV. 
W K )  

Then standard calculation shows that 

u'(0) = (div X) dV. 

Thus divX measures the infinitesimal distortion of volume by the flow 
generated by  X. 

JK 

DIVERGENCE THEOREM (I). If X is a C' vector field on M with 
compact support, then 

(35) JM(divX)dV = 0. 

GREEN'S FORMULAS (I). Let h E C', f E C2 be functions on M such 
that h(grad f )  has compact support. Then 

{hAf + (grad h, grad f ) )  dV = 0. 
(36) IM 
If we also assume that h E C2 and both f, h have compact support, then 

(37) lM{hAf - fAh} dV = 0.  

To derive Green's formula from the divergence theorem, one simply lets 
X = h(gradf) and substitutes (16) into (35). Equation (37) follows easily 
from (36). 
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Now assume that M has boundary aM,  with induced Riemannian metric 
and measure, the density of the measure being denoted by dA.  Let v denote 
the outward unit normal vector field on J M .  

DIVERGENCE THEOREM (11). Let X be a vector field which is C’ on 
&f and with compact support on a. Then 

(38) 

GREEN’S FORMULAS (11). Let h E C’(R) ,  f E C2(M) such that 
h(grad f )  has compact support on R. Then 

{hAf + (grad h, grad f )}  dV = h(vf) dA.  
(39) I, I, 
If we also have h E C2(&?) and both f, h have compact support on &?, then 

(40) (hAf - fAh) dV = fh(vf) - f (vh) )  dA. 

3. BASIC FACTS FOR EIGENVALUE 
PROBLEMS 

We let L’(M) be the space of measurable functions f on M for which 

JM Ifl’ dV < + 00. 

On L’(M) we have the usual inner product, and induced norm, given by 

(i h) = J f h  dV, Ilfl12 = (i f) 
M 

(41) 

for f; h E Lz(M). With the inner product, Lz(M) is a Hilbert space. 
Our fundamental interest is in the following eigenvalue problems. 

Closed eigenvalue problem: Let M be compact, connected. Find all real 
numbers I for which there exists a nontrivial solution C#I E C2(M)  to 

(42) A$ + AC#I = 0. 
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Neumann eigenvdueproblem: For aM # 0, compact and connected, 
find all real numbers I for which there exists a nontrivial solution 
#J E C2(M) n C'(M) to (42), satisfying the boundary condition 

(43) v4 = 0 

on aM (recall: v is the outward unit normal vector field on aM).  

Dirichlet eigenvalue problem: For aM # 0, compact and connected, 
find all real numbers I for which there exists a nontrivial solution 
#J E Cz(M)  n Co(M) to (42), satisfying the boundary condition 

(44) 4 = 0  
on aM.  

Mixed eigenvdueproblem: For BM # 0, R compact and connected, N 
an open submanifold of a M ,  find all real numbers A for which there exists a 
nontrivial solution 4 E C2(M)  n C'(M u N) n Co(M) to (42), satisfying 
the boundary conditions 

(45) 4 = O  on aM - N, v4 = O  on N. 

The desired numbers I are referred to as eigenvalues of A, and the vector 
space of solutions of (42) for a given eigenvalue I [eq. (42) is linear in 41, its 
eigenspace. The elements of each eigenspace are called eigenfunctions. 

THEOREM 1. For each one of the above eigenvalue problems, the set of 
eigenvalues consists of a sequence 

0 5 x ,  < X , < . . . f + o o ,  

and each associated eigenspace is finite dimensional. Eigenspaces belonging 
to distinct eigenvalues are orthogonal in L2(M), and L2(M) is the direct sum 
of all the eigenspaces. Furthermore, each eigenfunction is C" on M. 

We first note that as soon as we know that the eigenfunction 
4 E C z ( M )  n C'(M), then its eigenvalue I must be nonnegative. Indeed one 
sets f = h = #J and applies the appropriate Green formula [viz., (36) or 
(39)] to obtain 

(46) 1 = I1411-z [grad 4I2dT/  2 0. 
M 
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From (46) one has that 1 = 0 implies 4 is a constant function. Therefore 
in the closed and Neumann eigenvalue problems we have I, = 0, and in the 
Dirichlet and mixed ( N  # 8 M )  problems we have 1, > 0. 

We also note that the orthogonality of distinct eigenspaces is a direct 
consequence of the Green formulas (37) and (40). Indeed, let +,$ be 
eigenfunctions of the respective eigenvalues A, T. Then 

0 = {4A$ - $A4} dV = (A - 7)JM +$ dV s, 
and the remark follows. 

eigenvalue. It will also be convenient to (henceforth) list the eigenvalues as 
We refer to the dimension of each eigenspace as the multiplicity of the 

0 I 1, I A, I . . * t  +a 

with each eigenvalue repeated according to its multiplicity. 
If 4,, A, . . . is an orthonormal sequence (in L2(M)) of eigenfunctions so 

that 6 is an eigenfunction of A j  for each j = 1,2,. . ., then 41, &, . . . is a 
complete orthonormal sequence of L2(M). In particular, for f E L2(M) we 
have 

(47) 

in L2(M), and 

These last two formulas are referred to as P a r s e d  identities. 

Weyf’s asymptoticformula (Weyl [l]): In each of the above eigenvalue 
problems, let N(1) be the number of eigenvalues, counted with multiplicity, 
11. Then 

(49) N(1) - O ” ( V 0 l  M)1””/(2nn)” 

as A -+ + 00, where a, is the volume of the unit disk in W”, and vol M is 
(henceforth) the volume of M .  In particular, 

(50) (1,)”” - ((2n)“/wn} k/vol M 

ask  ++a. 
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For now, we just consider Weyl’s formula when n = 1. R will have its 
usual Riemannian structure, and, for the boundary value eigenvalue prob- 
lems, we will have M equal to some compact interval, say, [0, L].  For any 
function f on M = [O, L] ,  Af = f”, and Eq. (42) is 

(51) 

If we consider the Dirichlet eigenvalue problem on [O,L] then the as- 
sociated boundary condition is 

(52) 

from which one has, for k = 1,2,. . ., 
(53) &(x) = J2/Lsin(zkx/L) 

d” + h#J = 0. 

d(0) = m) = 0, 

and 

(54) 1, = (nk/L)’. 

Thus we obtain equality in the Weyl formula for all k. 

(55) 
from which one has 

For the Neumann eigenvalue problem the boundary conditions are 

@(O) = &(L) = 0, 

(56) 1, = (z(k - l)/L)’, 

and the Weyl formula is again satisfied. 

(57) 

In the case of the mixed eigenvalue problem one has boundary conditions 

&(O) = $(L) = 0 

Weyl’s formula follows immediately. 

(60) w(x) = (L/2z)ei2“x’L, 

then o(R) is a circle in R2 of length L, parametrized with respect to arc 
length along the circle, and the eigenfunctions of the circle consist of the L- 
periodic solutions of (51) (cf. Section 11.2 for more details). Thus 

Finally, if we set 

for all k = 1,2, . . . , and Weyl’s formula follows. 
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4. THE WAVE AND HEAT EQUATIONS 

The Weyl formula is our first example of the relation between analytic 
and geometric properties of the Riemannian manifold. At the same time, the 
eigenvalues and their eigenfunctions arise from mathematical idealizations 
of physical problems. 

For example, if we think of M as a vibrating homogeneous membrane 
with fixed boundary, then for “small oscillations” the transverse vibration 
would be given by a function u: M x ( 0 , ~ )  -, R satisfying the waue equation 

(62) hU = (p/z)a2v/at2, 

where p is the density and 7 the tension of the membrane, with boundary 
condition 

(63) 

(64) u(x, t )  = X(X)T(t). 

U l d M  x (0,co) = 0. 

The search for solutions to (62) begins with functions of the form 

Should a solution to (62) of the form (64) exist, then one is immediately led 
to the existence of a constant 1 for which 

(65) 

(66) Ax“ + I x  = 0, XlaM = 0.  

T” + (Il.r/p)T = 0, 

So I is a Dirichlet eigenvalue of M with eigenfunction x. From (46) we have 
A > 0-of course, our physical intuition demands that the motion be 
oscillatory with respect to time, and the only way to achieve it in (65) is to 
have 1 > 0. 

(67) 

where A, p are arbitrary constants. The number -12. is the “pitch” of 
the vibration and is that which our ears detect. The inverse proporfionality 
of the pitch and length of the vibrating string with fixed endpoints, deduced 
immediately from (54), was known to the Pythagoreans. 

Since (62) is a linear equation, any finite linear combination of solutions 
of the form (64) is again a solution. We therefore consider the formal 
solution 

The general solution to (65) will be 

T( t )  = A c o s r n ( t  - p), 

dx, t ,  = A k & ( X )  c o s J m ( t  - p k ) ,  
k =  1 

where I ,  I i, I ... are the Dirichlet eigenvalues of M ,  &, # J ~ ,  . . . a com- 
plete orthonormal sequence in L2(M) with & an eigenfunction of I l k  for each 
k,  and A,,  P, are arbitrary constants. 
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Assume that at time t = 0 we have 

(68) u ( X , O )  = fw,  (auiat)(x,o) = 0, 

where f is some given function on M ,  that is, we are thinking of the 
membrane as deformed to a given position and then released (without being 
pushed) at time t = 0. The second condition of (68) implies u can be written 
as 

m 

u(x, t, = cosJ3,kzlpt, 
& =  1 

which implies 

and by (47) we have 

that is, 

(69) 

where 

k =  1 

Similarly, if we think of heat diffusing through the homogeneous 
medium M with insulated boundary, then the temperature function 
u: M x [O, 00) + R satisfies, after suitable normalization of the physical 
constants, the heat equation 

(71) AU = aqa t  

(72) v,u = 0 

with boundary condition 

on all of aM x (0, co). Again we seek solutions of the form 

4x3 t) = x(x)T(t), 

and are led to the equations 

T’ +AT= 0, AX + AX = 0, 

with boundary condition 

v x = O  onaM. 
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So I is a Neumann eigenvalue of M with eigenfunction x. T(t)  is now of the 
form 

T(t) = 

If we wish to find the temperature function under the assumption 

4 % 0 )  = m, 
where f is a given function on M ,  then the above arguments lead to 

(73) 

where 

(74) 

In (74) the 2;s are Neumann eigenvalues with eigenfunctions h. 
We emphasize that the above are formal calculations with no pretense to 

their validity. Also the choice of boundary conditions was predicated on 
appeal to experience. Any of our four eigenvalue problems can be derived 
with the exact same manipulations from a corresponding initial-boundary 
(possibly empty) problem for the wave and heat equations. 

5. RAYLEIGH AND MAX-MIN 
METHODS 

For continuous vector fields X ,  Y on M ,  we define the inner product 

with norm 

(75) 

and complete the resulting metric space to an L’-space, denoted by P ( M ) .  
As usual, Y 2 ( M )  may be identified with those measurable vector fields X 
(i.e., vector fields whose coefficient functions, in any chart, are measurable) 
for which the integral in (75) is finite. The inner product and norm extend to 
Y’(M)-and Y ’ ( M )  is a Hilbert space. 
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If we are given a C' function f on M, and a C' vector field X on M with 
compact support, then (13) and (35) immediately imply 

(grad f, X) = - (A div X). 

We now consider this formula for a broader range of functions. 

DEFINITION 4. Given a function f E L2(M) we say that Y E S z ( M )  is 
a weak derivative off if 

(K X) = -(A div X) 

for all C' vector fields X with compact support on M. 

It is known that there is at most one such Y E  P ( M ) ,  and we may 
therefore write 

Y = Grad f. 

We shall let X ( M )  denote the subspace of Lz(M) (referred to as the Soboleu 
space) consisting of those functions in L2(M) possessing weak derivatives; on 
Z ( M )  we shall define the inner product 

(f, h),  = (f, h) + (Grad f, Grad h) 

Ilf 11: = llf1I2 + IIGradf 112. 

(f E Crn(W: Ilf Ill -= +a} 

with associated norm 

(76) 

It is also known that X ( M )  is the completion of 

in the metric induced by (76). Moreover, since aM (when nonempty) is C", 
we also have that Cm(@) is dense in X ( M )  in the given metric. 

On XfM) we consider the symmetric bilinear form, known as the 
Dirichlet or energy integral, and given by 

(77) 

for f, h E i%?(M). 

(78) 

where 4 is usually an eigenfunction in one of our eigenvalue problems, and 
f is in some subspace of X ( M ) .  

In the closed eigenvalue problem we have M compact (in particular 
M = a) and (78) is certainly valid by (36) when 4 E C2(M) and f E Cm(M). 

D [ f ,  h] = (Grad f, Grad h) 

In what follows we shall be concerned with the validity of the formula 

(A47 f 1 = -", fll 
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Therefore, for a fixed 4 E CZ(M),  formula (78) defines a linear functional Fb 
on C"(M) as a subspace of &@(.M), satisfying 

IF&f)l 5 IIgrad 411 llgradfll I Ilgrad4lI I l f l l l .  
So F+ is a bounded linear functional on C m ( M )  c X ( M )  with norm 
I llgrad 411, and can be extended to a bounded linear functional on all of 
&@(M). Thus (78) will be valid for 4 E CZ(M),  f E &@(M). 

For the Neumann eigenvalue problem we start with the validity of (78) for 
4 E C'(M), satisfying v4 = 0 on d M ,  and f E C"(M)-the appropriate 
Green formula is (39). Again one extends the validity of (78) to allow 

For the Dirichlet eigenvalue problem we proceed as follows: (78) is valid 
for 4 E CZ(M), satisfying 4 = 0 on a M ,  and f E C m ( M )  with compact 
support-again by (39). The validity of (78) will now be extended to let f be 
in the completion of C" functions, with compact support in M ,  in X ( M ) .  

For the mixed eigenvalue problem we obtain the validity of (78) when 
4 E C 2 ( M )  with 4 = 0 on aM - N ,  v4 = 0 on N ,  and f is in the com- 
pletion of functions in C m ( R )  compactly supported in M u N .  

f E &@(MI. 

We summarize the discussion: 

DEFINITION 5. Given each of the above eigenvalue problems we 
define the space of admissible functions $(M)  to be X ( M )  in the case of 
closed, and Neumann eigenvalue problems, the completion of C" functions 
compactly supported on M in the case of the Dirichlet problem, and the 
completion of the C" functions compactly supported on M u N in the 
mixed problem. 

Before proceeding, we comment that, in what follows, not all our 
manifolds, with nonempty boundary, will have C" boundary. In some 
situations we will require the discussion for when M is only piecewise C", 
namely, (i) when M is a nodal domain on a surface (cf. below), (ii) when M is 
an n-dimensional rectangle in W", n 2 2 (cf. Section 11.3), and (iii) when M is 
a two-dimensional geodesic triangle (cf. Sections X.3 and 4). In all these 
cases, the divergence theorem and resulting Green's formulas are valid (with 
appropriate formulation of the hypotheses) (see Whitney [l, p. 1001). All the 
basic facts in Section 3 about solutions to the eigenvalue problems remain 
unchanged except, of course, the differentiability of the solutions at the 
singularity of the boundary. We also note, in this case, that the functions, 
which are C" on M and the smooth part of aM, are dense in X ( M ) .  To 
distinguish between the cases when aM is C", and when aM is possibly only 
piecewise C", we refer to connected M with compact closure and nonempty 
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C“ boundary as a regular domain, and to connected M with compact 
closure and nonempty piecewise C“ boundary as a normal domain. 

RAYLEIGH’S THEOREM. We are given a normal domain with fixed 
eigenvalue problem having the function space fi(M), and eigenvalues 

(79) I ,  I I ,  5 ..., 
where each eigenvalue is repeated the number of times equal to its 
multiplicity. Then for any f E @(M), f # 0, we have 

(80) I ,  5 DCf,fl/llfl12 
with equality if and only if f is an eigenfunction of I , .  If {#,, 42, . . .} is a 
complete orthonormal basis of L2(M) such that $j is an eigenfunction of A j  
for eachj = 1,2, . . ., then for f E $(M),  f # 0, satisfying 

(81) ( f ,41)=*- .  = ( f , & - , ) = O ,  

we have the inequality 

(82) I k  5 D[f,fl/llf 11, 
with equality if and only iff is an eigenfunction of I k  . 

4 is an eigenfunction, and f E s ( M ) ,  then (78) is valid. 
PROOF: The argument is based on our earlier considerations, namely, if 

For any given f E @(M)  set 

aj = (f, 4j). 
For k > 1, (81) is equivalent to saying u1 = - - -  = uk-1 = 0.  So for all 
k = 1,2,. . . , and r = k, k + 1, . . . we have 

r r r 1 

r r 

r 

= D [ f ,  f]  - C A j ~ f .  
j = k  

m 
We conclude that 
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and 

D M f ]  2 1 2j.f 2 I k  C = n k l l f l 1 2 ,  
j = k  j = k  

by the Parseval identities. The case of equality follows easily. 

MAX-MIN THEOREM. Given u l , .  . ., U k -  E L2(M), let 

P = inf ” fllllfl12 
where f varies over the subspace (less the origin) of functions in 5 ( M )  
orthogonal to ul, . . ., u k - l  in L2(M). Then, for eigenvalues given in (79), we 
have 

1,. 

Of course, if u l ,  . . ., v,- are orthonorma1, with each vr an eigenfunction of 
1,,1=1, ..., k - l , t h e n p = & .  

PROOF: Consider the functions f of the form 
k 

f = 1 U j 4 j 9  
j =  1 

where 41,.  . ., 
j = 1, . . ., k, and where f is orthogonal to ul, . . ., uk- in L2(M), that is, 

are orthonormal, with each an eigenfunction of A j ,  

k 

O =  C U , ( ~ , U , ) ,  I =  1 ,..., k -  1 .  
j =  1 

If we think of ul,  . . ., ak as unknowns and (4j, ul) as given coefficients, then 
system (83) has more unknowns than equations and a nontrivial solution of 
(83) must exist. But then 

k 

p\lfl12 5 D[jlfl = 1 Saj’ 5 A k l l f l 1 2  
j =  1 

which implies the claim. 

Domain monotonicity of eigenuaiues (vanishing Dirichlet data): Let 
R,, . . ., R, be pairwise disjoint normal domains in M ,  whose boundaries, 
when intersecting d M ,  do so transversally. Given an eigenvalue problem on 
M ,  consider, for each r = 1, . . ., m, the eigenvalue problem on R, obtained 
by requiring vanishing Dirichlet data on dR, n M and by leaving the 
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original data on aR, n aM unchanged. Arange all the eigenvalues of 
a,, . . ., R, in an increasing sequence 

0 I v1 I v2 I * * a  

with each eigenvalue repeated according to its multiplicity, and let the 
eigenvalues of M be given as in (79). Then we have for all k = 1,2, . . ., 

(84) 1, 5 Vk.  

PROOF: We use the max-min method. For functions in Lz pick 
bl, . . ., r$,- 1. For j = 1, . . ., k let Jlj: -+ R be an eigenfunction of vj when 
restricted to the appropriate subdomain, and identically zero, otherwise. 
Then Jli E $3(M), and Jll,. . ., $k may be chosen orthonormal in L2(M). As 
before, there exist al, . . ., U k ,  not all equal to zero, satisfying 

k 

1 ajJlj,h)=O, 1=1, ..., k - 1 .  
j= 1 

Therefore the function 
k 

f = C ajJlj 
j= 1 

is orthogonal to b1, . . ., A- in L2(M), which implies 
k 

& l 1 f / l z  I DCf,fl = v j$  vkllf / I 2  
j =  1 

which is the claim. 

COROLLARY 1. If R E M ,  then for the Dirichlet eigenvalue problem 
on R, and any eigenvalue problem on M we have 

(85)  nk(n) 2 

If M - a is open in M, then the inequality is strict. 

Domain monotonicity of eigenualues (vanishing Neumann data): Let 
a,, . . ., R, be as above, and also assume 

- -  - 
M = R1 u ... u R,. 

For each I = 1, . . ., m, add Neumann data to aR, n M and leave original 
data on aR, n aM unchanged. Again arrange all the eigenvalues of 
R,, . . ., R, in increasing order, with repetition according to multiplicity: 

0 I I p2 I . . - .  
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Then for each k = 1,2,. . . we have 

(86) p k  5 

PROOF: Let y :  M + Iw be the eigenfunction of pi  when Y; is restricted to 
the appropriate subdomain, and let Vl be identically zero otherwise. 

Now if f is any function in $(M), then f E s(Qr) for every r = 1, . . ., m. 
We can therefore argue that iff is orthogonal to Yl, . . ., Yk- , in L2(M) then 

But there exists a nontrivial 
k 

f = 2 ajbj 
j =  1 

orthogonal to Yl,  . . ., Yk-l in L2(M). Then 

D I X f l  5 n k l l f  11'5 

which implies the claim. 

Remark I :  We note the contrast in the hypotheses of the two domain 
monotonicity theorems for eigenvalues, the addition of vanishing Neumann 
data requiring a complete partition of M. To employ this result in a fixed 
geometric setting, with good choices of Q,, . . . , R,, one requires a priori 
some knowledge of the decomposability of M .  Such an application is given 
in Theorem X.3. 

DEFINITION 6. Let f: M -+ R E Co. Then the nodal set of f  is the set 
f-'[O], and a nodal domain off is a component on M\f-'[O].  

COURANT'S NODAL DOMAIN THEOREM. Let (79) be our list of 
eigenvalues and {& b2, . . .} a complete orthonormal basis of L2(M) with 
each 6 an eigenfunction of L j ,  j = 1,2, . . . . Then the number of nodal 
domains of 4 is less than or equal to k, for every k = 1,2, . . . . 

PROOF: We will give proofs for two distinct cases: (i) All the nodal 
domains of 4 are normal domains; and (ii) no assumption is made on the 
nodal domains, but then wen only consider the closed and Dirichlet eigen- 
value problems. 

In case (i) we argue as follows. 
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Let G,, . . . , Gk,  Gk+ . . . be nodal domains of 4.  For each j = 1, . . . , k 
define 

h = {:I Gj 
on Gj, 

on @ - G j .  

One then obtains, as above, the existence of a nontrivial function 

k 

satisfying 

(f; A- 1). 0 = = ... = 

One verifies that h E &(M) for each j = 1, . . ., k. Then Rayleigh's theorem, 
the max-min method, and the divergence theorem imply 

I k  D[f,fl/11f112 5 I k -  

So f is therefore, an eigenfunction of & vanishing identically on G,,,. But 
then the maximum principle (cf. Section XII.11) implies that f vanishes 
identically on M-a contradiction. 

Before proceeding to case (ii) we first note an immediate consequence of 
the nodal domain theorem. 

COROLLARY 2. $1 always has constant sign; 1, has multiplicity equal 
to 1; and 42 has precisely 2 nodal domains. 1, is characterized as being the 
only eigenvalue with eigenfunction of constant sign. 

In the special case (i), we also have, immediately, 

COROLLARY 3. If a normal domain S2 in M is a nodal domain of an 
eigenfunction of some eigenvalue 1, then 1 is the lowest eigenvalue for the 
eigenvalue problem of S2 with original boundary data on aS2 n aM,  and 
vanishing Dirichlet boundary data on 8 0  n M. 

In the following, we will be using some elementary facts about the 
foliation of a noncompact manifold with compact closure M by the level 
surfaces of a function in C o ( R )  n C " ( M )  which vanishes on dM. We refer 
the reader to Section IV.l for a summary. 
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DEFINITION 7. Let R be an arbitrary open set in a Riemannian 
manifold M. Define Xo(R) to be the completion, in &'(Q), of the collection of 
C" functions on Q which are compactly supported in Q, with respect to the 
norm (76). Then the fundamental tone of R, A*@), is defined by 

A * P )  = inf DCfi fllll f I1 
where f ranges over nonidentically vanishing functions in Xo(R). 

We note that one can show that if u E .#(a) n C0(n), and U I  dR = 0, 
then u E Xo(Q) (remark of J .  L. Kazdan). 

Also note that if R is a compact manifold (resp., a norma1 domain), then 
Rayleigh's theorem implies that A*(Q) coincides with the lowest eigenvalue 
of the closed (resp., Dirichlet) eigenvalue problem. 

Finally, if R is given by 

R =  UQ,, 
a 

where R, is a domain in M ,  for each a, then 

A*(R) I inf A*(Ra). 
0 

We now fix M to be either (i) a compact Riemannian manifold, in which 
case we are considering the closed eigenvalue problem, or (ii) a regular 
domain, in which case we are considering the Dirichlet eigenvalue problem. 

LEMMA 1. Let u be an eigenfunction with eigenvalue A, and let R be a 
nodal domain of u. Then u E Xo(R), and 

A = A*(R). 

PROOF: Assume u > 0 on R, and for each E > 0, set 

R& = {x E R: u(x) > E } ,  

Then, by Sard's theorem (Narasimhan [l, p. 19 ff.]), there exists a sequence 
e j ,  of regular values of u, decreasing to 0 as j + + oc). Set 

srj = R&J, uj = uei. 

Then uj E Z0(Qj) G Xo(R), as mentioned earlier, and it is clear that 
uj ,+ u I $2 in &(a). 
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Since doj is C“ we also use the Green’s formula to obtain 

which implies, by letting j + + 00, 

Therefore, 

A 2 A*(Q). 

To show the opposite inequality, let E > 0 be a regular value of u, and let 
u, > 0 be the eigenfunction of the Dirichlet eigenvalue A,(Q,) = R*(I2,). 
Then 

AJJ*= u,u dV = -/I*= U , ( W  dV 

-JJ*c(Audu dV 

= -J/ne(Au.)u dV +i, u(auJav) d A  

which implies 

.for all regular values E > 0. 
We now show 

lim A*(Q,) = A*(Q), 
E l 0  



5. Rayleigh and Max-Min Methods 23 

which will conclude the proof of the lemma. Given any 6 > 0 there exists 
f E C"(Q), compactly supported on Q, such that 

~Cf;f3/Hf1I2 5 + 6 .  

suppf  E Q,; 

But there certainly exists E > 0 for which 

so 

We therefore have, for given 6 > 0, the existence of E > 0 for which 
. A*@) I A*(Q,) I L*(Q) + 6 .  

Since A*(Q,) is increasing with respect to E, we obtain (87), which implies the 
lemma. 

To prove the Courant nodal domain theorem for case (ii), one can now 
argue as above. However, instead of invoking the maximum principle, one 
must invoke the unique continuation principle (Aronsajn [ 13). 

Remark 2: For f an eigenfunction of the Laplacian, the regularity of the 
nodal sets, that is, f-'[O], has been studied in Cheng 141. His results are 
that except on a closed set of lower dimension (i-e., < n  - 1) the nodal set of 
f forms an (n  - 1)-dimensional C" manifold. The singular points are those 
at which, not only f vanishes, but the gradient o f f  vanishes (that is, the 
critical points off). In the neighborhood of these points, the nodal set is C' 
diffeomorphic to the nodal set of a homogeneous harmonic polynomial on 
R". 

As a result of these statements, Cheng proved the general nodal domain 
theorem as though case (ii) never need arise. However, C. deVerdiere has 
noted that the regularity argument of Cheng has a gap when 
n = dim M > 2, and that one can even give a counterexample to the 
argument {though not, necessarily, the result) as it stands (see Berard- 
Meyer [l]). Hence the necessity of considering case (ii) in the above 
argument. The argument given for case (ii) is that of BCrard-Meyer [I]. 

When n = 2, that is, M is 2-dimensional, then Cheng's results are valid, 
and one can actually say more, namely (Cheng [4]) (i) the critical points on 
the nodal lines are isolated; (ii) when the nodal lines meet, they form an 
equiangular system-the number of lines being equal to the order of the 
vanishing off; (iii) the nodal lines consist of a finite number of C2 immersed 
one-dimensional closed submanifolds. Therefore, when M is compact, the 
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nodal lines consist of a finite number of C2 immersed circles; (iv) the 
geodesic curvatures of intersecting nodal lines vanish at the point of 
intersection. In the compact case, upper bounds on the order of the 
vanishing of the kth eigenfunction can be given in terms of k and the 
topology of the manifold, which, in turn, imply upper bounds on the 
multiplicity of the first nonzero eigenvalue. In particular, if M is ho- 
meomorphic to S2, then the nodal line of an eigenfunction, corresponding 
to the first nonzero eigenvalue, consists of one C“ simple closed curve, and 
the multiplicity of the eigenvalue is less than or equal to 3. The upper 
bound 3 is best possible as it is realized by the standard metric on S2 (cf. 
Proposition 11.1). Besson [l] sharpened Cheng’s original argument to give 
best possible upper bounds of the multiplicity of the lowest nonzero 
eigenvalue of the real projective plane, and two-dimensional tori. He also 
showed that the upper bounds do not characterize the standard metrics. 

Remark 3: An old conjecture (Payne [l]) was that, given a convex 
domain R in R”, then the level sets, of the eigenfunction of the lowest 
Dirichlet eigenvalue of R, are convex. It was settled affirmatively in 1976 by 
H. J. Brascamp and E. Lieb [l], and reinvestigated, using more elementary 
arguments, in Cafarelli-Spruck [l]. We refer the reader to this last paper 
for other results and references on this and related questions. 

We now consider the possibility that we have equality in Courant’s nodal 
domain theorem for infinitely many k. 

PLEIJEL’S THEOREM (Pleijel [l]). Consider M with either the closed 
in M we or Dirichlet eigenvalue problem. Assume that for any domain 

have the isoperimetric inequality 

(88) 

Then, letting n k  denote the number of nodal domains of &(M), we have 

(n*(Q)}n” vol Q > (27q/O,. 

(89) lim sup n Jk < 1. 
k - t m  

Thus equality in Courant’s theorem can be achieved for only a finite 
number of eigenvalues. 

PROOF: If R is a nodal domain of Ak(M), then 

= 
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which implies there exists a constant c1 > (27c)"/w, such that 

{Ak(M)}"" VOl M 2 nkc(. 

Thus 

lim sup nk/k 5 ( l /a)  lim ( l / k )  {Ak(M)}"" vol M 
k-+ w k - +  a, 

= (2x)"/aw, 

< 1  

by Weyl's asymptotic formula. 

Remark 4: Of course, it remains to investigate the validity of (88), so we 
may in fact conclude the inequality (89). For the case of Dirichlet eigen- 
values, the matter has been affirmatively settled in BCrard-Meyer [ 11-cf. 
our discussion in Remark IV.4. 

One may persist by arguing that even though equality in Courant's 
theorem might be achieved only a finite number of times [if one has the 
isoperimetric inequality (88)], it is still true that given the manifold M ,  one 
can guarantee the existence of an integer k such that for all 1 > k, the Ith 
eigenfunction has more than 2 nodal domains. This is false. A metric on S 3  
exists which provides a counterexample (see BCrard Bergery-Bourguignon 
C11)- 
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The Basic Examples 

In this chapter we present the basic examples which, to a large extent, 
motivate the subsequent theory. In general, we provide more detail when 
systematic treatment is yet to be available in book form. Two comments are 
in order here: (i) Our presentation of hyperbolic space is limited to 
providing what is necessary for the work in Section 5 .  More detail will be 
provided in Chapters X and XI. (ii) Some of the techniques of estimation 
have greater validity than their employment in Section 5, where we are only 
interested in the case of constant sectional curvature. We refer there to the 
literature to, obviously, give credit to the authors, and to inform the reader 
of the broader possibilities. 

1. SOME GENERALITIES 

If we are given Riemannian manifolds M, N, then the product manifold 
has a natural Riemannian metric, determined as follows: For any 
(p, q) E M x N, the tangent space (M x N)(P,4) is canonically isomorphic to 
the direct sum M p  0 N,. For vectors 5, q E M,, 5, v E Nq we define the 
inner product of 5 0 5 and 9 0 v by 

(t 0 r, 9 0 V>(,,,, = (t, q ) p  + (5, v>4. 

where the subscripts indicate the tangent space in which the different inner 
products are to be calculated. In particular, Mp 0 (0) is orthogonal to 
(0) 0 Nq.  The associated Riemannian measure on M x N is the product 
measure determined by dVM and d V N .  

For C2 functions F :  M x N -+ R of the form 

(1) F(P9 4 )  = f ( P ) W ,  

where f: M + R,  h: N + R are both C2 on their respective manifolds, we 
have (using obvious notation) 

( A M X N F ) @ ,  4 )  = (AMf)(P)h(q)  + f(P)(ANh)(q)* 

26 
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Thus if f is an eigenfunction of AM with eigenvalue d and h is an 
eigenfunction of AN with eigenvalue z, then F is an eigenfunction of AM 
with eigenvalue 0 + 7. One knows (Berger-Gauduchon-Mazet [l, p. 1441) 
that given eigenvalue problems on M ,  N ,  the collection of eigenfunctions of 
the induced eigenvalue problem on M x N ,  which come from the algebra of 
C2 functions on M x N generated by those of the form (l), is the complete 
set of eigenfunctions of that induced eigenvalue problem on M x N .  

We recall some facts about isometries. Given manifolds M ,  N and a C" 
map @: M + N ,  associate to @ the maps @*: Co(N) + Co(M)  and 
@*: T M  + T M  in the usual manner: 

@*f = f @, (@*Of = 5(@*f). 
To any Riemannian metric B on N is associated, via @, a symmetric, 
positive semidefinite, (0,2)-tensor field, O*B, on M ,  by 

(@*4(L ?) = 4@* (9  a* ?) 

for any 5, q E M,, p E M .  If b is a given Riemannian metric on M ,  we say 
that @ is a local isometry of b onto B if b = @*B. In such a case, @ is an 
immersion. We call (D an isometry if @ is a diffeomorphism and a local 
isometry. 

Let M ,  N have the Riemannian metrics b,B, respectively, and let 
@: M N be a local isometry of M onto N .  Then for any C' function f on 
N ,  we have 

@*(grad,@*$) = grad,f. 

For any vector field Y on M ,  for which @* Y is a globally well-defined vector 
field on N ,  we have 

div,Y = @*(div,O* Y ) .  

And for any C2 function f on N we have 

(2) A b ( @ * f )  = @*(ABf)* 

If, in addition, M = N ,  b = B, then @ is an isometry of M onto itself, and 
@* acts as an orthogonal transformation of f f ( M ) .  From (2) one has that @* 
leaves every eigenspace invariant. 

Recall that a map p :  fi + M of Riemannian manifolds fi, M is a 
Riemannian covering if p is a differentiable covering and a local isometry. 
Given any covering q: fi + M of manifolds fi, M ,  the deck transformation 
group of the covering q is the group of homeomorphisms 6: fi -+ fi 
preserving q, that is, 

9 0 4 = q .  
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It is known that the deck transformation group acts properly discon- 
tinuously on @ (i.e., to each p E fi there exists a neighborhood U of p such 
that the collection of open sets { 4 ( U ) }  are pairwise disjoint)-in fact, the 
deck transformation group determines the covering. When p is a 
Riemannian covering, the elements of the deck transformation group are 
isometries. 

When p: @ -P M is a Riemannian covering, the functions on M may be 
naturally considered as functions on @ invariant under the action of the 
deck transformation group of p. Therefore, for M compact, the eigenvalues 
of M are precisely those eigenvalues of @ in whose eigenspace there are 
nontrivial eigenfunctions of @ invariant under the action of the deck 
transformation group of p. The invariant subspace of the @-eigenspace in 
question is precisely the M-eigenspace of the given eigenvalue. Note that if 
@ is not compact, then the invariant eigenfunction of @ is not in I.'(@). 

2. TORI 

We start with R", n 2 1, considered as a group under vector addition, 
and a lattice r, that is, a discrete subgroup of R". The lattice acts on R" by 

Y ( 4  = Y + x 

for E r, x E R"; the action is properly discontinuous, and determines the 
Riemannian covering p: R" + W/T. We shall assume that the rank of r is n, 
that is, there exists n linearly independent vectors { v l ,  . . ., v,} in r for which 

r n  \ 

r = i c ajvj : a j  E z,j = I , .  . ., n 
j =  1 

where Z denotes the integers. In this case Rn/r is compact and is diffeomor- 
phic to the torus (Sly, the Cartesian product of the circle S' with itself n 
times. For convenience we denote R"/r by T. 

We shall find it convenient to consider the functions on T to be complex- 
valued; so L'(T) will, now, be a Hilbert space with Hermitian inner product 

( L h )  =I f E d K  
T 

The Laplacian will act on complex-valued functions by acting on their real 
and imaginary parts separately, namely, for real-valued functions u, u on T, 
we have 

A(u + iv) = Au + iAv. 
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One checks that the same eigenvalues are obtained, as when only admitting 
real-valued functions, with the same multiplicity. 

To obtain a collection of eigenfunctions on T we proceed as follows: 
Associate to the lattice I', the dual lattice, r*, given by 

r*= ( y ~ R " : ( ~ , y ) ~ P f o r a l l x ~ r ) .  

Then r* is indeed a lattice of rank n, and to the above basis {ul, . . ., un} of 
r is associated the dual basis { w , ,  . . ., w,,} of r*, determined by 

( w j , u k )  = 8;. 

where 8 j k  is the Kronecker delta. Naturally, 

(r*)* = r. 
Now to each y E r* associate the complex-valued function +y defined on 

R', and given by 

(#gX) = p < x . Y )  

A+&) = -4~21Y124y. 

One easily sees that $y is invariant under the action of r, and 

Thus determines an eigenfunction on T with eigenvalue 

(3) 1 = 4nzly12. 

The functions 'p, determined in this manner are known to span L2(T) 
(Berger-Gauduchon-Mazet [l, pp. 146-1481). 

We remark that if given y,, . . . , yk E r*, then the functions 

{by, : j  = 1, . . .) k }  

are linearly independent. Indeed, if k = 1 then all is well. Assume now that 
for given I > 1 our remark is true for any choice of 1 - 1 distinct elements 
of r*. Should the I distinct elements y , ,  . . . , yr  E r* satisfy 

1 

for a given choice of complex numbers P,, . . . , Pi, then, since 

4 Y r 4 Y s  = 4 Y y r + Y ,  

for all y,, y, E r*, we would have 
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Now calculate the Laplacian of both sides; then 
1 - 1  

0 = 1 B j I y j  - ~ l I ' $ y j - y r ,  
j =  1 

from which one easily concludes: fll = - - . = f l l  = 0. 
Thus for a given 1 =- 0, the eigenspace of 1 has dimension equal to the 

number of solutions y E r* of (3), and the summatory function N ( I )  is equal 
to the number of elements of r* inside the closed disk in R", about the 
origin, of radius $1271. 

THEOREM (Weyl's asymptotic formula). For the torus T we have 

(4) N(1) - O , ~ " " ( V O ~  T)/(2n)" 

as 1 + +a. 

PROOF: Let Bn(r) denote the open disk in W", centered at the - origin and 
having radius r, and let .N*(r) be the number of points of r* in B"(r). Then 
(3) implies that (4) is equivalent to 

(5) N * ( r )  - m,r"(vol T) 

as r + +a. 

discussion. To each 
Let { u l , .  . ., u,} be the basis of r referred to at the beginning of our 

n 

u = 1 ajvj 
j =  1 

in r associate the parallelopiped P(u) defined by 
r n 

1.j = 1,. - .,n . i 
Then P(u) is afundarnental domain of T, that is, no two distinct points of P(u) 
__ represent the same point of T, and the image of the closed parallelopiped 
P(u), under the covering, is all of T. Note that 

v01 T = V O ~  P(u) 

for every u E r. We simply refer to P(u) as a copy of T. 
Also note that if A: R" + R" is a linear transformation for which 

r = A(Z'), then r* = (A*)-'(E"), where A* is the adjoint of A. Therefore, if 
T* is the torus determined by r* then we have 

vol T = ldet A1 = (vol T*)-'; 
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so ( 5 )  is equivalent to 

(6) A"*@) - o,r"/(vol T*) 

as r + +a. 
For each w E r*, let P*(w) be the copy of T* determined by w, and d its 

diameter. Note that d is independent __ of w E r*. If we let 9*(1) denote the 
number of copies of T* contained in Bn(r), then one easily sees that 

9*(r) s V*(r) I P*(r + d).  

tained in B"(r), has volume equal to (vol T*)P*(r). Thus 
Now the - open polyhedron C*(r), determined by all copies of T* con- 

(vol T*)P*(r) I 0 , P .  

On the other hand, if 

B(r) = min{ly( : y E r* n aC*(r)}, 

then 

B(r) > - 4 
which implies C*(r) 2 Bn(r - d) .  Thus 

(vol T*)P*(r) 2 o,(r - d): 

By putting the inequalities together, we have 

o , ( r  - d)" o , (r  + d)" 
vol T* vol T* ' 

5 &-*(r) 5 

and (6) follows. 

3. WEYL'S FORMULA FOR BOUNDED 
DOMAINS IN R" 

Recall from Section 1.3 that if M = (0, u)  c R then the Dirichlet eigen- 
values of M are given by [cf. (I.54)] 

1, = k2n2/aZ, k = 1,2,. . .. 

So if R is the open n-dimensional rectangle R = (0, u l )  x . . . x (0, a,) G R", 
then, for the Dirichlet eigenvalue problem on a, the eigenvalues are given 
by the collection 

{n2(k:/u: + . . . + k;/a.')} 

where each k j ,  j = 1, . . ., n, ranges over the positive integers. 
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To calculate N(1) for R, let {el,. . . ,en}  be the standard basis of R", r 
the lattice generated by {ulel,.  . . ,u,e,} .  Thus r* is generated by 
{e,/a,, * . - 9  e f l / ~ n l ,  and 

N(1) - .N*($/n)/2" - mn(&/n)yv0l R)/2" = wn1"~'(vo1 R)/(2.n): 

Note that, in the first line, when we divided by 2" we ignored the 
intersection of I'* with each of the coordinate hyperplanes of R", since each 
such intersection forms an (n - 1)-dimensional lattice in R" and therefore 
does not affect the limit of N(1)/1"/' as 1 -, +a. So the Weyl formula is 
valid for n-dimensional rectangles with Dirichlet eigenvalue problem. 

A similar argument yields Weyl's formula for n-dimensional rectangles 
with the Neumann eigenvalue problem. 

An immediate consequence is that for any bounded domain R in R", with 
any of our boundary value problems, the associated summatory function 
N(1) satisfies 

(7) lim inf N(l)/An/' 2 m,(vol R)/(27$ 

as 1 + + co. Indeed, let G,, . . ., GI be pairwise disjoint open n-rectangles, 
relatively compact in R, and let NA1) be the number of Dirichlet eigenvalues 
of Gj which are less than or equal to 1. Then the max-min arguments of 
Section 1.5 (namely, the domain monotonicity of eigenvalues for Dirichlet 
data) imply 

j =  1 

which implies 

1 1 

lim inf N(L)/1"/' 2 1 lim inf N'1)/1"'' = {mfl/(2.n)"} 1 vol Gj 
j =  1 j =  1 

for all such choices of GI, . . . , GI. Therefore (7) follows. 
We only sketch the argument for 

(8) 

for the Dirichlet eigenvalue problem. Let G,, . . ., G1 be pairwise disjoint 
open n-rectangles with 

lim sup N(1)/1"" I m,(vol R)/(27r)" 

c int(G, u ... u TI, 
where int( ) denotes the interior. Let M(1) be the summatory function of the 
Neumann eigenvalues of int(Gl u . u GI); and for each j = 1, . . ., 1, let 
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M@) be the summatory of the Neumann eigenvalues of Gj .  Then the max- 
min arguments imply 

I 

"4 M(4  c M,c4, 
j =  1 

which implies 
1 

lim sup N(;l)/A"l2 I {wn/(27c)"} 1 vol Gj 

for all such choices of G,, . . ., G I .  Inequality (8) then follows, and, with 
it, the Weyl formula for Dirichlet eigenvalue problems on bounded domains 
in R". 

For the proof of (8) for the Neumann eigenvalue problem, compare 
Courant-Hilbert [l, Vol. I, pp. 432-4341. 

j =  1 

Remark I :  The eigenvalues of the equilateral triangle have been studied 
by Lee-Crandall [l], and Pinsky [3,4]; for Euclidean and spherical 
domains associated to crystallographic groups (cf. BCrard [ 13 and BCrard- 
Besson [l]). 

More generally, in another direction, it has been conjectured by G. Polya 
[l] that for Dirichlet eigenvalues of regular domains in R", one not only 
has the Weyl asymptotic formula, one also has one-sided inequalities for all 
the Dirichlet eigenvalues, namely, 

(1,)"12 2 {(27c)"/on) k/vol M 

for all k 2 1. The conjectured has yet to be proved, but progress has been 
made on the question. Compare Polya [I], Lieb [l], and Li-Yau [3]. 

4. SPHERES AND REAL PROJECTIVE 
SPACES 

We write 

S"(r) = {x E R"+' : 1x1 = r } ,  S" = S"(l), 

and introduce spherical coordinates P: [O,  00) x S" -+ Rn+l, in R"+l, by 

x = P(r, 5 )  = re.  

On R"" - (0) we have the inverse map 

QW = (1x1, xllxl), 
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and if u: U + [w" is any chart on S" then a chart u is determined on the open 
cone in IF+', P((0,oo) x U ) ,  by the formula 

4 x )  = (1x1, u(xllxl)) = (r ,  u ( t ) ) .  

To calculate the Laplacian of R"+l  in spherical coordinates, we note that 

axlar = 5, 

(9) lax/arl = 1, (axfar, a x l a d )  = 0, 

(10) ( a x l a d ,  ax/auk)  = r2(ag/auj, aylauk), 

a x l a d  = rac/au{ 

from which one has 

for all j = 1, . . ., n, and 

for all j, k = 1, . . ., n. Thus if G is the matrix of the Riemannian metric on 
R+'  associated to the chart u, and H the matrix associated to the chart u on 
S", then 

(1 1) grr  = 1, grj = 0, 

(12) g j k ( r t )  = r z h j k ( t ) ,  

and 

(13) Jsc4 = r"Jh(S). 

Note that (lo), (12), and (13) also give the calculation of the Riemannian 
metric of S"(r) in terms of the one on S". 

One immediately has for a function F, 

ARn+ F = r-"ar(r"ar F )  + ASyr)(F I S"(r)) 

= r-"a,(r"a,F) + r-2As,,(F I S"(r)) 

where ARn+ Asncr,, Asn are the Laplacians on the indicated Riemannian 
manifolds-by A& 1 S"(r)) we mean that F IS"(r) is to be considered as a 
function on S", and the Laplacian is to be calculated with respect to the 
Riemannian metric of S". 

If F has the form 

F(x)  = R(r)G( t ) ,  

then 

AR.,+IF = r-"(r"R')'G + r - 2 R  AsnG. 

In particular, if for some nonnegative integer k 

F(x)  = rkG(5), 
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we then have 

AP,,+~F = rk- ' {ASnG + k(k + n - 1)G). 

So F is also harmonic on R"' ' (i,e., its Laplacian vanishes identically) if and 
only if G is an eigenfunction on S" with eigenvalue k(k + n - 1). When G is 
considered as a function on Sn(r), then it is an eigenfunction of A,,,,l with 
eigenvalue k(k + n - l)/r2. 

It is known that all eigenfunctions of the sphere are obtained in this 
manner. More precisely, the space of homogeneous harmonic polynomials 
on Rn+' of degree k,  when restricted to S", constitute the eigenspace of the 
kth distinct eigenvalue 

(14) X,, = k(k + n - l), 

where, now, k = 0,1,2,. . ., that is, we have labeled the eigenvalues as 
starting from 1, = 0. The multiplicity of n, is 

Compare Berger-Gauduchon-Mazet [l, p. 159 ff.] and Stein-Weiss [l, p. 
137 ff.] for details. 

We note for future reference. 

PROPOSITION 1. An L2(S")-orthogonal basis of the eigenspace of 

(15) n, (Y) = n 

is given by the R"' '-coordinate functions 

(16) { x A I S " : ~  = 1, ..., n + 11. 

Remark 2: If M is a Riemannian manifold with isometry 4): M -+ M, 
and f is a solution to 

AM + 2.u = 0, 

then, by (2), @*f is also a solution, that is, a* preserves the eigenspaces of A. 
The existence of a large isometry group of M will therefore tend to imply high 
multiplicities for the eigenvalues. It was thought that the standard spheres, 
with their highest degree of symmetry, would therefore exhibit the highest 
multiplicity for I , .  As mentioned in Remark 1.2, this is indeed correct in 
the 2-dimensional case. The result, however, is false in 3-dimensions, 
namely, Urakawa [l] has exhibited Riemannian metrics on S 3  for which 
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the multiplicity of 2, is 7-not 4, as one might expect. Compare also 
Berard Bergery-Bourguignon [I]. 

We now consider the real projective spaces. The n-dimensional real 
projective space P" is obtained by identifying antipodal points of 9, that is, 
S" covers P" with deck transformation group Z, = {IWn+ I S", -IW,+ I S"}, 
where I,,,, is the identity map of [wnf1. The space of functions on P" is 
therefore identified with those functions f on $2' for which 

f ( x )  = f(-$ 
for all x E S". Thus 

- 
&(Pn) = I Z k ( 9 )  = 2k(2k + n - I), 

with eigenspace consisting of homogeneous harmonic polynomials on R"+l, 
of degree 2k, restricted to s". 

5. DISKS IN CONSTANT CURVATURE 
SPACE FORMS 

We shall be more informal in the calculations that follow, namely, for a 
given Riemannian manifold, and chart x: U -, R", it is traditional to write 
the Riemannian metric in the chart as 

ds2 = C gj&) dx' dxk. 

When changing coordinates one substitutes formally into the differential 
expressions-and all is well. 

j ,  k 

Thus for the usual metric in [w" we write 
n 

ds2 = 1 (dx')' 3 ldxl', 

where x is the standard chart on R". Upon introducing spherical coor- 
dinates about any p E R", 

j =  1 

x = p + tr, 

where t E [O, a), 6 E S"-', we write 

dx = ( d t ) t  + t d l ,  

ldxl2 = (dt)21t12 + 2t(dt)((, d t )  + t Z  ldtlZ 
= (dt)' + t21dt1', 
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wherein we let ld5I2 denote the Riemannian metric on S"-'. So we write in 
spherical coordinates on R", 

ds2 = (dt)2 + t21dtj2. 

To calculate the Riemannian metric of S" relative to spherical coordinates 
in S", we proceed as follows: Fix any p E S". Identify in the obvious manner 
($in&, the tangent space to S" at p, with the orthogonal complement of Rp in 
W"", whose intersection with Sn would be the "equator of p" that is, 3 - l .  

For x E S" set 

x = (cos t ) p  + (sin t)5,  

where t E [0, a], 5 E S"- '. Then 

dx = {-(sin t ) p  + (cos t ) 5 }  dt + (sin t) d5, 

and 

= (dt)' + (sin2t)ld(1'. 

More generally, if we were calculating the Riemannian metric of S"(p) 
then the appropriate scaling would produce 

dsz = (dt)2 + p2 sin2(t/p)ld5[', 

where t E [0, ap],  5 E 9 - l .  

we define the Riemannian metric 
Our third example is known as hyperbolic space, namely, on B"(p) E W" 

(17) ds2 = 41dxI2/{1 - I x / ~ I ~ } ~ .  
If we now define spherical coordinates about x = 0 by 

x = r t ,  r = p tanh(t/2p), 

where r E [0, p ] ,  t E [O, oo), 5 E S"- ', then the same type of calculation as 
above produces 

(18) ds2 = (dt)' + pz sinh2(t/p)Id5l2. 

As is well known, the three examples describe the simply connected 
spaces with constant sectional curvature K. For K = 0 we have M = W", for 
K > 0 we have M = S"(p) with K = l/p2, and for K < 0 we have B"(p) 
endowed with the metric (17), and satisfying K = -l/pz. Our emphasis on 
the geometry of these spaces will come later-here our emphasis is on 
calculation. 

Note that our spherical coordinates are valid about any point in M in the 
first two cases, but it is not obvious that, in the third case, such a coordinate 
system may be introduced about any point of the space. To prove that such 



38 11. The Basic Examples 

coordinates may be defined about any point in the hyperbolic space, we 
consider a different model. 

Write a point in Rn+' as (x ,  7), where x E Rn, 7 E [w, and endow Rn+l  with 
the nondegenerate quadratic form 

(19) I (x ,7) l i  = 1x1' - T2, 

where 1x1 is the Euclidean norm in R". If we restrict the induced pseudo- 
Riemannian metric on R"' ' to the n-dimensional hypersurface 

(20) 1x1' - rz = -pz, r > 0, 

for some fixed p > 0, then 

(21) dsz = ldxlz - ( X , d x ) 2 / { p z  + 1 ~ 1 ~ } ,  
which is positive definite by the Cauchy-Schwarz inequality. Now introduce 
spherical coordinates 

x = rt ,  
where r E [0, co), 5 E S"-', that is, the coordinates will be centered about 
( x  = 0,7 = p)  on the hypersurface; then we obtain from (21) 

Upon setting 
r = p sinh t /p  

and substituting, we obtain (18). The above calculations determine an 
isometry between the two Riemannian manifolds. 

At first glance, little has been accomplished since, again, the coordinates 
are centered about a specific point. But here it is easy to show that the 
orthogonal group O(n, 1) preserving the quadratic form (19), not only leaves 
the hypersurface invariant-and is therefore an isometry of the hyper- 
surface onto itself, but also acts transitively on the hypersurface, that is, 
given any two points pl, p z  in the hypersurface, there exists an element in 
O(n, 1) which determines an isometry of the hypersurface and maps p1 onto 
p 2 .  Using the transitivity of the action of O(n, l), one obtains the existence 
of a coordinate system for which (18) is valid about any point in the 
hyperbolic space. 

It will be convenient to summarize the above discussion as 

THEOREM 1. For each fixed K E R, let M, be the simply connected 
Riemannian manifold of constant sectional curvature K as described above. 
About each point p E M, there exists a coordinate system 
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( t ,  5 )  E [0, ./A) x 9 - l  (where, when K I 0, we are letting n/& denote 
+a), relative to which the Riemannian metric reads as 

(22) 

(23) 

satisfying the initial conditions 

(24) S,(O) = 0, Si(0) = 1. 

Of course, 

ds2 = (dt)2 + S,2(t)ld<12, 

J/" + K$ = 0, 

where S,(t) is the solution to the differential equation 

(I/&) sinfit, K > 0, 
lc = 0, 

(1/fi) sinhfi t ,  K < 0. 
(25) 

In what follows later on, it will be convenient to let C,(t) denote the 
solution of (23) satisfying the initial conditions 

(26) C,(O) = 1, c;(o} = 0, 

that is, 

(27) 

cos t, K > 0, 
K = 0, 

coshfi t ,  IC < 0. 

Then 
s: = c,, c: = -us, ,  c,2 + KS,2 = 1, 

(C,/SJ = (S;/s,y = -s;?. 
What we have done thus far is construct geodesic spherical coordinates 

about any point p E M, without using the general theory-we shall turn to 
it later. For the moment we comment on some metric properties of the 
geodesic spherical coordinates. 

Recall that for any Riemannian manifold M, and path w :  [a, /?I -+ M, the 
length of o is defined as 

B 

L ( 4  = J  14, 
a 

and that for any two points p, q E M ,  the distance d(p, q) between them is 
defined as 

d(P, 4 )  = infJw4, 
W 
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where o ranges over all continuous, piecewise C1 paths a: [a,b] + M for 
which o(c1) = p, u(b) = q.  With this distance function, M is known to be a 
metric space whose topology coincides with that of the underlying manifold 
structure. One easily sees from (22) that if the coordinate system is centered 
at p, and q = q(t, <) denotes any point in M, then 

4 P ,  4)  = t- 

Thus 

B(p; 6) 3 { q  = q(t, 5 ) :  0 I t < 6 }  

is the open metric disk in M, of radius 6, centered at p, and its boundary, 
S@;6),  the corresponding sphere. When, as in our discussion below, p is 
fixed, we simply write B(6), S(6) for B(p; 6), S@; 6),  respectively. 

It is standard that relative to the given metrics, M, is a complete metric 
space. 

We now have n 2 2, and A the Laplace operator on M,. Let 0 be the 
Laplace operator on Sn-'. For any F: M, + R E C', with 

(28) m(4 5) )  = fV, 0, 
we have by direct calculation 

(29) (AF)(q(t ,  5) )  = s;-"a,(s:- '8, f)  + S;' 06 f, 

where, when writing 
function on 9 - l  with associated Laplacian 0. Iff has the form 

f, we mean that f I S(t) is to be considered as a 

(30) f(4 4 = T(t)G(t)Y 

then 

(31) AF = Sj-"{S:-'T')'G + Si'TUG, 

where the prime ' is differentiation with respect to t. If, in addition, F 
satisfies 

AF + I F  = 0, 

then explicit calculation shows that there exists a constant v such that 

OG + VG = 0, 

(32) (Si-lT')'  + { A  - V S ; ' ) S : - ~ T  = 0; 

an equivalent form of (32) is 

(33) T" + (n - l)(C,/S,)T' + { I  - (v/S;)}T = 0. 
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In particular, v is an eigenvalue of S"- with eigenfunction G. From (14) we 
have (the dimension now is n - 1) that the distinct eigenvalues of S"-' are 
given by 

(34) v ,=Z(Z+n-2) ,  I = 0 , 1 , 2  ,.... 

A standard argument implies that if F is to be differentiable at p, then 

(35) T'(0) = 0 

when l = 0, and 

(36) T(t) - (const)t' 

as t lO,whenI= 1,2 ,.... 
We now want to consider the Dirichlet and Neumann eigenvalue prob- 

lems on B(6). The vanishing of.the respective boundary data on S(6) is 
now given by 

(37) T(6) = 0, 

(38) T'(6) = 0, 

respectively. Fix one of the above eigenvalue problems. Then for each 
I = 0,1,. . ., the classical l-dimensional arguments (compare Courant- 
Hilbert [l, Vol. I, Chap. 51 and Coddington-Levinson [l, Chaps. 7, 81) 
yield that the collection of real A, for which there is a nontrivial solution of 
(32), with v = v, ,  satisfying the given boundary data, consists of a sequence 

0 s A l , 1  < AI,2 < . - . T  +a, 

and for each j = 1,2,. . ., A,,j determines only a l-dimensional space of 
solutions. One easily checks, using integration-by-parts, that if j # k and 
q,j,  T , k  are solutions of (32), with v = vI, for A,,,, respectively, then q,j 
and T , k  are orthogonal in the Lz space on (0,6) whose measure has the 
density S:-'(t)  dt. In what follows we normalize q,j to satisfy 

J j : ( t ) s : - 1 ( t ) d t  = 1. * 

We now wish to show that the function-space, L, consisting of the span, 
in L2(B(6)), of all eigenfunctions of B(6) obtained by the above procedure, is 
dense in L2(B(6)). A moment's thought would convince the reader that it 
suffices to show that any eigenfunction of our eigenvalue problem is in the 
subspace L.  
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Let F be such an eigenfunction with eigenvalue A. Represent F in the 
geodesic spherical coordinates by (28). Then for each fixed t E [O, S] we 
have the decomposition in L2(S"-'), 

m 

fk 5 )  = c 4t)G,(5)7 
l = O  

where GI is an eigenfunction of v 1  on 9-', with L2(S"-')-norm equal to 1. 
Thus 

(39) 
P m 

where we are letting d A  denote Riemannian measure on S"- ', and 

a,@) = Jsn- * f ( t 9  OGl(5) dA(5). 

Therefore we have 

-V&) = J f (4  5 )  oc1(5)dA(o 
sn-1 

- (U<f)(t ,  5 )  Gd5) M 5 )  

= -As:(t)a,(t) - s:-"(t){S:-'(t)u;(t)}' 

- S,.- 1 

for each 1 = 0,1, . . . by (29), that is, a,@), v = v l ,  and 1 provide a solution of 
the l-dimensional eigenvalue problem given by (32). 

Thus there exist a, E R, j E {1,2, . . .}, such that 

L = A,,j, a,@) = a,?;,j. 

The L2( B(6))-sum 
m 

is the projection of F onto the subspace L; but by (39) we have 
"8 " m 

IIFII~ = J s:- ' ( t )  d t  J 
that is, F E L, which was our claim. 

We now let A(6) denote the lowest Dirichlet eigenvalue of B(S), and p(6) 
the lowest nonzero Neumann eigenvalue of B(6). Our interest is in the 
eigenfunctions of A@), p(6), the relative size of A@), p(S), and their behavior 

f 2 ( t ,  o ~ 5 )  = C a:, 
0 sn- I 1=0 

as 6 + nJ&. 
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Since the eigenfunction of L(6) cannot vanish on B(6) it must correspond 
to the lowest eigenvalue A of (32) for v = O-in particular, the eigenfunction 
of A(6) is radial. 

To consider the eigenspace of p(6), a little more is required. 

PROPOSITION 2. Given 

(s:-'fj'y + (a - aS,2)S:-'q5 = 0, 

(S:-l$')' + ( p  - ZS,2)S",-l$ = 0, 

with 4, y9 bounded near t = 0. Then 

The proof is straightforward. 

Now consider the Neumann eigenvalue problem on B(6). For any given 
1 = 1,2, .  . . it is standard (Coddington-Levinson [I, Chap. 81) that T,; has 
precisely j - 1 zeros in (0,d); in particular, T:l never vanishes on (0,6). One 
now uses this fact, in conjunction with Proposition 2, to conclude that 
A[,' < Ak,' whenever 1 < k .  So determining p(B) is reduced to choosing 
between Ao,2  and A1,' (remember: A0,' = 0). 

PROPOSITION 3. Let T(t)  be any solution of 

(40) 

Then for 

(s:- 'T ') '  + ;IS:-'T = 0. 

y = T' 

we have 

(41) (S:-'Y')' + {A - (n - 1)S;2}S:-1Y = 0. 

We also have that 5 I(0, j?] < 0 whenever we are given that T I(0, p) > 0, 
A > 0. 

The derivation of (41) from (40) is straightforward, and the second claim 
of the proposition is a direct consequence of 

(S:-'T')(t)  = - A  



44 II. The Basic Examples 

To determine whether p(6) is or A',', set To = So = T',, and 
never vanish on (0,6) (see Coddington-Levinson Sl = T',l then Td and 

[l, Chap. 81). But 

implies there exists xo E (0,6) for which Sd(x0) = 0. From Proposition 2, 
one now easily shows that < Thus p(6)  = A','. 

SO(O) = So(6) = 0 

We summarize the discussion as 

THEOREM 2. If B(6) is the n-disk of radius 6 > 0 in MIK, then the lowest 
Dirichlet eigenvalue, A(6) > 0, of B(6) has eigenfunction F of the form 

F(q(t7 0) = T(0, 

where T is a solution of (40), with A = A(@, satisfying 

T'(0) = T(6) = 0, TI [O, 6) # 0. 

The lowest nonzero Neumann eigenvalue, p(6) > 0, of B(6) has multi- 
plicity equal to n. Any eigenfunction 9 of p(6) has the form 

B(q(4 5) )  = G(t), 

where G is an eigenfunction of 
(41), with L = p(6), satisfying 

($in-') = n - 1, and 5 is a solution of 

S ( 0 )  = S ' ( 6 )  = 0, S' I [O, 6)  # 0. 

Thus, by Proposition 1, an L2(B(G))-orthogonal basis of the eigenspace of 
p(6)  is given by setting 

Y = t5, IlYll = t ,  q Y )  = ~ ~ ~ l l Y l l ~ / l l Y l l ~  
wherej = 1,. . .,n. 

THEOREM 3. If K I 0 then 

(42) pL(4 < 46) 

for all 6 > 0. If K > 0 then equality (42) is valid for all 6 < n / 2 f i .  For 
6 = n/2& we have 

(43) p(n/2fi) = ~(lr/2Jlc) = nK, 

and for 6 E (n/2&, n/&] inequality (42) is to be reversed. 

have T > 0, I' > 0 on all of (0,6). 
PROOF: We assume, for our convenience, that for T, F of Theorem 2 we 
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If we let V = T' then V is a solution of (41), with 1 = 1(6), satisfying 

V(0) = 0, I/ [(O, 6) < 0, 

by Proposition 3. Since (40) now reads as 

(44) V' + (n  - l)(C,/S,)V + A(6)T = 0, 

we have, on one hand, V'  < 0 on some neighborhood of t = 0. On the 
other hand, if C,(6) > 0 then V'(6) > 0, from which we conclude that there 
exists t o  E (0,6) for which V'(t,) = 0. Inequality (42) would then follow from 
Proposition 2 (with z = r~ = (n  - l), a = A(6), 4 = V,  /3 = p(b), II/ = F, and 
t = to). 

So inequality (42) is a consequence of C,(6) > 0. This is always true when 
K I 0, and when K > 0, 6 < n/2fi--thus (42) is valid in these cases. 

If K > 0, 6 = n/2&, then T(t) = cosfit, Y(t) = sin&t are the desired 
respective eigenfunctions, and (43) is verified directly. 

If K > 0, S > n/2fi, and p(6) I A(6), then V' = T" would have its first 
zero, t = t,, in (0, 61 (use Proposition 2). From (44) we would conclude that 
t ,  E (0, n/2&). But 

1(6) I A(n/2fi) = nK 

implies that 

{ ( V c ,  - v's,)s"-'}(t) = {n(6) - n K }  V s :  1: 
is nonnegative on (0, 6). Therefore at t = t ,  we have V ( t , )  2 0-a con- 
tradiction. Thus for K > 0, 6 > n/2<~, we have p(6) > 1(6). 

THEOREM4. If K = 0, that is, if MK = R", then there exist positive 
constants cD,  cN such that 

A(6) = Ci/62,  p(6) = C i / 6 2  

for all 6 > 0. 

PROOF: For K = 0 we have 

S,(t)  = t ,  C,(t) = 1, 

so the dzerential equation under study is 

y = 0. 
( n  - 1)  

y" + ~ 

1(1 + n - 2) 
t 
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Let 

r = $t, y(t) = z(z); 

1(1 + n - 2) 

then our equation becomes 

z = 0. 1 z (45) 

For 1 = 0, let cD be the first zero of z(z) satisfying (45) with initial 
conditions: z'(0) = 0, z(0) = 1. Then one easily has 

A(6) = Ci /62 .  

Similarly, for 1 = 1, let cN be the first zero of z'(z), where z(z) is the solution 
of (45) with initial conditions: z(0) = 0, z'(0) = 1. Then one easily sees that 

p ( 6 )  = w2, 
which was the claim. 

To obtain more precise information about ~ ( 7 )  let 

J ( z )  = zn/2-1z(z). 

Then (45) becomes 

J = 0; 
(n  + 21 - 2)2 

J" + -J' + 1 - 
z { 4z2 

so J is a bounded Bessel function of order equal to n/2 + I - 1. Thus 
except for a multiplicative constant, 

J = J n / 2 + 1 - I .  

In particular, c, is the first zero of JnI2 - and c, is the first zero of J&. 

THEOREM 5. Let K -= 0, that is, M, is the hyperbolic space of constant 
negative sectional curvature K. Then 

(46) A(6) 2 -(n - 1)'~/4 

for all 6 > 0, and 

(47) 

as 6 + + 03 (McKean [ 11). We also have 

(48) limp(6) = 0 

as 6 -, + co (B. Randol, private communication). 

limA(6) = -(n - 1)2~/4  
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PROOF: Here we have 

S,(t) = ( s i n h G t ) / f i ,  C,(t) = c o s h 6 t  

On the one hand, the Cauchy-Schwarz inequality implies that for any C’ 
function d( t )  on [O,  S ]  we have 

-1: 44’s:- 1 5 {j)2s:- ”” { jjPs:-1y2. 

- j;44s:- = J;(42,2Xs:- I)r ,  

On the other hand, $(a) = 0 implies that 

d 

= (n - 1) jo (42/2)c,s:-2 

Therefore 

d 

-(n - 1)2(~/4) 4’Sz-l I Jo#rzS:- l .  
(49) I 

It remains to note that (49) will imply (46). Indeed, given f E CF(B(G)), 
then 

-(n - 1 ) ’ ( ~ / 4 ) 1  f 2  = -(n - 1)2(~/4) 
Wdt 

and (46) follows by Rayleigh’s theorem (see Pinsky [l]). 

becomes 
To establish (47) we set, for our own convenience, K = - 1. Then Eq. (40) 

(50) T“ + (n - l)(coth t)T’ + AT = 0. 
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The idea of the proof is that for large values of t, coth t - 1 ; so the behavior 
of T should be approximated, for large values oft, by s(t )  satisfying 

that is, 

with 

S" + (n  - 1)s' + Is = 0, 

s(t) = eat 

a = -(n - 1)/2 f i {A  - (n  - 1)2/4}1/2. 

We therefore let f, defined on B(6), be given by 

f(4k 0) = 40) 
with 

e - ( n - l ) z / 2  sin(27c(t - 6/2)/6) if t E [6/2,6], 
+(t) = i0 otherwise. 

Then f is an admissible function for the Dirichlet eigenvalue problem on 
B(6), and, on (6/2,6), 4 satisfies 

+" + (n  - l)+' + [(a - 1)2/4 + 4 ~ ~ / 6 ~ ] 4  = 0. 
Now 

+ I2  sinh"- 

{-(n - l)&$'(coth - 1) + [(n - 1)2/4 + 47c'/62]42} sinh"-', 
= 6, 

which implies 

{+'2 - [(n - 1)2/4 + 4n2/62]+2} sinh"-' 

d 

i2 
(n - l)+b'(coth - l)sinh"-' 

(n - l)l+ll#llcoth - 11 sinh"-l. 

= -L 
6,, 

d 

By the previous argument, Cauchy's inequality, and 

14'1 = lgradfl, 
one obtains 

w a d  fii2 - [(n - u2/4 + 4x2/a21 i i f i i2 
5 (n - l)(coth 6/2 - 1)IlflI llgradfll. 
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If we set x = llgradjll/lljll, A = [(n - 1)2/4 + 4z2/S2], 
B = (n - l)(coth 6/2 - l), then the above inequality reads as 

x2 - BX S A ,  

from which one has 

x I B/2 + ( A  + (B2/4)}1'2 

Thus, by Rayleigh's theorem, 

$@ I (n - l)(coth6/2 - 1)/2 

+ { ( n  - 1)2/4 + 4n2/6' + (n  - 1)2(coth6/2 - 1)2/4}1/2, 

Now let 6 + +a and (47) follows (see Pinsky [2]). In the next chapter we 
give a sharper technique due to M. E. Gage [l]. 

We now prove (48). We still have IC = -1. We shall use our original 
model of hyperbolic space-thus the space is given as the interior of the 
unit disk B" in R" centered at the origin and having the Riemannian metric 
given by 

ds2 = 41dxI2/{1 - I X ~ ~ } ~ .  

The disk B(6) is represented now by the disk B"(T) in [w" with 

z = tanh6/2. 

Our method is to estimate p(6)  with a test function. 
Pick 

+(x)  = x l .  

Then 

and 

1, n = 2, 
n = 3, 

{(I - 2 ) 3 - n ,  n > 3. 
I const jln(1 - T)], 
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On the other hand, for z > $, we have 

2 const(1 - T ) ' - ~ .  

Thus, by Rayleigh's theorem, we have 

1 - tanh6/2, n > 2, 
n = 3, 
n > 3, 

- tanh 6/2)2 Iln(1 - tanh 6/2)1, 

for large 6, and the theorem follows. 

THEOREM6. Let K > 0, that is, MIK = S n ( l / f i ) .  Then 

(51) 

and 

(52) 

for all 6 E (0, n / J i ) .  

PROOF: Here 

p(6) 2 (n - 1 ) ~  

sK(t) = (sinfit)/&, cK(t) = cosfit, 

and, for our convenience, we shall set K = 1. Then the Riemannian metric 
in our coordinate system is given by 

ds2 = dt2  + sin2tldLj2. 

We prove (52) first. To this end, let the indices j ,  k vary from 1 to n, and 
the indices or,B from 1 to n - 1. By Theorem 2, a function S(t) is 
determined such that the eigenfunctions of p(6) are given by 

q M t ,  0) = mot: 
j = 1, . . ., n. Let u denote a chart on 3"' ', with the Riemannian metric of 
9-l given, in the chart by 

Id@ = 1 hop( t )  du" d d .  
a.B 



5. Disks in Constant Curvature Space Forms 51 

Then for each j = 1, . . . , n we have, by direct calculation, 

a p  a p  
d au= au 

lgrad 3.12 = S'2(5')2 + (sin t)-2F2 1 -haBB 

Since 5. is an eigenfunction of p(6 )  we have 

[grad .%I2 dV = p(6) JB,,, (3)z s,,& 
for each j = 1, . . ., n. Adding the equations we obtain 

p(6)  dV = lgrad 81' dV 
W) j W d )  j 

which implies (52). 
To prove (51) set 

1 - ln(x - t)/ln(x - d), n = 2, 
n > 2, 4(t) = { 1 - {(x - 8) / (x  - t ) ) " - Z ,  

where 0 I t I 6 .  
For n = 2 we have 

@(t) = ((IT - t )  ln(x - 6)) - 

and 

6 r$I2 sin t d t  

= ln-2(n - 6) (x  - t ) - 2  sin t d t  Jod 
(n - t ) - 2  sin t d t  + W 2 ( x  - 6) 

= ln-z(x - 6) (x - t ) - 2  sin t dt - K 2 ( x  - 6) h{(x  - 6) / (x  - (r)} 6 
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for every a E (0,6). On the other hand, 

J: $'sin t dt 2 ln-'(a - 6) ln2{(.rr - 6)/(a - a)} sin t dt. JOU 
Thus Rayleigh's principle implies that, for every IJ E (0, a), we have 

n(s) I [ln-Z{(a - 6)/(a - a)}][J; sin t dt1-I  /:(a - t ) - 2  sin t dt  

- [ln-'{(a - 6)/(n - .)}I[/: sin t dt1-l 

for every 6 E (a, a). One now easily has 

(53) lim sup {In l/(n - 6)) I (6)  s { Ji sin t dt}-' 
d - t n  

and (51) follows for n = 2. 
For n 2 3 we have 

$'(t) = (2 - n)(n - @"-'(a - t)"", 

and 

(a - j + ) - ' ( " - ' )  sin"-'t dt J: J: 4 ' 2  sin"- 1 = (n - 2)'(n - 6)2("-') 

I (n  - 2)'(n - 6)'("-') 

I (n - 2)(a - 6)"-'. 

- t)-("-U dt  

Also, for all 6 E (a, n), a E (0, a), 

J:+z sin"-' 2 [ I -  {(n - 6)/(n - a)} n-~ l~JouS inn-~  

from which we have, by Rayleigh's theorem, 

lim sup(n - 6)'-"1(6) I (n - 2) sin"-'t dt . 

Thus (51) is valid for n > 2, as well, and the theorem is proven. 

(54) d-tn K: I - l  

Result (51) is part of a more ambitious result, namely, if the eigenvalues of 
S" are denoted by (0  = I, < 1, I 1' I . . a }  with repetitions according to 
multiplicity, and the Dirichlet eigenvalues of B(6) are denoted by 
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{0 -= 1,(6) I 1,(6) I &(6) I . . .} with repetitions according to multiplicity, 
then 

for all j = 1,2, . . . . Result (55) is due to H. M. MacDonald [1] (also cf. 
Hobson [l, pp. 403-4081), and was generalized for domains in R" in 
Rauch-Taylor [2], and for domains in arbitrary compact Riemannian 
manifolds in Chavel-Feldman [4] (we treat this result and other related 
questions in detail in Chapter IX). 

The proof of (51) that we have given is due to Del Grosso-Marchetti [ 11. 
It has the advantage of providing a sharp estimate of A(@, namely, it is 
proved in Del Grosso-Marchetti [l] that 

{In 1/(n - 6) )  - ', n = 2, 
n > 2, (56) {I: sin"-ltdf}A(d) - { (n - 2)(n - a)"-', 

as 6 -+ 'i~. To prove (56) we require the following: 

LEMMA 1. Let R be a normal domain in a Riemannian manifold with 
lowest Dirichlet eigenvalue 1. Let u E C2(R) n C0@) satisfy 

(57) AU = - 1  

with uldR = 0. Then 

i 2 (max u)- l .  
n 

PROOF: A proof is given in Del Grosso-Marchetti [l] via probability, 
but a simpler one is available. Let u be an eigenfunction of A. Then u does 
not vanish in R-we shall assume it is positive on all of 0. Then 

which implies (58). 

We now prove (56). To solve (57) on B(6) with u l S ( 6 )  = 0, one easily 
derives 

d 

ua(t) = sin'-"r dz s,' sin"-'r dr. 
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By (54), and Lemma 1, it suffices to prove, in the case n > 2, that 

(59) 

(we leave the case n = 2 to the reader). Note that 

1 "  
lim sup(n - d)"-'(max ud) I ~ - Jo sin"-'tdt 

d+n 

max ud = ~ ~ ( 0 ) .  

Given any E > 0, there exists a, E (0, n) such that 

(1 - &)(a - 7) I sin7 

for all z E (c,, z). Thus for any fixed (T E (u0, n) we have 
d 

max ud = I0 sinl-"z dz [:sin"-% dr 

Since the first integral is bounded, independently of a - 6, we need only 
consider 

d 

( A  - a)"-' 1. sinl-"z dz J: sin"-'r dr 

This, then, implies (59), which in turn implies (56). 

Remurk 3: Other discussions of estimating the lowest Dirichlet eigen- 
value of a geodesic disk in S" can be found in Barbosa-doCarmo [2], 
Friedland-Hayman [l], Matsuzawa-Tanno [ 11, Pinsky [5], and Sat0 [l]. 
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k1 and Curvature 

In this chapter we extend the study of eigenvalues to Riemannian manifolds 
whose curvature may not be constant, but is, nevertheless, bounded. The 
idea is to compare the geometric and physical quantities of a given 
Riemannian manifold with the respective ones in a space form of constant 
curvature, where the constant is a lower or upper bound of the curvature of 
the given Riemannian manifold. 

Geometric comparison theorems go back to 0. Bonnet and S. B. Myers, 
for estimates of the diameter, to H. E. Rauch for estimates of the growth of 
Jacobi fields, and to R. Bishop for estimates of the growth of volume 
elements of geodesic spheres. Here we present the work of M. Obata [l] 
and S. Y. Cheng [1,2] on estimating 1, in terms of bounds on the 
curvature. Our treatment contains a summary of basic facts about geo- 
desics, the exponential map, curvature, Jacobi fields, and geodesic spherical 
coordinates, prior to our dealing with the eigenvalue comparison theorems. 
Details and other developments of the background material may be found 
in Berger-Gauduchon-Mazet [ 11, Chavel [ 13, Cheeger-Ebin [ 11, and 
Gromoll-Klingenberg-Meyer [ 1). 

Just a word on notation: For the rest ofthe book, given a normal domain 
0 we let 1(0) denote the lowest Dirichlet eigenvalue of R, and p(0 )  the 
lowest nonzero Neumann eigenvalue of R. For a compact Riemannian 
manifold M ,  we let 1(M) denote the lowest nonzero eigenvalue of M .  

1. GEODESICS AND CURVATURE 

M is our fixed Riemannian manifold, T M  its tangent bundle with 
projection map n: T M  + M ,  that is, if 5 E M p  then n(5) = p. Let V denote 
the Levi-Civita connection of the Riemannian metric. 

Let w: (a, fl) + M be a C’ path in M .  A vector field X along w is a map 
X: (a, fl) + T M  for which K 0 X = w, that is, X ( t )  E Mu(,, for all t. To define 
the derivative of a C’ vectorfield along w, V,X,  let x: U + R” be a chart on 

55 
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M ,  containing o((a,/?)), and define the Christoffel symbols ri as in (1.23), 
namely, 

(1) %ai  = 2 ria,, 
k 

where a,, . . ., a, are the coordinate vector fields associated with the chart. 
Set 

(2) 0' = .J 0 w, 

write X as 

and define 

(3) 

x = c q'(8, 0 w), 
i 

One checks that definition (3) is independent of the choice of chart on U, 
and thereby determines a well-defined vector field V, X along w (even if o is 
not contained in the domain of one chart on M). Also, one has for C' 
vector fields X, X,, X, along w, andf (a, /?) -, R E C', 

(4) WX, + X,) = v,x, + YX2, 

(5 )  v,(fX) =f'X +fV, 
(6) w 1 9  X,>' = (YX,, x2> + a 1 9  YX,). 

DEFINITION 1. Let w: (a, b) -, M be a C' path in M. We say that the 
vector field X along w is parallel if 

v,x=o 
on all of (a, 8). 

By (4), ( 5 )  we have, that given w, the set of parallel vector fields along w 
is a vector space over R. From (3) one has, via the theory of linear ordinary 
differential equations, that to each to  E (a, b), 5 E M,(to), there exists a 
unique parallel vector field Xs along w satisfying X,(t,) = 5 .  In particular, 
the space of parallel vector fields along w is finite dimensional, and has 
dimension equal to that of M. 

Thus we can construct isomorphisms between the tangent spaces to M at 
different points of w, namely, let t ,  s E (a, /?), and for 5 E Mu(,, let X, be the 
parallel vector field along w satisfying X,(t)  = <. Now set 

%,A0 = X&). 
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Then z ~ , ~  is an orthogonal map to Ma(,, onto Ma(,,, and is called parallel 
translation along ofrorn M,(,, t o  Mu(,,. 

DEFINITION 2. A path a: (a, p) + M E C 2  is called a geodesic if we 
have 

(7) V W ’  = 0 

on all of (a, 8). 

To write the equation for a geodesic in a chart, let x:  U + R“ be a chart 
on M ,  r: as in (l), and d’ as in (2). Then (7) reads as 

(8) 

Note that if o is C’, piecewise C2, and o satisfies (8) when it is C2, then o is 
C”.  

To every 5 E T M  there exists a maximal open interval 1, in R about the 
origin, and a unique geodesic y,: 1, + M satisfying 

a”’ + c(rik o)wJ’wk’ = 0. 
j . k  

Y@) = 43, Y;(o) = 5 .  

ASSUMPTION. For the rest of this chapter we assume that M is 
geodesically complete, that is, 1, = 0% for all 5 E T M .  

One easily checks that 

for all a, t in R, and that 
Y & f )  = Y,&) 

IY;l = 151, 
that is, y e  has constant speed. 

It is helpful to define the exponential map exp: T M  -+ M by 

exp 5 = Y r ( 1 )  

Y,&) = exp t r  

-thus 

for all t E R, 5 E T M .  It is known that the exponential map is C” and has 
maximal rank on the image of the zero section of M in T M  (by the zero 
section we mean the identically zero vector field on M, viewed as a map 
M + T M ) .  More precisely, if for p E M we define 

exp, = exp I M,, 
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and we identify M ,  with its tangent space at each of its points in the usual 
manner, then 

(9) (exPp)*lo5 = 5 
where (i) (exp,),,, is the restriction of (exp,), to the tangent space of M ,  at 
the origin (MJ0 ,  (ii) 5 on the left-hand side of (9) is viewed as an element in 
(M,J0, and (iii) t on the right-hand side of (9) is considered as an element of 
M ,  . Finally, the map 

II x exp: TM + M x M, 

given by 

(n x exp)(5) = (N ,  exp 0, 
is C", and there exists a neighborhood Wof the image of the zero section of 
M in TM such that (n x exp)I W is a diffeomorphism of Wonto its image- 
an open neighborhood of the diagonal in M x M. 

As mentioned in Section 11.5, for any continuous, piecewise C', path 
o: [a, 83 + M, the length of w, L(w), is defined by 

L(w) = lo'l; 

and for any two points p,  q in M ,  the distance from p to q, d(p, q), is defined 

d(p, q )  = inf L(w), 

where o ranges over continuous, piecewise C', paths o: [a, 83 + M for 
which w(a) = p, o(B) = q .  The distance function turns M into a metric 
space. 

Jbp 
by 

One has the following important facts: 

THEOREM 1. (i) If w is a continuous, piecewise C' path in M joining p 
to q, and L(w) = d(p,q) ,  then the image of w is that of a geodesic. If, in 
addition, o has constant speed, then o itself is a C" geodesic. 

(ii) (de Rham) When M is geodesically complete, then given any p, q E M ,  
there exists at least one geodesic y in M connecting p to q with 

(iii) (Hopf, Rinow) The geodesic completeness of M is equivalent to the 
completeness of M as a metric space, which, in turn, is equivalent to the 
statement that a subset of M is compact if and only if it is closed and 
bounded. 

U Y )  = d@,q).  

(iv) M is complete whenever it is compact. 
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We note that the main tools for deriving Theorem 1 are (9), and 

GAUSS’S LEMMA. For p E M, let 6, denote the unit sphere in M p  
about the origin, and let S@; 6) be the sphere in M,, of radius 6, about the 
origin. Then for any 5 E G,, 5 E (G(p; t)),<, we have 

(Y;(f)l (eXP,)*,t& = 0. 

An equivalent way of stating the result is: if 5, q are orthonormal vectors in 

u(t, 6) = exp t{(cos 6)t  + (sin @ q } ,  

MP 9 

with 

a , v  = u,(a,), aeu = UJae), 

then 

(a,u,  ae V) = 0. 

We now turn to the Riemann curvature tensor. For vector fields X ,  Y, Z 
on M, define 

(10) R(X ,  Y)Z = VyV, 2 - VxVy Z - VLy,xiZ. 

It is known that ( R ( X ,  Y )Z) (p )  is completely determined by the values of 
X ,  Y, Z at p ,  and that (10) therefore determines a multilinear map 
R :  M p  x M ,  x M ,  + M p  for every p E M. R is called the Riemann curuature 
tensor of V. One has the identities 

(11) 

(12) 

(13) 

(14) 

R(5, 115 + Rtq, o r  = 0, 

R(5,q)C + R(L 5)q + R h ,  Ot = 0, 

(R(5 ,  r1)L v >  - <R(L  v)5, v> = 0, 

(R(5 ,V)L v >  + (R(5 ,  ?)V, i> = 0, 

for all 5, q , [ ,  v E M,, p E M. Note that R vanishes identically when 
dim M = 1 ,  so all discussions involving the Riemann curvature tensor will, 
automatically, assume dim M 2 2. 

If 5, q are linearly independent vectors of M,, then 

only depends on the two-dimensional subspace determined by 5, q. K(5,  q )  is 
referred to as the Riemann sectional curvature of the 2-plane determined by 
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5, q. If G,(M) denotes the collection of all two-dimensional spaces tangent 
to M, then G,(M) can be provided with a differentiable structure, in a 
natural manner, and K: G,(M) + R will then be C". 

If dim M = 2, then G , ( M )  = M, and K is called the Gauss curvature of 
M .  For p E M, 5, q, ( E M,,  we have, in the 2-dimensional case, 

(15) 

Similarly, for arbitrary dimension 22,  the fact that K is a constant function 
on G,(M), equal to IC, is equivalent to saying that 

(16) 

R(5, 1115 = K W ( L  C>? - (% 5 > a .  

R ( t ,  4% = I C I ( t - 9  Drl - (4 5 > 5 )  
for all 5, q, 5 E M,, p E M .  

For p E M, the Ricci tensor Ric: M ,  x M p  + R is defined by 

W S ,  rl)  = tr(5 H R(5, h), 
and the scalar curvature S is defined to be the trace of Ric with respect to 
the Riemannian metric. Thus for any orthonormal basis of M p ,  { e l ,  . . ., en}, 
we have 

n 

-in particular, Ric is a symmetric bilinear form on M p  . If 5 = ltlen, then 

and for general { e l ,  . . ., en} we have 

s = 1 K ( e j ,  ek). 
j + k  

We note that although our discussion of curvature may be the appro- 
priate generalization, arising from the theorema egregium, of the intrinsic 
character of the Gauss curvature of a surface in 3-space, its geometric 
content is not readily apparent from the above formulas. The widely known 
interpretation, in the 2-dimensional case, is given by the 

GAUSS-BONNET FORMULA AND THEOREM. Let M be an orien- 
ted 2-dimensional Riemannian manifold, and R a normal domain in M ,  
homeomorphic to a 2-disk, with boundary r having corners with exterior 
angles P I , .  . . , P I  E (-a,n). Then 
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where I C ~  is the geodesic curvature of r, ds the 1-dimensional volume 
element (i.e., arc length) of r, and dA the 2-dimensional volume element 
(i.e., area) of Q. In particular, if r consists of 3 geodesic segments, and 
aj = R - / I j  are the interior angles, then 

n + J J Q ~ d ~  = c a j .  
3 

j =  1 

If M is a compact 2-dimensional Riemannian manifold with Euler 
characteristic x(M), then 

/IM K dA = 27q(M). 

The interpretation of curvature that we shall emphasize here is its 
relation to geodesics. 

First, let M be our given complete Riemannian manifold, with Levi- 
Civita connection V, and let 4: N + M be a C" map of the manifold N into 
M.  Then a uector j e l d  X along 4 is defined to be a map X: N + TM 
satisfying R 0 X = 4, that is, X(p) E M4(p) for all p E N. To differentiate X 
along 4 with respect to 5 E TN, let w :  ( -8 ,  E )  + N satisfy w(0) = n(5), 
w'(0) = 5, and define 

v,x = (v,(X 0 w))(O). 

V,W, + X2) = V,Xl + yx2, 
V,(fX) = (5f)X +fV,X, 

Then V, X is well defined and satisfies 

H X , ,  x2> = <V& x2> + (XI, V,X,> 

for all$ N + R, vector fields X, X,, X ,  along 4, and E T N .  
Now let c0 > 0, u: (a, /I) x ( - e O ,  eO) -, M E C", and write 

u = u(t, E) ,  a, u = u*(a,), a,u = U * ( d , ) .  

Then 3, u, a,u are vector fields along u satisfying 

(17) 

(18) 

v,a,u - yap = 0, 

v,v, - v, v, = R(a, u, a, V), 

where V,, V, is differentiation with respect to a,, a,, respectively. For every E,  

we set 

w,(t) = u(t, E ) .  
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THEOREM 2 (Jacobi). If w, is a geodesic, for every E, then 

vta, u + R(8,u, a, u p ,  u = 0. 

PROOF: We have on all of (a, 8) x ( - E ~ ,  cO), 

o = ya,v = v,v,a,v 
= V,v,a,u + R(a,v, a,u)a,u 

= v:a,u + R(a,o, d,u)a,v. 

Thus the curvature describes the behavior of infinitesimally neighboring 
geodesics of a given geodesic. 

DEFINITION 3. Given a geodesic y = y(t), we define a Jacobi field 
to be a C“ vector field along y satisfying Jucobi’s equation: along y, 

(J) v:Y + R(y’, Y)y’ = 0. 

The set J of Jacobi fields along y is a vector space over Iw of dimension 
equal to 2(dim M). More particularly, one has: given any to E R, 
t, q E My(to), there exists a unique YE J satisfying Y(to) = <, (V,Y)(t,) = 4. If 
YE J is not identically zero, then Y(t), (V, Y)(t) cannot vanish simultaneously 
for any given t. 

If X, Y E  J ,  then the Wronskian of X and Y is constant, that is, 

(XX, Y )  - (X ,V,Y)  = const. 

In particular, for any Y E  J there exist constants a, f i  such that 

(19) 

One immediately concludes that 

(Xy’) = at + B. 

J’ E: { Y E  J :  (Y, 7‘) = 0 on all of y} 

is a subspace of J with codimension equal to 2. 
Given the geodesic y, and a < b, we say that y(B)  is conjugate to y(a) along 

y if there exists Y E  J ,  not identically zero, such that Y(a) = Y(B) = 0 (of 
course, such a Y would be in J’). When y(B)  is conjugate to y(a) along y, 
then a theorem of Jacobi states that 

for all t > B, that is, y cannot minimize distance past a conjugate point. 
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For any geodesic y in M, and t E R, we let M: denote the orthogonal 
complement of y’(t) in My( t ) ,  and define the curvature operator, 
R(t): M ;  + M:, by 

R(Q5 = W’(t) ,  tb’(0. 
Note that R(t)  is self-adjoint, by (13). Furthermore, M has constant 

sectional curvature ti if and only if 

(20) R(t) = tily’12Z, 

where Z is the identity map of M:, for all geodesics y, and t E R. If Iy‘l = 1, 
and Y E  J’, then (20) implies that Y is given by 

(21) Y(t) = a(t)C,(t) + Ww), 
where a(t),b(t) are parallel vector fields along y which are pointwise 
orthogonal to y, and S,, C, are given by (11.25), (11.27), respectively. Thus, 
when M has constant sectional curvature K, two points are conjugate along 
a given geodesic if and only if IC > 0, and the distance between the points 
along the geodesic is an integral multiple of ./A. One can easily picture 
the phenomenon on the sphere of radius 1/& (its geodesics are the great 
circles, and the curvature is ti): 

We now describe the relation of Jacobi fields to the exponential map. 

PROPOSITION 1. Let p E M, 5 E M p ,  and q E M p .  To calculate 
(expp),ltcq (where we are thinking of q as an element of the tangent space 
(MP),J, set y ( t )  = exppt(, and let Y(t) be the Jacobi field along y determined 
by the initial conditions 

Y(0) = 0, (v,Y)(O) = q .  

Then 

(exP,)*ltc? = (l/t) W).  

5(0) = 5 ,  “(0) = q, 

PROOF: Pick a path ( ( E )  in M p ,  with 

and consider the 1-parameter family of geodesics 

u(t, E )  = exp t ( ( E ) .  

Then, by Theorem 2, the vector field Z( t )  along y given by 

Z( t )  = ( a , m  0) 
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is a Jacobi field, and 

Z ( t )  = (exP,)*,t$r‘(O) = t(exPp)*llsrl. 

So we wish to verify that Z has the initial conditions that determined Y 
Certainly, Z(0) = 0; and (17) implies 

(V, a, m, 4 = (‘(4. 

(V,Z)(O) = (V,&W, 0) = rl, 

Thus 

and the claim is proven. 

COROLLARY 2. The kernel of (exp,),lb is isomorphic to the subspace 
of Jacobi fields along y( t )  = exp tl ,  vanishing at p and exp 5 .  

We now turn to notions involving cut points. For each 5 E 6, we define 

~ ( 5 )  = ~ u p ( t  > 0: d(p, Ys(t)) = t } .  

One knows, by (9) and Gauss’s lemma, that c({) =- 0 for all 5 .  Note that if 
t E (0, c(()), then d(p, yr(t))  = r-for if there exists t E (0, c(<)) for which 
d(p, ys(t)) < t, then for any E in (0, c(5) - t )  we would have 

d(p,Y& + 4) 5 d(P,Y&)) + d(Y,(t),Y,(t + 4) < t + E ;  

if c(5) is finite, then the argument also applies to E = c(5) - t. In either case, 
we would be contradicting the definition of ~ ( 5 ) .  

Also, for t E (0, c(<)), y s  must be the only minimizing geodesic connecting 
p to yd t ) .  Otherwise, given any E in (0, c(5) - t), there would exist a broken 
geodesic, of length t + E = d(p,ys(t  + E)), joining p and yr(t + E).  But a 
broken geodesic cannot minimize arc length between two points. 

Thus, if we set 

I), = {tt E M , :  0 I t < c(<), 5 E G,} 

and 

D, = exp a,, 
then exp, maps 3, diffeomorphically onto D,, and & is mapped onto all 
of M. Furthermore, one knows that c(5) is continuous on G,, and that aI), 
has zero n-dimensional Lebesgue measure in M,.  Its image in M is do,, 
and aD, also has zero n-dimensional Riemannian measure in M. 

It is customary to refer to yc(c(5)), when c(5) c + 03, as the cut point of p 
along ye,  and to refer to aD, as the cut locus of p in M. 
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DEFINITION 4. For each p E M ,  6 > 0, set 

Bb; 6) = ( 5  E M,: 151 < a), 
G(p: 6) = { 5  E M , :  151 = d}, 

6, = G(p; 11, 

WP;  6) = ( 4  E M : d(p, q) < 61, 

S(p; 6) = ( 4  E M : d(p ,  q )  = S}. 

Note that we always have 

B(p; 6) = exp B(p; 61, 

and 

S(p ,  6) n D, = exp G(p; 6) n 3,. 

We now work with geodesic spherical coordinates on D,, induced by 
exp, 1 3, . Assume we are given a coordinate system 

5 = 5(u) 

on G,, where u varies over a domain in W-'. A coordinate system is then 
determined on D, by 

u(t, u) = exp t@). 

We then have (for d,u = u*(d,)) 

aru(exP ti7 = ~ ; ( t ) .  

We write dau for u*(d/dua), and a,< for (,(d/dua), where a = 1, . . ., n - 1. 
From Proposition 1, one has that for every 4 E G,, the vector field along yr ; ,  
Y,, given by 

x(C 5 )  = aau(exp t t ) ,  

is the Jacobi field along yr; determined by the initial conditions 

5 )  = 0, (V, &)(O; 5)  = a a  5 ,  
with d a r  orthogonal to <. Thus 

(22) ldrul = 1, ( & u ,  a,u> = 0 

by (19), which is the content of Gauss's lemma. 

(20) is valid, from which one concludes, using (21), that 
Our first comment is that if M has constant sectional curvature K ,  then 

U t ;  0 = %(t)Tr(dat) ,  
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where z, denotes parallel translation along y e .  Thus 

(aaU, apu>(exp t t )  = s 3 t K a a  5, a,<>, 
which implies 

(23) ds2 = (dt)2 + S,2(r)ld(I2, 

that is, M is locally isometric to M,, the complete simply connected model 
spaces of Section 11.5 with constant sectional curvature K. It is a standard 
argument that M is actually covered by M,, and that if M is simply 
connected, then M is globally isometric to M, . Thus for any given constant 
K, there exists, up to isometry, only one n-dimensional, complete, simply 
connected Riemannian manifold of constant sectional curvature K. 

For the case of varying sectional curvature we need a more general 
method of dealing with (a, u, a, 0). 

DEFINITION 5. For each ( E Gp, let r' be the orthogonal complement 
of {R(} in M p ,  and let z,: Mp + Mexprt denote parallel translation along y c .  
We define the path of linear transformations 

d ( t ;  5): (' + (' 

by 
orl = W), 

where Y(t)  is the Jacobi field along yc determined by the initial conditions 

Y(0) = 0, (v,Y)(O) = q .  

Explicit calculation then verifies 

PROPOSITION 2. For v]  E ('set 

W ) q  = (%)-1wo(7,rl); 

then 9 ( t )  is a self-adjoint map of (' and d ( t ;  () is the path of linear 
transformations satisfying 

(2) & + 9 d = O  

(24) d ( 0 ;  5 )  = 0, d' (0;  () = I .  

with initial conditions 

DEFINITION 6. We set 
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Now return to our geodesic spherical coordinates, with the given no- 
tation. Then 

(25) 

from which we have 

(26) 

for a, f i  = 1, . . ., n - 1 ; we therefore write 

(27) 

d,u(exp t 5 )  = z , d ( t ;  5)4<  

<a,u, a p x e x p  t 5 )  = (&( t ;  <)d,5,  d(c W,t> 

ds2 = (dt)2 + Id(?; 5 )  &1’. 
Note that, for the case of constant sectional curvature K, we have 

(28) d(t; 5 )  = SK(t)I. 

(29) 

For the volume elements we have 

{det(<a, u, 8,~))) ‘’’(exp ~ 5 )  = &; t>{det((a, 5, 8, 5>)l”z. 
Thus, if d p ,  denotes the (n - 1)-dimensional volume element on G,, and 
dA(exp tt) the (n - 1)-dimensional volume element of S(p; t) n D,, then 

W e x p  r5) = &; 5 )  &,(<). 

The n-dimensional volume element of M, d K  is given on D, by 

dV(exp tt) = dt dA(exp t r )  = &(t; 5 )  d t  dp , ( t ) .  

2. COMPARISON THEOREMS FOR SECTIONAL 
CURVATURE BOUNDED FROM ABOVE 

H. E. RAUCH’S COMPARISON THEOREM. Suppose we are given 
a geodesic y in M, with Jy’l = 1, and 

(30) R I K I  

on all of y, for some fixed constant K, that is, for every t E Iw, the eigenvalues 
of R( t )  are less than or equal to K. For any Y E  J*, set 

$K = ~ y ~ ‘ ( o ) s K  + ly l (o)cK.  

Then, on any interval (0,p) for which we have #K > 0 on the complete 
interval, we also have 

(31) I ‘l’/lYI 2 $:/$K 9 {I ‘l/$K>’ 2 ’> 

and 

(32) IYI  2 I G K .  
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Equality occurs in (31) (resp., (32)) at to E (0, f l )  (resp., (0, f l ] )  if and only if 
there exists a unit vector field E, parallel along y and pointwise orthogonal 
to y ,  such that 

Y =  $.,E 

on LO, to] .  

PROOF: We have 

which implies 

IYl" = (Y,v,Y)'(Y(- '  + (Y,yY){IYl-l}' 

=JYI-3{1V,Y121Y12 - (Y,V,Y)2 - (Y, RY)IY12} 

2 -KlYl 

by (30), and the Cauchy-Schwarz inequality. Thus 

IYI" + KIYI 2 0, 

from which one concludes 

{+Klyl '  - $k Iy I> '  2 O* 

Inequalities (31), (32) now follow easily. The case of equality is also handled 
easily. 

The first consequence of the Rauch theorem is the Hadamard-Cartan 
theorem, namely, if K in (30) is nonpositive, then no two points along y are 
conjugate. Thus, for a complete Riemannian manifold with nonpositive 
curvature, no two points are conjugate along any geodesic. By Proposition 
1, the exponential map exp, is of maximal rank on all of M,, for every 
p E M. One then argues that exp, is a covering for every p E M. The simply 
connected covering of M is, therefore, diffeomorphic to R". If M, itself, is 
simply connected, then exp, is a diffeomorphism, for every p E M, in which 
case we would have: any two distinct points of M are joined by a unique 
minimizing geodesic. 

If, on the other hand, the constant K in (30) is positive, then one has the 
Morse-Schonberg theorem, namely, if two points are conjugate along K, 

then their distance is greater than or equal to n/&. 

BISHOP'S COMPARISON THEOREM (I). Assume y is as in the 
Rauch theorem, with (30) valid on all of y. Let d ( t )  be the solution of (y)  
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along y satisfying the initial conditions (24), and set &(t) = det d ( t ) .  Then 
if S, does not vanish on (0, e), then 

(33) {Jsls:-l>f 2 0 

(34) &I 2 s:-l 

on (0, PI, and 

on (0781. 
Equality occurs in (33) (resp., (34)) at to E (0, f l )  (resp., (O,fl]) if and only if 

9 = Ul, d = S K I  

on all of [O, t o ] .  

PROOF: We set 

33 = d*d, 

and note that B(t) is self-adjoint, positive definite on (0, b), with 

det 33 = (det d)’. 

For any given a E (0, /?), fix an orthonormal basis {el, . . ., en-i} of 
(y’(0))’ consisting of eigenvectors of a(@), and define 

v X ~ )  = d ( t ) e j ,  

j = 1, . . ., n - 1. Then one has 

(In det &)’(a) = %ln det Bi9)’(a) 

= +(tr B’B-’)(u) 

= 1 ( ( q j ,  Vi>/hjt’)(a) 

2 (n - 1)(CK/S&), 

i 

by the Rauch comparison theorem. 
The theorem now follows easily. 

Geometric consequences of the above theorem are the following: 

THEOREM 3 (Bishop). Let M be a complete, n-dimensional 
Riemannian manifold, all of whose sectional curvatures are less than or 
equal to a given constant K. Then for any p E M ,  and 6 > 0 for which 

(35) B(p; 6) s D,, 
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the volume of B(p; 6) is greater than or equal to volume of disk of radius 
6 > 0 in the n-dimensional simply connected space form M,. Equality is 
achieved if and only if the two disks are isometric. 

THEOREM 4 (McKean [l]). Assume that K in Theorem 3 is negative, 
and that B(p; 6) satisfies (35). Then 

(36) A(B(p; 6)) 2 -(n - 1)2~/4.  

In particular, if M is simply connected, then 

(37) A(R) 2 -(n - 1 ) 2 ~ / 4  

for any normal domain R in M. 

We leave it to the reader to supply a proof of (36)-it is an immediate 
generalization of the proof of the first claim of Theorem 11.5, that is, (11.46). 
The second claim follows from the Hadamard-Cartan theorem. 

THEOREM 5 (Cheng [l]). Let A4 be as in Theorem 3, p E: M, and 6 > 0 
for which (35) is valid. Let A,(6) denote the lowest Dirichlet eigenvalue of 
the disk of radius 6 in M,. Then 

(38) W p ;  6)) 2 A,@). 

LEMMA 1 (Barta [l]). Let R be a normal domain in a Riemannian 
manifold, andfE C2(R) n Co(n), withf I R > 0 andf I aR = 0. Then 

inf(Affl) I -A(O) I sup(Af/f). 
R R 

PROOF: Let 4 be an eigenfunction of A(R) with 4 IR > 0 and 4 I = 0, 
and set 

Then 
h = + - f .  

-W) = ( A 4 M  = (Af) l f  + {SAh - hAf)/f(f+ h) .  

Sincef(f + h) I R > 0, and 

(fAh - hAf) dV = 0, 

the claim follows. 
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PROOF OF THEOREM 5 :  Let T: [O, 61 + [0, co) be the radial eigenfunction 
of AJ6) as discussed in Section 11.5. Then 

T" + (n  - l)(CK/SK)T' + AK(6)T= 0 

with T'(0) = T(6) = 0, T 1 [0,6) > 0. Then Proposition 11.3 implies 

Introduce geodesic spherical coordinates on B(p; 6) G D, E M ,  as dis- 
T' I(0, 61 < 0. 

cussed in Section 1, and let F: B(p; 6) -+ [O,oo) be given by 

(39) F(exp t 5 )  = T(t) 

for ( t ,  <) E [0, S] x 6,. Then 

I - T" + (n - 1)- T' = -A,(& 
T 7 cK SK I 

note that &(t; 5) is given by Definition 6, and that the first line is the result 
of direct calculation, using (22), (29); in the second line, &(t; 5 )  denotes the 
derivative of &t; <) with respect to t ;  and one goes from the second line to 
the third by the Bishop comparison theorem (I). 

Thus 
-A( B ( p ;  6)) I sup(AF)/F I -AK(& 

which implies the claim. 

3. COMPARISON THEOREMS FOR RICCI 
CURVATURE BOUNDED FROM BELOW 

BISHOP'S COMPARISON THEOREM (11). Let M be a complete 
Riemannian manifold, and K a constant for which 

(40) Ric(5, 5) 2 4 n  - 1)1512 

for all < E TM. For each unit tangent vector < let d ( t ;  t), &t; 5) be as 
given in Definition 5 ,6 ,  respectively. If, for a given unit tangent vector 5, we 
have a constant j > 0 such that &(t; <) > 0 whenever t E (0, j), then 

(41) I&@; <)/s:-lY 5 0  
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on (0, 81, and 

on (0, 81. 

only if 

(42) J d t ;  k )  I s:-I 

Equality is achieved in (41) (resp., (42)) at to E (0, 8) (resp., (0,8]) if and 

w = KZ, d ( t ;  5 )  = S,(t)Z 

on co, to l .  

PROOF: Let I/ = 5'. If T: V -, V is a self-adjoint linear transformation of 
V ,  then the Cauchy-Schwarz inequality implies that 

(43) 

with equality if and only if T is scalar. 

Wronskian W(A, B) by 

tr T Z  2 (tr T)'/(n - l), 

For two paths of linear transformations of V ,  A(t), B(t), we define their 

W(A, B) = (A')*B - A*B'. 

Note that if A, 5 are solutions of (j)y then W(A,  5) is a constant. One then 
has 

W ( d , d )  = 0. 

We are now given 8 =- 0 as in the statement of the theorem. Set 

u = d d - 1  

on (0, 8). Then 

u* - u = (d- ) *w(d,d)d- '  = 0;  

so U is self-adjoint. Explicit calculation shows that U satisfies the matrix 
Riccati equation 

(9) u '+u2+w=o.  
Thus (40) and (43) imply 

0 = tr u' + tr U' + tr 2 2 (tr U)' + (tr v)'/(n - 1) + rc(n - 11, 

that is, 

4 3: tr u = A/& 
satisfies the merential inequality 

(44) 4' + @ / ( n  - 1) + ~ ( n  - 1) I 0. 
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Note that if 

1(/ = (n - l ) cK/sK% 

then 

$' + Ip/(n - 1) + K ( n  - 1) = 0. 

Therefore consider the continuous function O(t) defined on 
[O, 8) n [0, n/&) (where n/& = + 00 when K I 0) by 

NO) = 0, W )  = $(W 
when t # 0. 

One easily concludes that 

8 ' 2 1  

on [0, /I) n [0, n/&), from which one has 

e(t) 2 ' 9  4(t) I $(l) = (n - l)(cK/sIC)(t), 

that is, (41) and (42) are valid on (0, p)  n (0, n/&). But the validity of (42) 
on (0,p) n (0, n/&) implies /? I n/&; so (41) (resp., (42)) is valid on all of 

We postpone, for a moment, considering the case of equality and draw 
(0, B) (resp.9 (0981). 

some immediate conclusions from p I ./A. 
BONNET-MYERS THEOREM. Let M be a complete Riemannian 

manifold with Ricci curvature satisfying (40) on all of TM, with K > 0. Then 
M is compact, has finite fundamental group, and has diameter d ( M )  
satisfying 

d ( M )  I 

Indeed, M is bounded since, for any unit tangent vector 5, &(t; 5 )  has a 
zero on (O,z/&], which implies there exists a nontrivial Jacobi field 
vanishing at t = 0 and at some / I o  E (0, A/&]. But, as we mentioned, 
geodesics do not minimize distance past conjugate points. Thus M is 
bounded, with diameter less than or equal to n/&. Once M is bounded 
and complete, the Hopf-Rinow theorem states that M is compact. Since the 
universal cover of a complete Riemannian manifold is always complete, the 
universal cover of M is complete and its Ricci curvature satisfies (40) on all 
of TM. Thus the universal cover of M is compact, and the fundamental 
group of M is finite. 
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We now consider the case of equality in the Bishop theorem (11) (the case 
of equality in the Bonnet-Myers theorem is the Toponogov theorem 
below). Note that equality in (42) at some to E (0, /?I implies equality in (41) 
on all of (0, to)). So it suffices to consider the case of equality in (41) at some 

If we are given equality in (41) at some to E (0, P), then O(to) = to, which 
t o  E (0, B). 

implies 8' = 1 on all of [0, to] ,  that is, e(t) = t on all of of [0, to]. Thus 

d)(l) = (n - l)(cK/sK)(t) 

on all of [0, to], and we have equality in (44) on all of [0, to]. This, in turn, 
implies that U(t)  is scalar on all of [0, to] ,  and 

d' = (C,/S,)d 

on all of [0, to]. But, now, explicit calculation implies 

d " + K d = o  

on [0, to] ,  and the theorem follows. 

THEOREM 6 (Bishop). Let M be complete, with Ricci curvature satisfy- 
ing (40) on all of TM. Then for any 6 > 0, p E My the volume of B(p; 6) is 
less than or equal to the volume of the disk of the same dimension, having 
constant sectional curvature rc and radius 6. Equality is achieved if and only 
if the two disks are isometric. 

If K > 0, and dim M = n, then 

vol M I (vol Sn)/rc"/', 

with equality if and only if M is isometric to the n-sphere of constant 
sectional curvature rc. 

Remarkl: We note the contrast in the two Bishop comparison theo- 
rems, the first one requiring the Rauch estimate on the growth of a Jacobi 
field vanishing at the initial point of the geodesic, and the second one 
working directly with the matrix Ricatti equation. For sectional curvature 
bounded from below, one also has a Rauch estimate on the growth of 
Jacobi fields which vanish at the initial point of the geodesic. Compare H. 
E. Rauch's [l] original paper, and M. Berger's survey [7] of the field of 
pinching theorems inspired by it. 

THEOREM 7 (Cheng [2]). Let M be complete with Ricci curvature 
satisfying (40) on all of TM. Then for any 6 > 0, p E M, we have 

(45) A*(&; 6)) 5 A K ( ~ )  

with equality if and only if B(p; 6) is isometric to the disk in M, of radius 6. 
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PROOF: Note that we have used A*(B(p; 6)) instead of A(B(p; 6)) since we 
dispensed with the hypothesis that B(p; 6) E D,, and can, therefore, no 
longer assume that B(p; 6) is a regular domain in M .  Thus the theorem is 
understood to be claiming that, given any E > 0, there exists a function F ,  
approximated, relative to (I.76), by functions in C,"(B(p; 6)), such that 
F $ 0, and 

",F7 I {A,(6) + E) I IF I IZ .  

The function F is constructed as follows: Let T(t) be the eigenfunction of 
A,@), and for (t,  t )  E [0, oc)) x G,, satisfying t< E B(p; 6) n c, define 

F(exp ft) = T(t). 

We note that F is well defined, since if two minimizing geodesics, 
emanating from p ,  intersect at q then both geodesics have the same length. 
F is continuous, since the function c(0 ,  t E G,, is continuous. Also, for 
tt E a,, we have 

I(grad F W P  a1 = lT'(t)l: 

so grad F has bounded length on B(p; 6). Since grad F is continuous 
everywhere except, possibly, on aD, n B(p; 6)-a set of Riemannian n- 
measure 0-we conclude that F E X(B(p;  6)). We now show that F can be 
approximated, in the metric (I.76), by functions in S ( B ( p ;  6)) which are 
compactly supported on B(p: 6). Clearly, one will then be able to approxi- 
mate F with functions in Cfm(B(p; 6)). 

Let L: [0, co) -+ R E C with L(0) = 0, and supp L E [0, ti,] for some 
6, < 6; and let G: B(p; 6) -+ R be defined by 

G(exp tt) = L(t) 

for all tt E D, n B(p; 6). Then G E Z(B(p;  d)), as F is, and has compact 
support. Also, we have 

which is the L2(B,(S)) distance of the functions on BJ6) determined by T 
and L. A similar estimate holds for Ilgrad(F - G)I12. So any degree of 
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approximation, achieved in A?'( BK(6)), is achieved, automatically, in 
X ( B ( p ;  6)). Thus F is an admissible function for A(B(p; 6)). 

Let 

b(t) = min(W,6). 

Then, as mentioned, 

which is the claim (46). Note that we have used the facts T 1 [0,6) > 0, 
T'((0,  61 < 0, and the Bishop comparison theorem (11). 

The case of equality is easily handled. 

Remark 2: Assume that in Cheng's theorem we have K > 0. Then the 
theorem only has content when 6 < n/&. For by the Bonnet-Myers 
theorem (Section 111.3), d ( M )  5 n/&. Therefore, if 6 > n/& we have 
B(p; 6) = M and A(B(p; 6) = 0. If 6 = n / f i  then one also has 
A@@; 6) = A,(@ = 0 by Theorem 11.6. Of course, when d ( M )  = n/&, the 
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subsequent argument of the Toponogov theorem shows that M is isometric 
to M, = 9(l/&). 

Rernark3: We note that Cheng’s theorem is a counterexample to the 
metaphysical principle: Large spaces-small eigenvalues, and small spaces- 
large eigenvalues. We refer to the rubric as a metaphysical principle because 
(i) large spaces and small spaces are not well defined, (ii) the rubric is valid in 
sufficiently many situations, where there might be agreement as how to 
declare a space larger or smaller, as to serve as a guide to intuition in 
unknown situations, (iii) it therefore serves as a barometer of the striking 
character of a result serving as a counterexample to the principle, and 
therefore, (iv) a commitment to the validity of such a principle leads to 
either (a) a more penetrating study into the determination of geometric size 
or (b) declaring that large eigenvalues might serve-in appropriate 
situations-as a definition for a small space. 

Many of the results described in this book reflect the validity of this 
principle. Compare the normalization of geometric data (Section XII.7), the 
Weyl formula (Section L3), and especially the domain monotonicity of 
eigenvalues with vanishing Dirichlet boundary data (Section IS), for early 
examples of this principle. The principle is also a very helpful guide to 
appreciating the results of Chapter IX. But here, the Rauch and Bishop 
theorems say that increasing the curvature decreases the size of a geodesic 
disk of fixed radius, and the Cheng theorems state that increasing the 
curvature also decreases the lowest Dirichlet eigenvalue (contrary to our 
expectation that it be increased). 

We note that the Obata theorem in the next section states that if M 
is a compact Riemannian manifold of dimension n 2 2, with Ricci 
curvatures bounded below by the constant (n  - l ) ~ ,  IC > 0, then 
I , ( M )  2 n K  = I,(MK)-the result consistent with the metaphysical prin- 
ciple. Interestingly, the strong form of the theorem states that IZ,(M) = n~ if 
and only if M is isometric to M,-our proof uses Cheng’s theorem, in 
violation of the principle. 

COROLLARY 3. Let M be as in Theorem 7, and compact. Denote the 
list of eigenvalues of M by 

0 = I ,  < IZ1 5 122 I * . * .  

Then 

(47) J j ( W  W ( M ) / W  

for a l l j  = 1,2, . . 
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PROOF: Pick points p, q in M such that 

Join p and q by a geodesic y: [0, d ( M ) ]  -, M ,  17'1 = 1, with y(0) = p, 
y(d(M)) = q. Define 

for I = 1, . . ., j + 1. Then the disks {B(pl; d(M)/2j): I = 1, . . ., I + 1) are 
pairwise disjoint. The max-min argument, for Dirichlet eigenvalues, and 
Cheng's theorem, implies (47). 

Remurk4: We gave the particular estimate of Corollary 3 for two 
reasons: (i) For 1,(M) it helps characterize the case of equality in the Obata 
theorem (Section 4), and (ii) it theoretically gives an upper bound of all 
eigenvalues in terms of lower bounds on the Ricci curvature and diameter 
of M. 

However, for large values ofj, we have 

U 4 W 2 A  - 4CDJ2/d2(M), 

by (XII.34), where C, is the lowest Dirichlet eigenvalue of the unit disk in 
R". So the Cheng estimate (47) gives 

for largej, with the constant depending on n and M. 
To get a better estimate one uses the following result of Gromov [I] (our 

thanks to J. Dodziuk for this alternative approach): For any given E > 0, let 
N(E) be the maximal number of pairwise disjoint geodesic disks in M all 
having radius E > 0. Then Bishop's theorem implies 

N(E)  2 vol(M)/vol(B,(2~)). 

The max-min argument for Dirichlet eigenvalues, and Cheng's theorem, 
imply that (if [XI denotes the largest integer I x, then) 

From (XII.34) one can now obtain 

A,(M) < const {k/vol(M))'/", 
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Fig. 1 

where the constant depends only on n and K, for sufficiently large k-an 
estimate much closer to that given by the Weyl formula (1.50). A sharper 
version of this argument can be found in Section 4 of Li-Yau [l]. 

Remark5: We also note that Li-Yau [I] also give a lower bound for 
I ( M )  in terms of the diameter and lower bound of the Ricci curvature of M .  
Compare Theorem V.4 and Section XII.9. 

Of course, one cannot expect to bound I ( M ) d 2 ( M )  from below by a 
positive constant depending on, at most, the underlying topology of M .  
Indeed, given any fixed Riemannian metric on M ,  let D be a disk, and 
change the metric in a neighborhood D, of D so as to form the "dumbbell" 
T u B, where T contains a flat cylinder, isometric to S"-'(E) x [ - I ,  4, and 
B has the same volume as M\D, but is otherwise arbitrary (cf. Fig. 1). It is 
easy to show that for the new metric 

A(M)  I const. & " - ' / I  (vol(M)) 

where the constant is independent of E and 1. One can show that by suitable 
choice of E and 1, one can arrange that both 

A(M)d2(M), A(M) vol2'"(M) 

are as small as one desires. 
For a survey on bounds for I ( M )  (see Li [4]). 

COROLLARY 4 (Cheng [ S ] ) .  If M is a compact two-dimensional 
Riemannian manifold, of genus g, whose Gauss curvature is greater than or 
equal to K on all of M ,  with K < 0, then A1 satisfies 

(48) I ,  I A((arccosh(2g - 1 ) ) / 2 6 ) .  
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PROOF: The Gauss-Bonnet and Bishop theorems imply, for A, the area 
of M, since x ( M )  = 2(1 - g), 

g - 1 I - K A / ~ T C  5 - K ~ Z  { Jod‘”’s.)/4. 

= f{cosh(J-Kd(M)) - l}. 

Thus 

d(M)  2 ( l / p )  arccosh(2g - 1) 

and (48) follows from (47) for j = 1. 

We now present Gage’s estimate for A,@) for K I 0. For our convenience, 
we only consider the case where n = 2. We present the estimate here, 
instead of after Theorem 11.5, because the integration-by-parts, used in this 
argument, is the same as that used in Cheng’s argument. 

THEOREM 8 (Gage [l]). For n = 2, and K I 0 we have 
- K  n2 1 

AK(6) I __ + - - - 
(49) 4 d2 4S36). 

PROOF: First note that for any given constants a, E, and 

f ( t )  = S;’”(t) cos(at - E),  

we have 

f’(t) = -S;1/2{(CK/2SK) cos(at - E )  + a sin(at - E ) } ,  

and 

f” + (C,/S,)f’ + {(- 4 4 )  + a2 - (1/4S,2)}f = 0. 

To estimate A#) from above, consider the function 

S; 1/2(o) cos(ao - E), 0 I t I a, 
Q I t I 6, S,’I2(t) cos(at - E), 

40) = { 
where a, a, E are constants to be chosen. We shall pick them to ensure 

(50) 4 I [a, 4 > 0, 4(4 = 0, 

(51) @(a) = 0, 4’ I (a, 61 < 0. 

Fix an arbitrary 7 in (0, l), and set 

a = 76. 
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For any E in (0, n( 1 + z)/2( 1 - z)), set 

(52) 

Then 

a = (1/6)(n/2 + E ) .  

a < n/6(1 - z), ua - E > - 4 2 ,  a6 - E = 4 2 .  

So (50) is satisfied for any E in (0, n(1 + z)/2(1 - 7)). 

We now wish to determine E to satisfy (51). Set 

$(t;  E) = (CK/2S,) cos(at - E )  + a sin(at - E).  

If a is related to E by (52), then 

$(zi t  0)  > 0, $(d; n(l + 2)/2(1 - z)) < 0. 

One easily has the existence of E,  in the stated interval, for which (51) is 
valid. 

Now let A be defined by 

1 -__ 
--K n2 

A = - +  
4 6 2 ( 1  - z)2 4S,Z(S). 

Then 

on all of (a, 6). Thus 

Thus, Rayleigh’s principle implies 

for all z E (0, l), which implies (49). 
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Remark 6: Using estimates on the zeros of Legendre functions, Cheng 
[2] showed that there exist constants, depending only on n, such that 

&(a) I const max(0, - K }  + const/P. 

Gage’s approach, through test functions, is also valid in all dimensions and 
yields a sharpening of Cheng’s original results. 

4. OBATA AND TOPONOGOV THEOREMS 

If I/ is an n-dimensional, real inner product space, and T I/+ I/ a linear 
transformation, then the norm of 7; IT[, will be defined by 

n 

IT? = (T‘j, S>’, 

where { e l ,  . . ., en} is any orthonormal basis of V. One easily checks that (TI 
is well defined, and that 

(53) lT12 2 (tr T)’/n, 

with equality in (53) if and only if Tis a scalar multiple of the identity. 
If M is our given Riemannian manifold, with Levi-Civita connection V, 

and f is a C2 function on M, then the Hessian of, Hessf TM .+ TM, is 
defined by 

j , k  = I 

(Hessf)(<) = vc gradf, 

for < E TM. Of course, (Hessf)(M,) c M,, for all p E M. Note that 

(54) Af = tr Hessf 

THEOREM 9. Let M be an n-dimensional, compact Riemannian mani- 
fold with Ricci curvature satisfying, for some given constant K > 0, 

(40) 

for all < E TM. Then L(M), satisfies 

(55)  L(M) 2 nit, 

with equality in (55) if and only if M is isometric to the n-sphere of constant 
sectional curvature ic. 

Ric(<, 0 2 K ( n  - 1)l<l2 

Inequality (55)  is due to Lichnerowicz [l], and the characterization of the 
case of equality is due to Obata [l]. 
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GENERALIZED TOPONOGOV THEOREM (Cheng [2]). If M is as 
in the hypothesis of Theorem 9, and has maximal diameter, that is, (cf. the 
Bonnet-Myers theorem), 

d(M) = ./J, 
then M is isometric to the n-sphere of constant sectional curvature K .  

We prove both theorems together. Inequality (55) follows the Bochner- 
Lichnerowicz formula (cf. Berger-Gauduchon-Mazet [l, p. 131 ff.] for a 
proof) : 

(56) $A(lgradfI2) = IHessf12 + (gradf, grad Af) 
+ Ric(gradf, gradf) 

for anyfc  Cm(M). 

(56) combine to imply 

(57) 

on all of M. Integrate the inequality (57) over M;  then 

Now iff is an eigenfunction on M with eigenvalue I, then (40), (53), (54), 

+A(lgradfl2) 2 12f2/n + { ~ ( n  - 1) - I}lgradf12 

(58)  0 2 {12/n + [K(n - 1) - 111) 11 f 11 = n(n - l ) ( n K  - I}  11 f a  '/n 

and inequality (55) follows. 

hypotheses, that we have points p l ,  p 2  E M satisfying 
We now turn to the Toponogov theorem. Suppose, with the given 

(59) 

Then 

The first inequality is ( 5 9 ,  the second inequality is the max-min method, 
and the third inequality is the result of Theorem 7. 

Equality (59) therefore implies 

I(M) = n K ;  

and equality in the max-min inequality implies that 

and 
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for j = 1,2. But (60) is the case of equality in Theorem 7; thus each 
B(pj; n/2&) is isometric to the hemisphere of MIx. Then M is isometric to 
M,. 

Finally, we return to the case of equality in (55).  Well, equality in (55) 
implies equality in (57) on all of M. Thus there exists a C" function 4 for 
which 

Hess f = $1 

on all of M. Then 

-,If= Af = tr Hessf= n$; 

so 

4 =-us, 
and 

(Hessf)(S) = - d S  
for all 5 E TM. 

Now note that for any w: (a, f l )  + M we have 

-~flw'I' = ((Hessf)(w'), m') 

= (V, gradf; m') 

= (grad f, w')' - (gradf, V , d )  

= ( f o  o)I - (gradf, V,w'). 

Therefore, for any geodesic y: (a, f l )  + M ,  ly'l = 1, we have 

(fo 7)" + 4 f o  7) = 0;  

( f o  y)(t) = A cosJKt + B sinJKt 

so 

for some constants A, B. 
If p E M has the property that 

f(P) = maxf, 
M 

then for every 5 E 6, we have 

f(Yc(f)) = fb) cosJlct, 

which implies that exp,lB(p; n/&) is a diffeomorphism of B(p; ./A) onto 
B(p;a/fi). In particular, d ( M )  2 n/&. Then d(M)  = n/& by the 
Bonnet-Myers theorem and the result follows by the Generalized 
Toponogov Theorem. 
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Isoperimetric Inequalities 

In this chapter we consider relations between geometric isoperimetric 
inequalities and physical isoperimetric inequalities. In our context, given an 
n-dimensional Riemannian manifold M, a geometric isoperimetric inequality 
will be an inequality for the (n - 1)-dimensional volume of an, where R is 
the union of a finite number of regular domains, with compact closure in M, 
once the n-dimensional volume of R is given. A physical isoperimetric 
inequality will be an inequality for the eigenvalues of an arbitrary domain R, 
with compact closure in M, given the n-dimensional volume of 0. Our 
emphasis will not be on the derivation of the geometric isoperimetric 
inequalities; rather, we shall emphasize the derivation of the physical 
inequalities from the geometric ones. Surveys on isoperimetric inequalities 
can be found in Polya-Szego [l], Payne [l], and Osserman [3,4]. 

1. THE CO-AREA FORMULA 

Let M be an n-dimensional Riemannian manifold. In all that follows, we 
let V( ) denote n-dimensional volume of submanifolds of M, and, A( ), 
(n - 1)-dimensional volume. 

Now let 0 be a domain in M with compact closure, and 
f: !3 + R E Co(Q) n Cm(R), with f IaR = 0. The critical values off I R have 
measure zero in F(R) E R, by Sard's theorem (Narasimhan [l, p. 19ff.l). 
The regular values off I R are an open subset of R, henceforth to be denoted 
by Kf. For any t E K,,f-'[t] n R is an (n - 1)-manifold, andf-'[t] n fi 
is compact. 

Let (a, 8) G Rf, p E (a, 8). Then one can construct a diffeomorphism 

'y:f-"pI x (a, 8) +f-1r(4 811 
for which 

(1) f(Y'(q, 0) = t 

85 
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for all (4, t) ~ f - ' [ p ]  x (a,/?). Indeed, let X be the restriction of 
(gradf)/(gradfI2 tof-'[(a, /?)I, the flow determined by X, and 

Wq, t )  = Q-&I). 

Then Y satisfies (1). Moreover, 

laY/atl = lgradfl-', 

and aY/at is always orthogonal to the level surfacef-'[t], for all t E (a, 8). 
The Riemannian density dVon R is given onf-'[(a, /?)I by 

(2) dV= Igradfl-' dAf-lt,, dt, 

where dAf-,[ , ,  is the (n - 1)-dimensional Riemannian density onf-'[t]. 
We now let 

W )  = {P E M : If(P)l > t>,  

V t )  = WW), 
r(t) = { p  E M : I~(P)I = t ) .  

When t is a regular value of l f l ,  we let dA, denote the Riemannian (n - 1)- 
density on r(t), and 

A( t )  = A(r(t)). 
One immediately has 

THEOREM 1 (co-area formula). The function V(t) is C" on Rlfl, and its 
derivative is given by 

V(t) = - IgradfJ-' dA,. 
Jr w 

(3) 

For any h E L'(R) we have 

(4) JJn hlgrad fl dV = Jo" dtJr[*) h dA,. 

J'I, lgrad f l  dY = JowA(t) dt. 

In particular, 

(5 )  

2. THE FABER-KRAHN INEQUALITY 

We are given a complete n-dimensional, n 2 2, Riemannian manifold M, 
and for a fixed K E R, the complete, simply connected, n-dimensional space 
form M, of constant sectional curvature 1c. 
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To each open set SZ, consisting of a finite disjoint union of regular 
domains in M, associate the geodesic disk D in M K  satisfying 

(6) V(R) = V(D). 

If K > 0 then only consider those R for which V(R) < V(MK). 

THEOREM 2 (Faber [l]; Krahn [l]). If, for all such R in M ,  equality 
(6) implies the isoperimetric inequality 

(7) A(aR) 2 A(aD), 

with equality in (7) if and only if R is isometric to D, then we also have, for 
every normal domain Q in M ,  that equality (6) implies the inequality 

(8) W) 2 w, 
with equality in (8) if and only if R is isometric to D. 

PROOF: Letf be an eigenfunction of A@), that is, 

Af + A(s2)f = 0 

on R, withf I aR = 0. Sincef never vanishes on R, we may assumef 1 R > 0. 
We first note that the function V =  V(t) is in Co([O, 00)) n Cm(Rf). 

Indeed, we need only consider what happens when we are given p E R for 
which (gradf)Cp) = 0. Then there exists a chart (any Riemann normal 
coordinates about p will do (cf. Section XII.8)) x: V(p) -+ [w" for which 

(af2jaxj2)(p) < o 
for at least one j E { 1,2, . . ., n}. Thus there exists a neighborhood W of p 
such that if q E Wand (gradf)(q) = 0, then q is in the locus of 

afjaxj = 0, a2flaxj2 < 0. 

In particular, q is contained in an (n - 1)-manifold. Thus V(r( t ) )  = 0 for all 
t ,  and the continuity of V = V(t) follows. 

-+ Iw for 
which 

The idea of the proof of (8) is to associate to f a function F: 

(9) 

(10) 

JJ*lgradfIZ d V 2  JJpd FIZ dK,  

JJ*f2 d V =  JJD FZ d K ,  

where by dVK we mean the Riemann density of M,, and for which 
F l a D  = 0. 
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To this end, let B,(6) be the geodesic disk, of radius 6, in M,, with 
n-volume T/,(6), and S,(6) = aB,(6), with (n - 1)-volume A,@). For 
T =  maxflil, and 0 I t I T, we let D(t)  be the geodesic disk in M, with 
volume equal to V(t), namely, if r(t) is the radius of D(t), then 

‘ ( l )  = ‘K(r( ‘ ) ) .  

Also, set ro = r(0); in particular D = BK(ro). 
The function r: [0, T ]  -+ [0, ro] is in Co([O, TI) n C”(R, n (0, T)), and is 

strictly decreasing. We let JI: [0, r,] + [0, T ]  be the inverse function of r, 
and define F: B -+ R by 

F = J I o r ,  

where r denotes distance from the center of D. 
To verify (10) we note that 

r(t) = ‘L(dt))rr(t) = A K ( r ( t ) ) r ’ ( t ) >  

1 = $’W))W, 
for all t E R, . Therefore 

JID F Z  d l / ,  = / rJIz (r )AK(r)  dr 

= -~oT~z(r ( t ) )a , ( r ( t ) ) r~( i ( f )  dt 

T 

= -5, t2V’(t) d t  = SS,fz d x  

which is (10). 
To prove (9) note that, for t E R,, we have 

r’(t) = r ( t ) / A K ( ~ t ) )  

-1 dA, =- 
A K ( r ( t ) )  Jr(t) m. 

Set 

dt) = { Jr(t)lgradfI dAt? t E R,, 

0, otherwise. 

The Cauchy-Schwarz inequality and (7) then imply 

-r’(t)dt) 2 A2(t)/A,(r(t)) 2 A,(dN. 
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From the co-area formula we now have 
T jJ* (grad f I 2  6f‘v = jo Po)  dt 

2 - J o T { A K ( r ( t ) ) / r ’ ( f ) }  d l  

= - ~ o ~ ~ f 2 ( r ( t ) ) ~ K ( ~ ~ ) ) r ~ ( ~ )  d t  

= JjD lgrad FI2 d C ,  

which implies (9). 
If A(R) = A(D), then 

4 t )  = A N ) )  

for all t E Rf. But then for every t E Rf, Q(t)  is isometric to D(t), and Sard’s 
theorem implies that R = n(0) is isometric to D(0) = D. 

So Theorem 2 states that the geometric isoperimetric inequality 

(*) V(i2) = V(D) * A(&?) 2 A(aD) 

for all R consisting of a finite disjoint union of regular domains implies the 
physical isoperimetric inequality 

(**I V(R) = V(D) * A(n) 2 A(D) 

for all normal domains R. (For normal domains Q in R2, K = 0, the result 
(**) was first conjectured by Lord Rayleigh [l, Section 2101.) We now 
discuss the validity of (*). 

The geometric isoperimetric inequality (*) is valid when M = M I K ,  for all 
IC E R and n 2 2. Compare, for example, Schmidt [l] and the survey by 
Osserman [3]. 

If M is 2-dimensional with Gaussian curvature less than or equal to K ,  

then (*) is valid whenever R is a finite disjoint union of regular domains, 
each of which is diffeomorphic to a 2-disk. Compare Fiala [l], Bol [l], 
Chavel-Feldman [S], and Osserman [4]. The Faber-Krahn inequality (**) 
is then valid for normal domains R, in M, which are diffeomorphic to a 2- 
disk. Indeed, all one has to note is that if Q is diffeomorphic to a 2-disk, 
then, for any t E Rf, Q t )  has a finite number of components each of which 
is diffeomorphic to a 2-disk. The argument for (**) is, then, as presented 
here. 
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Recently, C. B. Croke [S] has shown that (*) is valid when M has 
nonpositive sectional curvature, dim M = 4, and M, = R4. Again, we have 
the associated Faber-Krahn inequality (**). 

Remark I :  We note that the hypothesis that R is a normal domain was 
only used to guarantee the existence of an eigenfunction for A*@) = &a). 
Therefore, for example, if R is a nodal domain of an eigenvalue 1 of M, 
where M is either a compact manifold (with closed eigenvalue problem) or a 
regular domain (with Dirichlet eigenvalue problem), then the argument 
(assuming the geometric isoperimetric inequality holds for finite disjoint 
unions of regular domains) remains valid, and the theorem holds for A*(Q) 
replacing 1(R) in (8). 

Now the fact that f is an eigenfunction, is used only to guarantee the 
continuity of V(t )  even when gradf is zero. In particular, if R is any domain 
with compact closure in M, then for any f~ Xo(R) for which V(t) is 
continuous, one has the symmetrization F off as described, for which the 
Rayleigh quotient associated to F is less than or equal to the Rayleigh 
quotient associated tof. 

Therefore, if M has the property that the geometric isoperimetric in- 
equality (relative to MK) holds for finite unions of regular domains in M, 
then the physical isoperimetric inequality 

(8') A*@) 2 A(D) 

holds for all domains i2 with compact closure in M satisfying (6). Indeed, 
one can construct a sequence& of continuous functions in Xo(R), with 
compact support Ek in Q having the properties that Ek is a C" (n - 1)- 
submanifold of Qfk E Cm(Ek),f has only nondegenerate critical points on 
E k ,  and finally, 

~Cfk~hllllhll2 + 1*(Q). 

(Compare Aubin [2, p. 401.) By applying the above symmetrization argu- 
ment, one easily shows (8'). Note, however, that in this situation the 
characterization of equality in (8') is not at all obvious. 

Remurk2: Also, it has recently been noted that one can obtain the 
Obata theorem (Section 111.4) via the Faber-Krahn argument ! namely, let 
M be a compact, n-dimensional, Riemannian manifold whose Ricci curva- 
ture satisfies, for a given constant K > 0, 

RWS, 0 2 K ( n  - 1)151* 
for all 5 E TM. Let 

B = V ( M ) / v ( M K ) *  
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(Of course, /? I 1.) Given any R consisting of a disjoint union of a finite 
number of normal domains in M, let D be the disk in M, for which 

(1 1) V(R) = /?V(D). 

Then Gromov [l] proved (cf. our sketch of the argument in Section XII.8) 
that 

A(dR) 2 /?A(dD), 

with equality if and only if M is isometric to M,, and R is isometric to D. P. 
Berard and D. Meyer [l] then gave the appropriate variation of the 
argument of Theorem 2 (viz., r ( t )  is defined by V(t) = /?K(r(t))) to show that 
for any normal domain R in M ,  equality (1 1) implies 

A(Q) 2 w, 
with equality if and only if M is isometric to M,, and R is isometric to D. 
The same result holds for R a nodal domain of an eigenvalue of M with 
A*@) replacing A(R). 

To obtain the Obata theorem, let 4 be an eigenfunction of A(M).  Then 4 
has precisely two nodal domains R,, R2.  We assume that V(R,) I V(Q2). If 
D is the disk in M, for which V(R,) = /?V(D), then D is contained in a 
hemisphere of M,, and 

A(M) = A@,) 2 A(D) 2 ~ I K  

(cf. (11.43)), which is the Lichnerowicz inequality. If A(M) = n ~ ,  then M 
must be isometric to M,, which is Obata’s result. Thus, the Obata theorem 
is a consequence of the Levy-Gromov isoperimetric inequality and the 
Faber-Krahn method. 

Remark 3: We note that C. Croke [3] has sharpened the Levy-Gromov 
inequality as follows: Let M ,  K > 0, /?, R, and D be as in Remark 2. If the 
diameter d ( M )  = n/& then M = M,; so assume that we are given a 
constant a for which &d(M) I a. Then there exists a positive constant 
c(n, a) > 1 such that (1 1) implies 

A(dR) 2 c(n, a)/?A(dD). 

The Berard-Meyer variant of the Faber-Krahn argument then yields 

A((M) 2 C(n, E ) n K .  

Croke then notes that if we are given the hypotheses of the Obata 
theorem, and we are given I ( M )  s c(n, n / 2 ) n ~  then we conclude that 
d ( M )  > z / 2 f i ,  which implies, by a theorem of Grove-Shiohama [l], that 
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M is homeomorphic to a sphere. Thus one obtains an eigenvafue pinching 
theorem (Croke [3]): Given an n-dimensional, n 2 2, compact Riemannian 
manifold satisfying (111.40) for a positive constant K ,  on all of TM, then there 
exists a constant c(n) > 1 such that 

nlc I A(M) I c(n)nK 

implies that M is homeomorphic to a sphere (cf. Croke's paper for 
references to earlier versions of the result). 

Remurk 4: We return to the Faber-Krahn inequality for M = M, = R". 
Recall that D is a disk of radius r,, and 

V(R) = V(D) = 0~6,  

2 A(D) = ( j , , / z - lY/r& 

where j n l z - l  is the first zero of the Bessel function Jnlz-l (cf. Theorem 
II.4ff). So the Faber-Krahn inequality may be written analytically, in R", 
as 

(12) (A(Q)>"lz VQ) 2 { j n p  - l>nOn 

for all normal domains f2, in R", with equality if and only if R is a disk. 
An immediate consequence of (12) and Pleijel's theorem (Section 1.5) is 

that if R is a regular domain in R", n 2 2, with Dirichlet eigenvalues 
0 < A , @ )  < &(a) I A3(R) I .-., {41, &, 43,. . .} a complete orthonormal 
basis of P ( R )  with 4 k  an eigenfunction of for all k = 1,2, . . . , and nk is 
the number of nodal domains of f$k, then 

(13) 

But { 2 n / j n , , ~ , } " / 0 ~  is less than 1 (cf. Berard-Meyer [1, Lemma 91). 
Therefore, for the Dirichlet eigenvalue problem on regular domains in R", 
we achieve equality in Courant's nodal theorem (Section 1.5) for at most a 
finite number of eigenvalues of any given regular domain (Pleijel [l]). 

Of course, if n = 1 then n k  = k for all k, by (I.53), (1.54). 
To return to n 2 2, Berard-Meyer [l] have extended the validity of (13) 

to any regular domain Q in any n-dimensional, n 2 2, Riemannian manifold 
M .  First they establish the following geometric isoperimetric inequality: 
Given M with compact closure, and E > 0, there exist V, > 0, depending on 
M , E ,  such that for any R consisting of a disjoint finite union of regular 
domains satisfying 

V(Q) I Vo, 
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then for the disk D, in R", satisfying (6) we have (instead of (7)), 

A(dR) 2 (1 - &)A(dD). 

The Faber-Krahn argument yields 

l(R) 2 (1 - &)'A(D), 

that is, 

{WW"/2v(Q) 2 (1 - &Y(jnlZ-dnW, 

when rZ is any normal domain in M or a nodal domain of a Dirichlet 
eigenvalue or a regular domain in M containing R. 

Now let R be any regular domain in M. Given E > 0 (if M does not have 
compact closure, fix a domain, with compact closure, containing a), de- 
termine V,, and let 1 = [V(R)/V,] + 1. If f i k  are the number of nodal 
domains, of any eigenfunction of &(a), with volume less than or equal to 
V,, then 

n k  - 1 5 f ik  5 n k  

If R,, . . ., R,, is a list of the nodal domains with volume less than or equal 
to V,, then, as in the proof of Pleijel's theorem (Section IS), 

Bk 

(nk(n))n'2v(R) 2 {Ak(n)}n'2 v(Rj) 
j = l  

fik 

= 1 {l(szj)}"'V(Rj) 
j = 1  

2 @k - O(1 - ~Y'a,{j~/~-~}". 

Weyl's formula (1.50) implies 

lim sup(nk/k) I (1 - ~)-"{27c/j,,,~ - 1}/a,2 
k + m  

for all E > &and (13) follows. 
Thus, for M ,  with dim M 2 2, and for the Dirichlet eigenvalue problem 

on any given normal domain in M, equality can occur in Courant's nodal 
domain theorem (Section 1.5) for at most a finite number of eigenvalues. 

Remark 5: The Faber-Krahn inequality for M = MIK = Sz was applied 
by Barbosado Carmo [l] to the study of stability of minimal surfaces in 
R3. Compare Osserman [ 5 ]  for a survey of this and related results. 
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Remark 6: We note that for a domain R in R", the Neumann isoperimet- 
ric inequality goes the other way, namely, 

with equality if and only if SZ is isometric to D. The result (***) was first 
conjectured and investigated in Kornhauser-Stakgold [ 11, and proved for 
simply connected domains in R2 by Szego [l]. A proof of the result for 
arbitrary domains in R", n 2 2, was first given in Weinberger [l]. His 
argument is easily adaptable to M,, K < 0, but the result in S" (even for 
n = 2) has yet to be forthcoming. Compare some additional discussion in 
Chavel [ 31. 

Remark 7: For compact M ,  isoperimetric results are available in the 2- 
dimensional case alone, namely, for any 2-dimensional Riemannian mani- 
fold M homeomorphic to Sz we have (Hersch [l]) 

I ( M ) A ( M )  I 8 n  

(where A ( M )  is the 2-dimensional area of M), with equality if and only if M 
is isometric to a constant curvature metric on S2. P. C. Yang and S. T. Yau 
[ 11 then proved that for any compact orientable Riemannian two-manifold 
of genus g(M) we have 

A(M)A(M) I 8n(l + g(M)).  

(Both of the above results are actually consequences of lower bounds on 
I!=, I J T 1 . )  In Li-Yau [2], another (and potentially more fruitful) argument 
was given for the above results, which also yielded 

;I(M)A(M) I 1 2 n  

for M homeomorphic to P2, the real projective plane (a result obtained via 
a different argument by J. P. Bourguignon). 

A consequence of the original Hersch estimate is the following result of S. 
Y. Cheng [3]: Suppose M is homeomorphic to S2, and 41, &, c$3 are three 
first eigenfunctions such that the sum of their squares is a constant function 
on M. Then M is actually isometric to a sphere of constant Gauss 
curvature. (Compare Cheng's paper for the nifty argument.) 

For n 2 2, one would naturally seek an upper bound on I""V depending 
on, at most, the topology of M. H. Urakawa [l] has shown that no such 
upper bound exists when M is diffeomorphic to S 3  (cf. also Berard Bergery- 
Bourguignon [ 11). 
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3. THE CHEEGER, SOBOLEV, AND 
ISOPERIMETRIC CONSTANTS 

We let M be a noncompact Riemannian manifold, of dimension n 2 2, 
possibly having nonempty boundary, and possibly having compact closure. 

DEFINITION 1. The Cheeger constant of M, I)(M), is defined by 

where R ranges over all open submanifolds of M, with compact closure in 
M, and smooth boundary. 

THEOREM 3 (Cheeger [I]). For any normal domain Q in M ,  we have 

(14) A(R) 2 Q2(Q)/4. 

PROOF: Let u be an eigenfunction of ii(R), that is, 

A~ + n(n)u = 0, ulasz = 0. 
Then 

grad u2 = 2u(grad u), 

which implies, by the Cauchy-Schwarz inequality, 

To estimate the last quotient from below, we use the co-area formula 
(with its notation) forf = u2. Therefore, 

/JR [grad u2(  d V =  A ( [ )  dt  Jo* 
2 lj(Q)Sm V(t )  dt  

0 

(One uses integration-by-parts to pass from the second line to the third), 
and the theorem follows. 
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An easy consequence of Cheeger’s inequality is McKean’s inequality 
(Theorem IIIA), namely, if M is a complete, simply connected, n- 
dimensional Riemannian manifold, all of whose sectional curvatures are less 
than or equal to K < 0, then for all normal domains R in M we have 

A(Q) 2 -(n - 1)%/4. 

Indeed, given 0, fix p $0, and construct geodesic spherical coordinates 
(t, l)  on M, based at p, as described at the end of Section 111.1. Let &(t; t) 
be as in Definition 111.6. We think oft  as a function on M, namely, 

t(4) = d(P, 4). 

AC = (at&$/& 2 (n - 1)J- lccothf i t  2 (n - i)J-.. 

Then explicit calculation, and Bishop’s comparison theorem (I), imply 

Therefore, for all Iz’, with 2. s Q we have 

(n - l ) G V ( n l )  I [Iw At d V =  Lw (grad t ,  v )  dA I A(aIz’), 

which implies 

(15) 

Cheeger’s inequality then implies McKean’s inequality (Yau [ 1)). 
Inequality (15) actually implies that Cheeger’s inequality is sharp. If M, 

just considered, has constant sectional curvature equal to - 1, with geodesic 
disk B - of radius 6, having lowest Dirichlet eigenvalue I -  

b(0) 2 (n - 1)J-K. 

then 

(n - 1)2/4 I Q2(B-,(6))/4 I A-,(6) I (n - 1)’/4 + 46) 
as 6 -, + co, by (11.46). Our claim follows (Osserman [S]). 

[l-41, Dodziuk [3,4], Donnelly [Z], and Osserman [2]. 
Interesting applications of Cheeger’s inequality can be found in Brooks 

DEFINITION 2. The Sobolev constant of M,  s(M), is defined by 

where f varies over non-identically vanishing functions in C:(M), (hence- 
forth), the compactly supported C“ functions on M. 

DEFINITION 3. The isoperirnetric constant of M ,  3 ( M ) ,  is defined by 
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where R ranges over all open submanifolds of M ,  with compact closure in 
M ,  and smooth boundary. 

THEOREM 4 (Federer-Fleming [l]). We always have 

(16) 5 ( M )  = 3 ( M ) .  

PROOF: Let i2 be an open submanifold of M, with compact closure in M, 
and smooth boundary; and for sufficiently small E > 0, define 

P E Q, d(P, 8 0 )  2 E, 

L(P) = (l /E)d(P, an), P E Q, d(P, 8Q) < E, { 1: P E WQ. 
Then for each E we have (by approximating& with suitable functions in 

s (M)  I {I M lgradS,I d V r / {  IM IS,l"/("-')dV[-'. 

~ , " ( M ) ) ,  

One, now, easily has 

Also, 

which implies 

Jgradf,l dV = lim(l/E)V(Q n { p :  d (p ,  X2) < E } )  = A(8Q). 
E + O  

Thus, 

5 ( M )  I {A(dCl)}"/{ V(Q)}"-' 

for all such Q, from which we conclude 

So it remains to show that 

for allf E CZ(A4). 
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We fix f E C:(M), and apply the co-area formula using the notation of 
Section 1 .  Then 

IM lgrad f l  dV = fomA(t) d t  2 { 3 ( M ) }  { V(t)}("-')/" dt ,  JOm 
and 

JM J M  J o  

= {n/(n - l)}Jmtl/(n-l)drJ- d~ 

= {n/(n - l)}J t'/(''-')V(t) d t .  

0 W) 
m 

0 

So, to prove (17) it suffices to establish 

W(n-1) 

2 - Jomtl/(n-l)V(t) dt .  
n - 1  (1 8) { 1; [ V(t)I'" - dt } 

To establish (1 8), set 
n h - 1 )  

F(x)  = { J;[v(t),'"-1)'" d t }  , 

and note that 

F(0) = G(0); 

also, since V(x) is a decreasing function of x, we have 

n 
n - 1  

2- x'/(~-')V(X) = G'(x). 

Thus (18) follows, and, with it, the theorem. 

THEOREM 5 (Yau [l]). In the definitions of t ) (M) (Definition l) ,  and 
3 ( M )  (Definition 3), it suffices to let R range over open submanifolds of A4 
which are connected. 
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PROOF: We present the proof for 3 ( M ) .  Let 

IA(aQ)}n 
n {v(Q)ln-" 

y1 = inf 

where Q ranges over connected, open submanifolds of M with compact 
closure in M .  Obviously, 3 I yl. 

Now let R be any open submanifold of M ,  with compact closure in M .  
We wish to show 

(19) { m W n  2 Y1{ V(Qln-' 

To this end, we write 
k 

aR = sj, 
j =  1 

where S , ,  . . ., S,  are compact, connected, ( n  - 1)-dimensional submanifolds 
in M ,  and verify (19) via induction on k .  

If k = 1, then R is connected and (19) is valid. 
Assume (19) is valid for all k I k, ,  and suppose dR is given by (20) with 

k = k ,  + 1. If R is connected, then (19) is already valid. If not we may 
assume that R can be written as the disjoint union of open sets R,, R,, that 
is, R = R, u a,. We number the components of aR so that 

an, = S ,  u . . . u s,, 3 0 2  = u . . u Sk,+,. 

Then the induction hypothesis implies 

and, using Minkowski's inequality, we have 

which is (19). 

4. THE SOBOLEV CONSTANT AND 
EIGENVALUE, EIGENFUNCTION, ESTIMATES 

The work described in this section is that of P. Li [l]. Although his 
paper, and the details contained therein, are devoted to  the closed eigen- 
value problem on a compact Riemannian manifold, we shall find it more 
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convenient to present here the estimates for the Dirichlet eigenvalue 
problem on some n-dimensional, n 2 2, normal domain M (cf. Section 1.5). 
All functions under consideration will be in the class of admissible functions 
%(M) of the Dirichlet eigenvalue problem, namely, they are in the com- 
pletion of C:(M) relative to the inner product 

(f, W l  = (f, 4 + (gradf, grad h), 

llfll: = l l f l l Z  + ligradfl12. 

and associated norm 

For these functions we have, when 4 is some eigenfunction, 

(21) (Wf) = -“,fI, 
where D[ , 3 denotes the Dirichlet integral. 

by declaring a measurable functionf to be an element of Lp if the integral 
For any p > 0, we use the Riemannian density dV to define the LP-space, 

{jM If IPdV)”. 

is finite. The LP-norm off ,  Ilfll,,, is given by the above expression, when 
finite. As we shall only consider the case p > 1, here, no confusion will 
result in the notation for the various norms. 

Holder’s inequality states that for p ,  q > 1 satisfying 

U P  + l / q  = 1, 

we have for 4 E Lp, $ E Lq, 

jl4*1 5 11411,11~11, 

(we drop the M and dV from our integral expressions for the rest of this 
section). 

Note that since any admissible function is contained in L2, it is contained 
in Lp for all p E [ l ,  21. Since any eigenfunction 4 is continuous on all of R, 
it is in Lp for all p > 1 .  Its La,-norm 1 1 ~ 1 1  m, given by 

is known to satisfy 

where V =  V ( M ) .  
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where 5 = 5(M).  

THEOREM 6. If n = 2, then @ ( M )  G L4, and 

for allfE !$(M). 

PROOF: GivenfE C:(M), apply (23) to the function h = f 2 .  Then 

and the result follows easily. 
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PROOF: If we apply (23) to h = l f 1 2 ( n - 1 ) / ( n - 2 ) ,  then we obtain 

from which one easily obtains (26). 

THEOREM 8. There exists a positive constant c(n) depending only on n, 
such that if 4 is an eigenfunction of the eigenvalue I then 

PROOF: We first note that for any $ E $ ( M )  n C2(M) ,  and u > $, we 
have 

= (2u - 1) 1+12a-21grad $1' s 
So for the eigenfunction 4 of the eigenvalue 2, we have 

First we consider the case n > 2. Then (26) and (29) imply 

If we set 

(31) 

and let u range over the numbers Bk, where k = 0,1,2, . . ., then we obtain 

B = n/(n - 3, 
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for all k = 0,1,2, . . . . By (22) we have 

m 

= ll$hl lz{A/c}n/4 n (P”’I(2P’ - 1)}”2@’ 
l = O  

=: c(n)It 4 It 2 {1/c}”’4, 

which is the claim for n > 2. 
If n = 2, then (25) and (29) imply 

which we rewrite as 

for all u > $, One argues as above, and obtains 

and the result follows. 

PROPOSITION 1. Let E be a finite-dimensional subspace of Lz n Co. 
Then there exists $ E E such that 

(32) (dim E)ll$ll: I l l $ l l ~ V .  

PROOF: Let {$,, . . ., $,.} be an orthonormal basis of E ,  and set 

r 

F(4 = 1 $fM. 
j= l  

One easily sees that F is independent of the choice of the orthonormal 
basis. Also we may assume that F is not identically zero. 

Let 

IIFII, = F(x,)  
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for some x, E M .  Define the subspace E ,  of E to consist of those functions 
in E vanishing at x,. Then dim E ,  = dim E - 1, and we may assume that 

dim E = $f = F I IIFII,V= t,bf(xo)V< llt,blll~K 

&(x0) # 0. Then 

j S S  
so t,b = $, is desired function. 

COROLLARY 1. If 1 is an eigenvalue, with multiplicity m,, then 

(33) 

One might describe (33) as providing a lower bound of 1 in terms of its 
multiplicity M A .  We now give an adjusted version of the previous argument 
which will produce a lower bound for 1, in terms of k .  

LEMMA 1. If f,, . . .,fk are linearly independent on M ,  q 2 2, and 
0 c A, < - .  . I )Lk,  then there exists a subset S C { 1, . . ., k }  such that 

(34) 

PROOF: Let 

and note that 

Thus F is convex in each variable. Therefore F may be majorized by, 
appropriately, replacing each A j  by 0 or 1 k  . But that is the claim. 

Now let 0 < A, < A 2  I ... I 1, be the first k eigenvalues of M ,  
{&. . ., ( b k }  orthonormal eigenfunctions such that 4j is an eigenfunction of 
A, for eachj = 1, . . ., k,  and let E = span{+,, . . ., $k}. 

We assume that n > 2, and let c, b, be as defined in (27), (31), respectively. 
As in the beginning of the proof of Theorem 8, we have for any II/ E E,  
a =- 4, 
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Let CI = 1 ; then (35) implies 

11 $' 11 in / (n  - 2) < - C-'J-$'A$' 5 { ~ k / c } ~ ~ $ ' ~ ~ ~ ~  

that is, 

(36) 11 II/ 11 2n/(n- 2)  5 {Ak/c}  1 ' 2 1 1  $ 1 1  2 * 

For any fixed I in {0, 1,2, . . .}, let h, E E have the property that 

(37) II f ll2/jl+ 1/11 f 112 I lIh,lI2~1 + l/llh~ll2 

for a l l fe  E. The function h, can be written as 
k 

h, = C 0 ~ 4 ~ .  
j = l  

By setting a = j?' in (39, and using Lemma 1, we obtain 

and 
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Since h, satisfies (36), one obtains via induction 

for all 11/ E E, I = 0,1,2, . . ., which implies 

for all rl/ E E .  
Now r 2 1, fl > 1 imply 

1/2p I l/(Zp. - 1) I 1/p, 

1/2(8 - 1) I c 1/(2p' - 1)  Il/(fl - 1). 

from which one obtains 
4) 

r = l  

Set 

If 

(41) IkV2/"/C 2 1, 

then (36) and (39) imply 

1 1 1 1 / 1 1  ,/\111/lI2 c(&/c)'"-'"2 V(n-Z)'Zn 

for all 11/ E E ,  and Proposition 1 implies 

k I Cz{I ,V2 /n /c }" -1  

for all k for which (41) is valid. 
If, on the other hand, 

1, Vz/"/c 5 1, 

then (38), for 1 = 0, and (39) imply 

and, by Proposition 1, we have 

k C2{&I/lC}'"'2'+'. 
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When n = 2, (35) is replaced by 

for all a > 3. Then IJ E E implies (with a = 1) 

l l $ l l ~  {4Ak~1'2/5}ll$ll~. 

For all I = 0, 1,2, .  . . we let h, be the function in E for which 

l lf1121+2/1I f ll, s Ilh, II 2 l+* / l lh~ l l2  

for allfE E .  An argument similar to the one given above shows that 

for every I = 0, 1,2, . . ., and 

for all $ E E,  where, for n = 2, 

One then concludes, using Proposition 1, and arguing as before, that 

k c2(4&1//5j3 

for all k = 1,2,3, . . . . 
We summarize the discussion as follows: 

THEOREM 9. There exists a positive constant C(n), depending only on 
n = dim M ,  such that 

(43) 

for all k 2 C(n). 

n > 2 (resp., n = 2). Otherwise, we have 
If k I C(n) then (43) remains valid if 1 k  V2/"/c > 1 (resp., 41, V,5 > 1) and 
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From Theorems 8 and 9 one easily derives: 

THEOREM 10 (Chavel-Feldman [ S ] ) .  Given positive constants z, p, y, 
then the formal heat kernel, q: R x R x (0, m) + R, associated to the 
Dirichlet eigenvalue problem (cf. Section 1.4), and given by 

m 

4x9  Y ,  t )  = c ~ - w , ~ x ) d J ~ Y )  
j = 1  

(where & dJ2, . . . is a complete orthonormal basis of L2(M), with each dJj an 
eigenfunction of Aj, j = 1,2,. . .) converges uniformly on R x iGi x [z, a), 
and for V ( M )  E (0, p), e ( M )  E [y, 00). That is, an upper bound on V(M),  and 
a lower bound on e ( M )  = 3 ( M )  provide a uniform upper bound on the heat 
kernel, for times bounded away from zero. 

PROOF: We give the proof for n > 2. For n = 2 the argument is similar. 
Once we are given that V ( M )  is bounded from above, and 5 ( M )  from 

below, we have for all t 2 T >  0, by Theorem 8, 
m 

Ip(x, y ,  t)l I const 1 A;'2e-"T. 
k = l  

Next, one determines a. > 0 for which 
L r 5 n / 2 - 2 e - a T  21 

for all a 2 a,. From Theorem 9 we have 

Ak 2 const. kl / ("- l )  

for all k 2 C(n). So there exists a positive integer N such that 

1, 2 a, 

for all k > N ,  which implies 
m m f A;/2e-LkT I const A;2(n-1)  5 const c kK2. 

k = N + 1  k = N + 1  k = N + 1  

If we set 

then 

a1 = sup anl2e-lrT, 
a > O  

and the theorem is proved. 



5. Closed Eigenvalue Problem 109 

5. THE CONSTANTS AND ESTIMATES FOR 
THE CLOSED EIGENVALUE PROBLEM 

In this section M will be a compact Riemannian manifold of dimension 
n 2 2, and all discussion of eigenvalues and eigenfunctions will be directed 
to the closed eigenvalue problem on M .  Recall that we list the eigenvalues 
by 0 = A, < A, I A2 I .... 

DEFINITION 4. The Cheeger constant of M ,  IJ(M), is defined by 

where S ranges over all compact (n - 1)-dimensional submanifolds, S ,  
of M ,  which divide M into 2 open submanifolds M , ,  M 2  satisfying 
aM,  = a M ,  = s. 

THEOREM 11 (Cheeger [ 11). We always have 

A 1  2 b2/4 .  

PROOF: A, has two nodal domains R , , R ,  with, say, R, having the 
smaller volume. Since A1 is the lowest Dirichlet eigenvalue of R,, we have 

A1 2 b2(R1)/4 2 b2(M)/4 ,  

which is the claim. 

A detailed study of Cheeger’s inequality, including its sharpness, can be 
found in Buser [4]. The influence of Cheeger’s constant IJ(M) on determin- 
ing an upper bound for A(M) is studied in Buser [ S ] ,  the main result being: 
If the Ricci curvature of the compact manifold M is bounded below by 
-(n - 1)x2, K > 0, then there exists a constant c(n), depending only on n, 
such that 

4 M )  5 c(n){t)(M)~ + b 2 ( M ) ) .  

Buser also notes therein, that one cannot dispense with the hypothesis on 
the lower bound for the curvature, for it is possible to construct examples in 
which IJ is arbitrarily small with A hardly affected, if we make no hypothesis 
on the behavior of the Ricci curvature. Compare Buser 131 and the 
examples constructed in Chapter IX. 
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DEFINITION 4. The Soboleu constant of M ,  s(M), is defined to be the 
supremum of all C > 0 for which 

for allfe Cm(M). 

In order to characterize the infimum on the right-hand side of (44), we 
note that, for ao, s > 0, 

(45) 

implies 

for all a E R. Indeed, write 

then (45) implies 

11f- ~ O I S + I  = /{sgn(f- a o ) > ( f -  ~ I V -  sols 

[If - a1 If - aor. 

Now use Holder's inequality with p = s + 1, and q = (s + l)/s. Then 

and (46) follows easily. (The argument was communicated to us by R. 
Sacksteder.) I 

DEFINITION 5. The isoperimetric constant of M ,  3(M), is defined by 

where S ranges over all compact (n - 1)-dimensional submanifolds S, 
of M, which divide M into 2 open submanifolds MI, M z  satisfying 
aM,  = aMz = S. 
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THEOREM 12. We always have 

3 ( M )  I 5 ( M )  I 2 3 ( M ) .  

PROOF: Assume we are given S with V ( M , )  I V(M2) .  Let f , :  M + R be 
defined as in the beginning of the proof of Theorem 3, except that M,, here, 
will replace S Z ,  there. Then 

. .--1 

for j = 1,2-remember: L3(Mj) is given by Definition 3, and 3 ( M )  by 
Definition 5 .  Thus if we let xj denote the characteristic function of M j ,  
j = 1,2, then 

. .--1 

for j = 1,2-remember: L3(Mj) is given by Definition 3, and 3 ( M )  by 
Definition 5 .  Thus if we let xj denote the characteristic function of M j ,  
j = 1,2, then 
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one goes from the third line to the fourth via Minkowski’s inequality. Then 
s (M)  2 3 ( M )  follows immediately. 

THEOREM 13 (Yau I l l ) .  In the definitions of $ ( M )  and 3 ( M )  for the 
closed eigenvalue problem, it suffices to let S range over compact, (n - 1)- 
dimensional submanifolds of M for which MI, M, are connected. 

THEOREM 14 (Li [ 11). Let M be a compact n-dimensional Riemannian 
manifold, with volume V,  and constants 5 ,3 ,c  given by Definition 4, 
Definition 5, and (27), respectively. Then there exists a constant C(n), 
depending only on n, such that 

for any eigenfunction on M having eigenvalue equal to A. 
Also there exists a constant C(n) > 0, depending only on n, such that 

for all eigenvalues Al, A,, . . . . 

THEOREM 15 (Chavel-Feldman [ S ] ) .  Given positive constants r, p, y, 
then the formal heat kernel p: M x M x (0, co) + R associated to the 
closed eigenvalue problem of a compact Riemannian manifold M (cf. 
Section 1.4), and given by 

(where 41, 4,, . . . is a complete orthonormal basis of L2(M), with each 
4j an eigenfunction of A j ,  j = 0, 1,2, . . .) converges uniformly on 
R x &! x [r, a), and for V ( M )  E (O,p], s (M)  E [ y ,  00). That is, an upper 
bound on V(M),  and a lower bound on e(M) (equivalent to the isopermetric 
constant, 3 ( M ) )  provide a uniform upper bound on the heat kernel for times 
bounded away from zero. 

The arguments of Theorems 13, 14, 15 are similar to those of Theorems 5, 
8,9, and 10, respectively. 



C H A P T E R  V 

Eigenvalues and the 
Kinematic Measure 

In this chapter we present the methods of C. B. Croke [l] in estimating the 
Cheeger and Sobolev constants from below, via the kinematic measure. His 
arguments are based, in turn, on those of M. Berger and J. Kazdan in their 
contributions to solving the Blaschke conjecture in higher dimensions 
(compare Besse [ 11 and Berger-Kazdan [I 1)). 

Applications of Croke’s estimates, to estimating the heat kernel of 
noncompact Riemannian manifolds, can be found in Cheng-Li-Yau [ 13 
and Cheeger-Gromov-Taylor [ 11 (cf. our discussion in Section VIIIA). We 
apply the Croke arguments in our discussion of eigenvalues of compact 
manifolds with small handles-cf. Section IX.2. 

1. THE ANALYTIC INEQUALITY 

We start with an N-dimensional vector space V,  and a continuous map 
R(t) of the interval [O,n] into the space of self-adjoint linear transfor- 
mations of V. The associated Jacobi equation will be 

(1) A “ + R A = O ,  

where A(t) is a linear transformation of V ,  for each t E [0, n]. Of course, for 
each 5 E V,  the vector function 

? ( t )  = 4 0 5  

1” + R(t)q = 0. 

is a solution of the vector Jacobi equation 

In what follows, we let A ( [ )  denote the solution of (1) satisfying 

A(0) = 0, A’(0) = I, 

1 I 3  
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when I :  V+ V is the identity transformation; for every s E [0, n], we let 
C(t; s) be the solution of (1) satisfying 

C(s; s) = 0, C(s; s) = I ,  

where the prime ’ denotes differentiation with respect to the first variable. 
The basic inequality is the following: 

THEOREM 1 (Berger-Kazdan [l]). If A(t) is invertible for all t E (0, a), 
then for any continuous function m(t), on [0, n], satisfying 

(2) m(t) > 0, m(n: - t) = m(t) 

on (0, n), we have 

Joffds[m(t - s) det C(t; s) dt 2 ds m(t - s) sinN@ - s) dt. 

Equality in (3) is achieved if and only if R(t) = I on [0, n] (i.e., 
C(t; s) = {sin@ - s)}Z). 

I I 

PROOF: First one establishes, with standard arguments, 

A*A’ = A’*A 

on (0, a), and 

C(t; s) = A(t) (A*A)-’(z) dt A*($. Ir I 
Next we apply the following version of Jensen’s inequality: If F = F(B) is 

a strictly convex function defined on the convex set of positive definite, self- 
adjoint linear transformations of V,  and v is any positive measure on R, then 

with equality in (4) if and only if B(s) is a constant function. 
To apply the Jensen inequality, one sets 

F(B) = (det B)-’,  $(t) = {det A(t)}’”, 

B(z) = $’(T)(A*A)-’(T), dv(z) = 4-’(~) dz.  

The Jensen inequality then implies that 
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which, in turn, implies 

det C(t; s) 2 4( t )&s)  +-’(z) dz . { I :  i 
One checks that equality is attained in ( 5 )  if and only if A = 41 on (0, n). 

The next step is to apply Holder’s inequality to 

f =  {det C(t; s)}’”, p = N ,  

h = sinN-’(t - s), 4 = N A N  - I), 

and measure E, given by 

d& = m(t - s) dt ds. 

Then the Holder inequality 

when l / p  + l/q = 1 (with equality if and only if there exist constants cr,p 
not both 0, such that crlflp = Plhlq a.e. [de]), and (5 ) ,  combine to imply 

I d s I m ( t  - s) det C(t - s) dt 

2 (C(4))N{ r d s r s i n N ( r  - s)m(t - s) dt rN , 
0 s  

(6 )  

where 

G(q5) = rq5(s;) d s r m ( r  - s) sinN-’(t - s)&t) dt 4-’(7) dz. 
0 S 6 

Equality is achieved in (6) if and only if 

sinN(t - s) = det C(t; s), A(t)  = 4(t)Z, 

that is, if and only if 

(7) A(t) = {sin t }Z 

on [O, n]. 
Thus we are led to study G(4). Note that if 4(t) = sin t ,  then 

sin(t - s) 
(sin t)(sin s) ’ 
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which implies 

G(sin) = J:dscm(r  - s) sinN(t - s) d t .  

Therefore, inequality (3) is a consequence of the inequality 

(8) G(4) 2 G(sin). 

We shall prove (8) under the hypothesis that $(t)  has the form 

4(t) = ta(Z - t)@h(t), 

where 0 I a, B 5 1, and h(t)  is positive and continuous on all of [0, z]. 
Let R be the subset of R3 consisting of those (r ,  t ,  s) for which 

s ~ r < t ,  s I t I z ,  O l s l n ,  

and, on 0, define the measure o by 

(sin $(sin t )  
sin2z 

do = m(t - s) dr dt ds. 

Note that 

G(sin) = o(R). 

Now write 

+(t) = e”“) sin t, 

where u is continuous on ( 0 , ~ ) .  Then the usual form of Jensen’s inequality 
implies 

So (8) will be a consequence of 
r 

{u(s) + ~ ( t )  - 2 4 ~ ) )  do = 0 J, 
for all u .  Note that we have yet to use the symmetry hypothesis (cf. (2)) for 
m(t). We shall show that (10) is valid for all u under consideration if and 
only if m(t) = m(n - t )  for all t E [O, 711. 

First one employs some manipulation to rewrite (10) as 

(1 1) 

for all u, wheref(t) is a Cz function on [O,Z], satisfyingf(0) = 0, and 

/:u(t)f(t)(sin t)-’ dr = 0 

{(sin t)-Zf’(t)}’ = (sin t)-’{(sin3t)[m(t) - m(a - t ) ] } ’  
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If m(t) = m(n - t) for all t E [0, K], then f = 0, and (1 1) is valid for all u. 
Conversely, if (11) is valid for all u, thenf = 0 and m(t) - m(z - t) = const. 
To evaluate the constant, set t = n/2. The constant is 0, and inequality (3) is 
proved. 

Equality in (3) implies equality in (6), which implies (7); the theorem is 
proved. 

2. M. BERGER'S ISOEMBOLIC INEQUALITY 

M is our given complete Riemannian manifold, with tangent bundle TM. 
We let GM denote the unit tangent bundle of M, that is, the (2(dim M) - 1)- 
submanifold of TM consisting of tangent vectors with length equal to 1. We 
denote the projection map, which associates to every unit vector in GM the 
point in M in whose tangent space it belongs, by K: GM + M. Thus 

K-"Pl = G,, 

for all p E M. 

DEFINITION 1. For all n 2 0, we denote the volume of S" by c, . 

Recall, from Section 111.1, that for any p E M, we let p, denote the 
standard measure on 6,. 

DEFINITION 2. The kinematic measure p is defined to be the measure 
on G M  for which 

f dp = 1 W P ) J  (f I 6,) 4% s,, M 0, 

for all compactly supported continuous functions on 6M.  

Note that if M is compact, n-dimensional, then GM is also compact, and 

(12) p ( G M )  = c " - l v ( M ) .  

LIOUVILLE'S THEOREM. Let {@I}: G M  -+ G M  be the geodesic Jaw 
on GM, that is, (aI} is the one-parameter group of diEeomorphisms of GM 
defined by 

@tt = r;(t) 
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for all (t, 5 )  E R x GM. Then the kinematic measure is invariant with 
respect to the geodesic flow on GM, that is, for anyfE L'(p) and domain 
G s GM, we have 

Recall that geodesics always have constant speed, so Qr , indeed, always 
maps GM into GM. We also have 

(n QlK) = Y&) 

for all (t, 5 )  E R x GM. For a proof of Liouville's theorem, compare A. 
Besse [l, Chap. 11. 

We recall some notations and facts from our discussion of geodesic polar 
coordinates in Section 111.1. For a fixed p E M, the function c = c(<), 
5 E 6, is the distance to the cut point of p along y r ,  that is, t = d b ,  y,(t)) for 
all t E [O, ~ ( 5 ) )  (include c(5) itself, if c(5) < + m), and t =- d(p, ye(?)) for all 
t > ~ ( 5 ) .  Also, ye is the only minimizing geodesic joining p to y,(t) for 
t E [0, ~ ( 5 ) ) .  The function c: GM + (0, + m] is known to be continuous, 
and 

inj(M) =: infc 

is called the injectiuity radius of M. The domain in M, of the geodesic 
spherical coordinates np is given by 

SM 

3, = ( ( 4  5 )  E [O, a)) x 6, : 0 I t < C(C)), 

and is mapped diffeomorphically onto its image D, in M, by exp. Thus, 

inj(M) = sup{p 2 0} 

such that B(p; p)  G D, for all p E M. 
Fix 5 E M,, . Then T, :  M p  + denotes parallel translation along y e ,  t1 

is the orthogonal complement of R5 in M,, a(?): 5' + 5' is the self-adjoint 
linear transformation defined by 

a(t)tl = ( T r ) - ' N d + L  T ~ V M , ~ ,  
and d ( t ;  ) is the solution to 

(13) d " + W d = O  

satisfying 

d ( 0 ;  5 )  = 0, d ' ( 0 ;  5 )  = I .  
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We write 

ds2(exp t 5 )  = (dt)' + Id( t ;  5 )  d5I2 

on D,, and for 

&(ti 5 )  = det d(t; 5 )  

we have that & E Cm([O, co) x G M ,  and 

d W P  t5 )  = &(t; 5 )  dt &,(t). 
Recall that M has constant sectional curvature K if and only if 

d(t; 5 )  = S,(t)Z 

on [O, 00) x GM. 

PROPOSITION 1. For all n 2 1, we have 

c, = c,-,JOffsin"lt dt ,  

PROOF: Equation (14) is the result of direct calculation in geodesic 
spherical coordinates in S". To prove (1 5),  we have 

qJc,-l = J:ds/:sin"-'t dt 

= [offds[off-'sin"-'t dt + Jb^dsJZ;, sin"-'t dt, 

and 
I f f  

/offds/ffy, sin"-'t dt = Jo dsJff-, sin"-'(.n - t) dt 

= Joffds~~sin"-'t dt 

= ~offds[off-'sinn-'t dt, 

which implies the claim. 
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THEOREM 2 (Berger's isoembolic inequality [6]). If M is a compact 
Riemannian manifold of dimension n 2 1, then 

(16) V ( M )  2 cn{inj(M)/z}", 

with equality in (16) if and only if M is isometric to Mix with 
IC = {n:/inj(M)}'. 

PROOF: Normalize the Riemannian metric on M, so that inj(M) = K (viz., 
change the Riemannian metric on M by multiplying the length of every 
element of TM by n/inj(M)). 

E [O,n/2], and all 
c E G M ,  we have 

Our first step in the proof is to note that for all 

(17) VM) 2 J'(B(y&O); r)) + v(B(y<(n); - r)). 

Indeed, the disks B(yc(0); r )  and B(y<(x); K - r) are pairwise disjoint. 
We now note that 

{Ww>'  2 J { W P ;  r))  + W p ;  n - r))}  dl/(p) 
M 

(18) 

for all r E [ O , K / ~ ] .  To verify (18), integrate (17) over GM. We then obtain 

{v(M)>'cn-l = ~ ( W P ( G M )  

{V(B(y&O); r)) + W ( y c ( 4 ;  a - r))}  dP(5), Jb, 
and 

VW~<(O); r))  dP(<) = Cn-IJ  V(B(P; r)) dv(p) .  s,, M 

Also, by Liouville's theorem, 

V(B(yc(4; A - r)) ~ P ( O  = 1 W ( n  0 @A<); K - 11) 445) ISM SM 

- i., - W(.n(t); .n - T ) )  dP(5) 

= W; n: - r )  

and inequality (18) follows immediately. 
Our next comment is that one easily verifies 

(19) 
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for all r E [0, n]. Also one checks that 

~ ~ d r J ~ & ( t ;  5 )  dt + / ~ 2 d r / ~ - r & ( t :  5 )  dt 

(20) 
= - t)&(t; 5 )  + t&(n - t ;  0) dt 

for all 5 E G M .  
If we now integrate (18) over r E LO, z/2], then we have, via (19) and (20), 

(@)I wW2 

But 

by Liouville’s theorem, and, similarly, 

J o  J G M  . 

Thus we have 

(@)I Ww>’ 
(21) 

We are now ready to apply the Berger-Kazdan inequality (3), for 
N = n - 1, and 

C(t; s) = d(t - s; @J), 

det C(t; s) = &(t - S; Os<). 

Inequality (3) can then be written as 

(22) JidsJi-’m(r)&(r: Qs<) dr 2 ~of fds~of f - ’m(r )  sinn-’r dr 
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For the function rn we pick 

(23) m = 6, + 6,-,, 

the sum of the Dirac distribution at t and the Dirac distribution at n - t .  
Inequality (3) is valid for this choice of m since (3) is valid for all positive 
continuous functions m = m(r) on [O,  711 satisfying the symmetry condition 
in (2). An easy change of order of integration leads to 

~r 5 )  dr = JOffdrJoff - r d t ( s ) h ( s ;  ar 5 )  ds, 

and 

Therefore, (21) and (22) imply 

(24) (n/2){V(M)}’ 2 r ” d t J  d p ( t ) S ’ d s r - ’ ( d ,  + d,-,)(r) sin”-’r dr. 
0 Shf 0 0  

We claim that (24) implies the theorem. First, if M is, in fact, isometric to 
S”, then one easily checks that all the inequalities, in the whole argument, 
are equalities. Thus the right-hand side of (24) is equal to (n /2) (~ , , }~ ,  and 
then (24) is to be written as 

(n/2)I V(M)}’ 2 (n/2){cnI ’9 

and (16) follows. 
If we have equality in (22), with rn given by (23), for all 5 E GM, then (cf. 

(6) ff.1 

d t ;  5 )  = Jsct; 511 

for all (t; () E [0, n] x GM,  and 

&(I - s; 5 )  = sin(r - s) 

almost everywhere, on ( ( I ,  s) : 0 I s I I ,  0 I I I n), with respect to the 
measure 

de = (6, + tiff-& - s) dr ds, 

for all < E 6M.  Thus 

&(t; 5 )  = sin t ,  &(n - t ;  5 )  = sin(n - t )  
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for all t E LO, n/2], that is, 

&(t; <) = sin t 

for all ( t ;  r )  E [O, n] x GM, which implies that M has constant sectional 
curvature equal to 1. 

Then the universal Riemannian covering of M is isometric to 9. Since 
V ( M )  = c,, the covering must be an isometry, and the theorem is proved. 

We conclude this section by highlighting the role played by isoembolic 
inequality in the proof of the Blaschke conjecture. 

DEFINITION 3. Let M be a complete Riemannian manifold. We say 
that M is a wiedersehnsraum if there exists a constant 1 > 0 such that 

(25) d(I: 5 )  = 0 

for every < E GM. 

M is called a wiedersehnsraum since, by Proposition 111.1, the validity of 
(25) for all t E GM is equivalent with the fact that, for every p E M ,  the 
image, under the exponential map, of the sphere G(p; I ) ,  in M,,  consists of a 
single point-we denote it by Q(p). So when M is a wiedersehnsraum, all 
unit-speed geodesics leaving p meet at the same time 1 at Q(p)-hence the 
name. 

The Blaschke conjecture is that a wiedersehnsraum M is isometric to the 
standard sphere, or real projective space, of the same dimension as M ,  and 
having constant sectional curvature equal to (n/r)’. 

The basic steps of the proof of the Blaschke conjecture are: (i) The map 
p -+ Q(p) is an involutive isometry of M ,  and M is diffeomorphic to the 
standard sphere, or real projective space, with dimension equal to that of 
M .  When M is diffeomorphic to real projective space, then its universal 
Riemannian covering is a wiedersehnsraum diffeomorphic to the sphere. So 
it suffices to consider the case of a wiedersehnsraum M ,  diffeomorphic to 
the sphere, in which case c(<) = 1 for all < E G M  (Green [l]). (ii) Berger’s 
isoembolic inequality applies. (iii) One has the case of equality in the 
isoembolic inequality (Weinstein [ 11 ; Yang [ 13). 

For more material on these matters we refer the reader to Berger [6], 
Berger-Kazdan [ 11, and Besse [ 11. 

Remark I :  The isoembolic inequality is a “universal” inequality for 
compact Riemannian manifolds, as it has no assumptions on curvature. 
Other inequalities can be found in Berger [6 ]  and Croke [ S ] .  
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3. CHEEGER AND ISOPERIMETRIC CONSTANTS, 
AND THE KINEMATIC MEASURE 

The results of this section are the work of C. B. Croke [l]. 
We let R be a Riemannian normal domain with smooth boundary. For 

any 5 E GR we let 

T(() = SUP(T > 0 : ’)’c(t) E fi tft E [o, TI). 

We note that if G is an open subset of G Q  and 0 < t < inf{t((): 5 E G}, 
then mt(G) E GR for all t E [0, z], and Liouville’s theorem is valid for G, 
and t E [O, t]. 

For any 5 E GR, we also define 

45)  = inf(c(t), a)), 
where c(<) is, as usual, the distance to the cut point of ys(0) along y c .  Since 
we are, at the moment, not thinking of R as an imbedded domain in a larger 
Riemannian manifold, when t(() < +m, yc(t(5)) may be the last point at 
which the geodesic is defined. In this case, if ye minimizes arc length from 
ys(0) to yc(t(t)), then c(5) = t(5) by definition. So, when R is not an 
imbedded domain in a larger Riemannian manifold, we will always have 
c(<) I ~ ( 5 ) .  (Of course, when S2 is an imbedded domain in a larger 
Riemannian manifold, then it will be possible that c(t) > ~(t).) 

The version of the Berger-Kazdan inequality that we shall apply here is 

THEOREM 3. For all I E LO, c(5)], 5 E GO, we have 

with equality in (26) if and only if 

(27) 

for t E [O, 4. 

d(r; 5 )  = (sin tn/l)I 

PROOF: Indeed, we have normalized the interval in (3) from [O,n] to 

We define 
[0, Q, set N = n - 1 and m = 1, and used (15). 
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(if R is an imbedded domain in a larger Riemannian manifold, then the 
defining property should read as c(5) 2 z(#, 

up = (nl~Q)-'CPl, u p  = Pp(up)/cn-l, 

w = inf{w,: p E R}. 

We call op the visibility angle of anfrom p .  

dA  the Riemannian density of dR, 
We now let ? be the inward pointing normal unit vector field along dR, 

G+dR = ( 5  E G,nIdn:(e,v) > O } ,  G; = (nIG+dQ))-'[q], 

for 4 E dQ and da the induced density on G+dsZ, that is, da is locally given 
by 

for 5 E G+dR. 

d45)  = dP,(&) Ma)) 

An important tool will be 

It will be convenient to note 

PROPOSITION 2. For any e E S", we have 

where He is the hemisphere of S" centered at e. (The proof is an easy 
exercise.) 

LEMMA 1. Let d(R) denote the diameter of R. Then 

(31) A(dn)/V(R) 2 (n - l)c,,-lu/cn-2d(R), 

with equality in (31) if M is a hemisphere of constant positive curvature, in 
which case w = 1, and d(R) is the diameter of the hemisphere. 
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PROOF: We have 

oc, - 1 W )  I d(R)c, - 2 A(aR)/(n - l), 

which implies (31). 

easily verified. 
Equality in (31), when R is a hemisphere of constant positive curvature, is 

LEMMA 2. Let M be a compact n-dimensional Riemannian manifold, 
all of whose Ricci curvatures satisfy 

(32) Ric(t, 5 )  2 (n - 1)lc 

for a fixed constant K, and for all 5 E GM. Let d denote the diameter of M .  
If S is any (n - 1)-dimensional compact submanifold of M dividing M into 
open submanifolds M,, M,, satisfying aM, = dM,  = S, then, setting 
R = M,, we have 

(33) 

for ail p E MI. 

PROOF: Note that the discussion through Santalo’s formula is valid even 

To prove (33), for p E M,, let 
when R is a finite disjoint union of regular domains. 

M ,  c 0, E D,, 
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which implies 

C(S) d 1, dpp(t)Jo wpcfl-l[osK; 

note that the right-hand side of the first line is precisely equal to V(ap); and 
that the second line is a consequence of the Bishop comparison theorem (11) 
(cf. Section 111.3). 

Using Cheeger's inequality (Theorem IV.lO), Theorem IV.12, and our 
two lemmata here, one immediately obtains 

THEOREM 4. Let M be as in Lemma 2. Then 

Thus, A,, of a compact Riemannian manifold, may be bounded from 
below in terms of the diameter, volume, and a lower bound for the Ricci 
curvatures, of M-a result first proved by Yau [l]. Since then, Li and Yau 
[ 13 have shown, via the maximum principle applied to appropriate gradient 
estimates, that one can bound A1 from below in terms of the diameter, and 
lower bound on the Ricci curvature, alone (cf. a different argument in 
Section XII.8). Thus, together with Cheng's theorem (Corollary 111.3) one 
currently has both upper and lower bounds on A l ,  of a compact 
Riemannian manifold in terms of the diameter, and lower bound on the 
Ricci curvature. 

THEOREM 5. Let Q be our normal domain with smooth boundary. 
Then 

(34) 

with equality in (34) if and only if IR is a hemisphere of a constant sectional 
curvature sphere. 

PROOF: For every p E Q, we have 

(35) 
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Now integrate (35) over all of Q. Then 

r r 

(37) 

(38) 

One goes from the third to the fourth line using (28), with 

one goes from the fourth to the fifth line using 

one goes from the fifth to the sixth line using (26); one goes from the sixth 
to the seventh line using (29) (for the numerator) and (30) (for the 
denominator). 

Thus, 
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Note that if R is a hemisphere in a constant sectional curvature sphere, 
then w = 1 and we have equality in every step of the argument. In 
particular, 

Thus (34) is valid, with equality if R is a hemisphere in 
curvature sphere. 

It therefore remains to show that equality in (34) 
hemisphere. 

a constant sectional 

implies that S2 is a 

First note that c = c(<) is continuous on GR u G'dR, T = z(t) is lower 
semicontinuous on GR u G'aQ, and c(t) I ~ ( 5 )  on all of GR u G+dR. 
Therefore, if we are given to in GR u G'dR for which c(&J < T ( [ ~ ) ,  then 
there exists a neighborhood G of to, in GR u G'dR, on which c < T .  

Now assume that we are given equality in (34). Equality in (36) implies 
that UM = GM, that is, c(t) = T ( ( )  for all 5 E GR u G+dR. Equality in 
(38) implies I(<) is constant, say E(5) = I on all of G+dR. Thus 

{ y c ( t ) :  5 E G+dR, 0 5 t I I }  

covers all of 4 and equality in (37) then implies that R has constant sectional 
curvature equal to (nil)'. Then 

c ( 0  = T ( 5 )  = 1 

for all t E G+dR implies that R is a hemisphere. 

THEOREM 6. Let ST denote the n-dimensional hemisphere of the 
constant sectional curvature sphere having (Riemannian) diameter equal to 
1. Let R be a Riemannian normal domain, with smooth boundary, such that 

T ( t )  I 1 

for all 5 E 60, that is, every geodesic starting in R hits aR not later than 
having traveled distance 1. Then 

(39) n(n) 2 n(s:). 
If w = 1, that is, 

c(t) = T ( 0  

for all [ E GQ then equality holds in (39) if and only if R is isometric to S: . 

LEMMA 3. LetfE Cm([O, Q) ,  withf(0) =f(l) = 0. Then 
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with equality in (40) if and only if 

f ( t )  = const . sin nt/l 
on LO, 4. 

PROOF: The lemma is merely a restatement of Rayleigh’s theorem 
(Section 1.5) for the Dirichlet eigenvalue problem on [O, 4. (The lemma is 
known as Wirtinger’s inequality.) 

LEMMA 4 (Santalo [l, p. 336ff.l). If r(5) is finite for all 5 E G Q  then 
forfE L1(p) we have 

T(C) 

(41) JJenfdP = J @+an (5 ’  Vff,,,) d45)J  0 f(@ct) d t .  

PROOF OF THEOREM 6: Let f E cm(n), with f IdQ = 0. We wish to show 
that 

n 

which is (42). 
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If we are given equality in (39), then 

~ ( 5 )  = 1 Vc E G+JR, 

and 

( f o  y&t) = 01(5> sin ntjl V< E G+aQ. 

For our convenience, we assume that p E 51 such that 

f(p) = maxf= I .  
n 

We first note that if 5 E 6+ JQ and ys passes through p ,  then, since f 0 y r  
has precisely one maximum, it must occur when ys(t) = p .  Thus p = ys(1/2). 
On the other hand, every geodesic leaving p must hit Jn, and by the 
remark, just made, 

?(() = 1/2 v< E 6,. 

Thus, 

R = exp B(p; l/2), aQ = exp 6 ( p ;  lj2), 

which implies 

( f o  y&) = cos ntjl vg E 6,; 

therefore 

f ( 4 )  = cos nd(ZJ, q)ll 

for all q E 51, and exp I b(p; 1/2) is a diffeomorphism of b(p; l/2) onto R, with 

asz = qP; 112). 

4 5 )  = ( 5 ,  Vlr(t)> 

Furthermore, since grad f I dSZ is orthogonal to 80, we also have 

for all t: E 6'JQ. 

and 
( f o  y,)(t) = (q, V4> sin xtj l  = 0. 

Thus, y,([O, fJ) s JR. Therefore, JQ is totally geodesic, that is, all geodesics, 
with initial velocity vector tangent to JQ, remain in an. 

Now let q E 80, q E (Xl),, 1111 = 1. By continuity, y,(t) E for all t E [0, I ] ,  

We now add the assumption o = 1, that is, 

c(5) = Tt5) 

for all [ E 6R u G+dQ. 
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Given q E dR, let 

4 = ye$) E an. 

Then 

which implies 

for all q* E Q\{ 4). Since 

c(5) = z(g) = 1 vg E G+an, 

we have 

Y A r ,  = 4 V < E  q, 
which implies that aQ is a wiedersehnsraum, which, in turn, implies that aQ 
is isometric to 8s:. 

Now (41) implies 

cn- 1 = AGO) 

- - 1S,+ , ( t  %t,> M 5 )  

= IA(8R)cn- 1/n 

= IA(aS:)c,-,/n 

= cn-lv(s:); 

the third line is a consequence of (30); the fourth line, a consequence of the 
isometry of an and 8s:; and the last line, a consequence of the same 
argument connecting the first and fourth lines. 

Thus, A(%:) = A(8Q), and V(ST)  = V(Q), which implies, with o = 1, 
equality in (34), which implies f2 is isometric to a hemisphere of a constant 
sectional curvature sphere. Theorem 6 is proven. 

Remurk2: Theorem 6 provides for a sharp universal lower bound for 
A@). Universal upper bounds for lowest Dirichlet eigenvalues of geodesic 
disks are also discussed in Croke’s paper, and in Berger [S], Berard-Besson 
[2], and Hebda [l]. 
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THEOREM 7. Let M be a compact n-dimensional Riemannian mani- 
fold all of whose Ricci curvatures satisfy 

(32) Ric(<, 5 : )  2 (n  - l ) ~  

for a fixed constant K, and for all 5: E G M .  Let d denote the diameter of M. 
Then 

(43) 

PROOF: One obtains (43) by combining Lemma 2 with Theorem 5 .  

Thus, combining Theorem 7 with Li's results (Section IVS), we have that 
upper bounds on the volume and diameter of a compact Riemannian 
manifold, and a lower bound on the Ricci curvature, imply uniform lower 
bounds on the eigenvalues of the manifold and a uniform upper bound on 
the formal heat kernel. 



C H A P T E R  V I  

The Heat Kernel 
for Compact Manifolds 

We are given a fixed Riemannian manifold M of dimension n 2 1, with 
associated Laplace-Beltrami operator A. The heat operator L on M will be 
defined to be the differential operator 

L = A - ajat 

acting on functions in Co(M x (0, a)), which are C2 in the “space” variable 
x, varying over M, and C’ in the “time” variable t, varying over (0, co). The 
homogeneous heat equation, or heat equation, for short, is given by 

(1) Lu = 0 

that is, 

AU = a u p t .  

The heat equation is interpreted by considering the Riemannian manifold 
M as a homogeneous isotropic medium (with all the physical constants 
suitably normalized), and u(x, t )  as the temperature of x E M at time t .  The 
equation, then, determines the conduction of heat through the medium, 
assuming no sources of heat, or refrigeration, are present. 

If heat is generated in M so that at x E M heat is supplied, or withdrawn, 
so that the temperature changes at the instantaneous rate F(x,  t), with 
respect to time, then the temperature distribution u(x, t )  satisfies the in- 
homogeneous heat equation 

(2) LU = - F .  

Equations (1) and (2) are derived as follows: Given any regular domain R 
in M, the instantaneous change in the total temperature in R, with respect 
to time, is equal to the total change due to the supply of heat to, or 

134 
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withdrawal from, R, added to the spatial change of the heat distribution 
across aR, that is, 

By Green’s formula (1.39) we have 

that is, 

J’s,{Lu + F }  d V =  0, 

for all such domains Q in M. One immediately obtains (2). Case (1) 
corresponds to F = 0. 

Our primary interest is in the fundamental solution of the heat equation on 
M ,  or the heat kernel o f M .  Its definition is as follows: 

DEFINITION 1. A fundamental solution of the heat equation on M is a 
continuous function p = p ( x ,  y, t),  defined on M x M x (0, a), which is C2 
with respect to x, C’ with respect to t, and which satisfies 

L,p = 0, lim P( , y, t )  = d,, 
t l0  

where 6, is the Dirac delta function, that is, for all bounded continuous 
functions f on M we have, for every y E M, 

(3) 

Thus, p(  ,y, ) is the solution of the heat equation (1) resulting from an 
initial temperature distribution (i.e., at time t = 0), having total temperature 
1, and completely concentrated at y. 

If at time t = 0 we have an initial temperature distribution having total 
temperature a, and completely concentrated at y, then we expect the 
corresponding solution to the heat equation to be given by up( , y, ). 

If at time t = 0 we are given the initial temperature distributionf(y), then 
we expect the solution to the heat equation (1) to be obtained by “summing 
spatially” the contribution of each point to the initial data, namely, 

(4) 
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with 

f(x) = lim J P(x, Y ,  t ) f ( Y )  dl/(Y).  

s, P(x9 Y ,  t - M Y ,  4 d W )  

J;d.S, P(x, Y,  t - m y ,  2) dV/(y). 

(6) 4x9 t )  = P(X9 Y ,  WCv) d V Y )  + Jb’dTJ’, P(x, Y ,  t - M Y ,  4 W Y ) .  I 

flo M 
( 5 )  

If, in addition, heat, or refrigeration, is supplied to M ,  as described by 
F(x, t) above, then the contribution of F( , T), T E (0, t), to the temperature 
distribution at time t is given by 

-so the total contribution to the temperature distribution, at time t, by F is 
given by 

In sum, we expect the solution of the inhomogeneous heat equation (2), with 
initial data given byf, to be given by 

In Section 1, we derive formulas (4H6) as consequences of the existence 
and uniqueness of the heat kernel on M ,  in the case where M is compact. 
We also obtain the basic facts about the existence of eigenvalues, and their 
eigenfunctions, summarized in Theorem I. 1 (and the ensuing discussion 
there) for the closed eigenvalue problem. Our treatment is, essentially, that 
of Milgram-Rosenbloom [l]. In Section 2 we consider the heat kernel on 
Euclidean space, and, in the subsequent sections, the existence of the heat 
kernel on compact Riemannian manifolds. In this latter topic, we follow the 
construction of Minakshisundaram [2]. The reader is also referred to 
Berger-Gauduchon-Mazet [ 11 and McKean-Singer [ 13. 

1. DUHAMEL’S PRINCIPLE AND 
ITS CONSEQUENCES 

In this section, we will assume that M is a given compact Riemannian 
manifold. 

PROPOSITION 1. Let u(x, t) be a solution to the heat equation (1) on 
M. Then 
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is a constant function oft, and 

a decreasing function of t. 

PROOF: For both cases, one differentiates with respect to t under the 
integral sign, applies the heat equation (l), and Green’s formulas. Either 
result follows easily. 

COROLLARY 1. Given continuous functions f: M + R and F: M x 
(0,00) -, BB, there exists at most one function u: M x [O, 00) + 

R E Co satisfying (2), with initial data 

Indeed, if ul ,  u2 were two solutions to the initial-value problem (2) : (7), 
then their difference, u = u2 - ul, would satisfy the heat equation (l), with 
identically vanishing initial data. The second claim of Proposition 1 then 
implies that u vanishes identically on M x [0, CQ). So u2 = u l .  

Duhamel’sprinciple (I): Let u, u be continuous functions on M x (0, t), 
both C2 in the space variable and C’ in the time variable. Then for all 
[a, B] E (0, t) we have 

PROOF: One has 

(Lu)(z, t - Z)U(Z, T) - u(z, t - r)(Lu)(z, T) 

+ (a/aZ){u(z, t - T)U(Z, T)}. 

= (Au)(z, t - T ) U ( Z ,  T) - U(Z, t - T)(Au)(z, Z) 

Then (8) is obtained by applying Green’s formula, followed by integrating 
with respect to t. 
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THEOREM 1. Any fundamental solution to the heat equation on M is 
symmetric in the two space variables; also the fundamental solution is 
unique. 

Assume M has the fundamental solution p .  Then given bounded con- 
tinuous functionsf: M + R, F :  M x (0, co) -+ R, the solution to the initial- 
value problem (2) : (7), should it exist, is given by 

In particular, 

(9) 

on all of M x (0, co). 

PROOF: Let p l ,  p z  be fundamental solutions 
set 

1 

of the heat equation on M ;  

4 z ,  4 = P l k  x ,  TI, @ ,  4 = P z k  Y ,  4, 
and apply Duhamel's principle. Let a 0 and /3 7 t .  Then one obtains 

(10) 

If we apply the argument to any given fundamental solution p ,  by setting 
p 1  = p 2  = p ,  we obtain 

PZ(X, Y ,  t )  = P d Y ,  x ,  0 .  

P(X, Y ,  t )  = P(Y, x ,  4 
for all x ,  y E M .  So any fundamental solution is symmetric in the space 
variables. But then, when given arbitrary p L , p 2 ,  we may apply the sym- 
metry to pl, and (10) will then imply p 1  = p 2 .  

Suppose we are given the fundamental solution p ,  and the initial-value 
problem (2) : (7). Pick 

@ ,  4 = P(x, z ,  q, 
substitute into Duhamel's principle, and let a 1 0, p t t ,  as above. Then (6) 
will follow. 

Thus, once one has the existence of a fundamental solution for the heat 
operator, one also has another proof for uniqueness of solutions to the 
initial-value problem (2) : (7). 
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We note that a third proof of uniqueness of solutions of the initial-value 

We now assume, for the rest of this section, the existence of a fundamen- 

Given a continuous functionfdefined on M ,  then the formula 

problem (2) : (7) will be given in Section VIII.1, via the maximum principle. 

tal solution on M .  

(4) 

does, indeed, provide a solution to the initial-value problem (1) : (7), since 
differentiation of ufx, t )  can be carried out under the integral sign. The point 
of view we shall take here is that for each fixed t > 0 formula (4) defines an 
integral operator Cp, acting on functionsf on M .  One immediately verifies 

(1 1) CptYr, = Yr+r,, 
or equivalently, 

P ( X ,  2, t + t l )  = P(X3 Y ,  t)P(Y, z, tl) W Y ) .  
(12) s, 

For each t > 0, the continuity and symmetry of p(x, y, t )  implies that Cp, is 
a self-adjoint, compact operator on L2(M). Also, 

(CptLf) = IICpr/2fI12 2 0, 

p 2 0  

which implies that Cpt is a positive operator for all t > 0. In particular, 

on M x M x (0, 03) [that p > 0 on M x M x (0, co) requires more, for 
example, the maximum principle (Section VIII.l)]. 

I f f€  L2(M), then (Cprf)(x), given by (4), is a solution to the heat equation, 
and has whatever smoothness is possessed by Ax, y, t ) .  As t 1 0 we have 

lim CpJ=f 

uniformly, when f~ Co(M); if we are only given that j - ~  L2(M), then the 
limit is valid in L2(M).  This last claim is a consequence of the second claim 
of Proposition 1 (viz., IICpr.f’I12 is a decreasing of t) ,  and the L2-density of 
continuous functions in L2(M).  

t l0  

The Sturm-Liouville decomposition: For M compact, there exists a com- 
plete orthonormal basis {&, 41, 42, . . .} of L2(M), consisting of eigenfunc- 
tions of A, with (bi having eigenvalue A j  satisfying 

0 = l o  < 1, 5 1 2  I . . - T + c o .  
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In particular, each eigenvalue has finite multiplicity. Each c$j is as smooth as 
p ;  in particular, p E C" implies 4j E Cm for every j = 0, 1,2, . . . . 

Finally, 
m 

with convergence absolute, and uniform, for each t > 0. In particular 

PROOF: We refer the reader to Riesz-Nagy [l, Chap. VI] for the basic 
facts, on self-adjoint, compact (or, completely continuous) operators, used in 
what follows. 

For each t > 0, the self-adjoint compact operator 'p, has eigenvalues 

Ao(t)  2 A,(t) 2 A,(t) 2 . . . -1 0, 

4o(t), 4l(t)l 4z(t), . * - 9  

with respective eigenfunctions 

forming a complete orthonormal basis of L2(M). The semigroup property of 
'p, ,  (lo), then implies that for each t > 0, and positive integer k, we have 

(15) q k t )  = (qak, 4lkt)  = 4jtL 
from which we have the validity of (15) even when k is positive and rational. 
The continuity of 'p,, with respect to t, then implies that (15) is valid for all 
t, k > 0. So 

Ajt) = ( A j l ) ) r  = e'("'j"')) 3 4,cs = 4jQ 
for all t > 0. Since Il'prfll is decreasing in t ,  we have 

Set 
In Ail) I 0. 

A j  =: -In Ajl), c$~ =: 4jl); 
then 

'p 4 = e-Aji4j 
t j  

for all j = 0,1,2, . . . . In particular, +j is as smooth as p. 
Next, we have 

0 = I,('pr4j) = e-AjrA4j - 4jd/dt)e-'ji 

= e-Ajt{A4j + A j 4 } ,  
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which implies that is an eigenfunction of A with eigenvalue A j .  Note that 
since ilj(l) is decreasing with respect to j, we have Aj  increasing, and since 
ALl) 1 0  a s j  -+ co, we have l j  +00 a s j  -+ 00. 

The Hilbert-Schmidt theory implies that (13) is valid in L2(M x M),  and 
the continuity of p ,  with the positivity of Pr, imply, via Mercer's theorem 
(Riesz-Nagy [1, p. 2451) that (13) is valid with respect to absolute and 
uniform convergence. Equation (14) follows immediately. 

We now wish to show that for M compact, the "heat is evenly distributed 
over M as the time becomes large." 

THEOREM 2. For anyf E L2(M), the function y,fconverges uniformly, 
as t t + 00, to a harmonic function on M .  Since M is compact, the limit 
function is a constant. 

PROOF: By Proposition 1, l l ~ r f l 1 2  is a decreasing function of t ,  with 
nonnegative limit as t t + 00, say, a 2 0. But 

II'P,f- CPrfl12 = IICP,fl12 - 211'P(,+r,,2f112 + IICPrfI12 

then implies that '$,f converges in Lz(M) .  
Now for fixed T > 0, we have for all x E M ,  t, T E (0, a), 

ICPr+Tf-  ' P r + T f l ( ~ )  = ICPT( 'Prf-  'Prf)l(x) 

= IJM P(x, Y ,  T)('Prf- ' ~ t f ) ( Y )  dv(/(y) 

I const. l lCPff- 'PJll, 
by the Cauchy-Schwarz inequality and the continuity of p .  So '$,f con- 
verges uniformly on M ,  as t -, + 00, to a continuous function which we call 
H .  

The argument just given also implies 

I \ P r + h f -  vtHfl(x) 5 I I ' P h f -  HfII supllp(x, , t)ll 
X 

5 I I ' P h f -  HfII supllp(x, 7 T)ll 
X 

for all t > T, by Proposition 1. So 

0 = lim yP,+hf- q r H f =  Hf- 'p ,Hf ,  
h+ m 

that is, 

'P, Hf = w 
for all t > 0, from which one has that H ~ E  C" and is harmonic. 
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2. THE HEAT EQUATION ON R" 

THEOREM 3. The function e(x, y, t) is a fundamental solution to the 
heat equation on R". 

PROOF: The discovery of e(x,y,t), as a candidate for a fundamental 
solution, is easily motivated by taking the Fourier transform (with respect 
to the space variable) of a solution to the heat equation, solving the 
resulting ordinary differential equation with respect to the time variable, 
and then taking the inverse transform (cf. Section XIIA). 

One easily verifies that e( , y, ) is a solution to the heat equation. So we 
concentrate on the limit of 

astJ0. 

class of functions on R". 
We shall actually consider a broader (than bounded and continuous) 

DEFINITION 3. We say that a measurable function f on R" is locally in 
L1(R"), written a s f e  L:oc(R"), if to each x E R" there exists 6 > 0 so that 

Now letfE L:,,(R"), such that, for every a > 0, we have 

(17) f(x) = o(eaIx12) 

as 1x1 -+ + 00. For any given x E R", set 

(18) y = x + r5, I = ly - XI, 5 E rl, 

(19) r2 = 4ts2. 
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Then 

So for (x, t) restricted to a bounded subset, K ,  of R" x (0, co), we have by 
( 17), 

f ( x  4- 2 J t S t )  = o(e""2) 

as s + +a, uniformly on K x 9"''. Thus the integral u(x, t) given by (16), 
converges absolutely, uniformly on K. 

Note that the same argument will also establish that u, given by (16), is 
C" on R" x (0, oo), and that the derivatives of u may be calculated by 
differentiating the right-hand side of (16) under the integral sign. So u given 
by (16) is a solution to the heat equation. 

Given the function u(x, t) defined by (16), we wish to consider what 
happens when t 10. Iff= 1 on R", then u = 1 on R" x (0, co) since 

,-szS"-l ds = n - n / 2  
e-1x12 dJqx) = 1 1. 

by the standard arguments (cf. Section XII.1). 
Iff€ L:oc(R") and satisfies (17), then we have 
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One now easily concludes that iff is continuous at x, then 

e(X¶ Y ,  t)fW d W  = f(4; 
(20) f~ 1. 
so e(x, y, t) is a fundamental solution of the heat equation on R". 

COROLLARY 2. Iff is continuous on R", satisfying (17), for all a > 0, 

Furthermore, iff is uniformly continuous on some set K, and 
as 1x1 -P + co, then (16) is a solution to the initial-value problem (1) : (7). 

If(4 -f(x + 2JiSOl = O(e'"? 

uniformly in (x, t, 5 )  E K x [O, T ]  x 9 - l  for some T >  0, then the con- 
vergence in (20) is uniform on K. 

THEOREM 4. Iff is a continuous function on Rn "vanishing at in- 
finity,', that is, 

lim f ( x )  = 0, 
1x1' 

and u is the solution to the initial-value problem (1) : (7), given by (16), then 

u(x, t )  --* 0, (grad, u)(x, t) + 0 

for each t > 0, as 1x1 -P 00, that is, u and its gradient vanish at infinity for all 
t > 0. 

PROOF: One easily has 

for all (x, t) E R" x (0, a), and 6 > 0. That u( , t) vanishes at co follows 
easily. 



2. The Heat Equation on R" 145 

Similarly, for each j = 1, . . ., n, 

via the substitutions (18), (19). Then one has, as for u, 

from which we draw the desired conclusion. 

We also note that i f f€  Co(Rn) is supported on the compact set K ,  then u 
satisfies the inequality 

(22) lu(x, t)l I (474- n / Z  e - d 2 k W / 4 t {  i f 1  ,V}.  

A similar inequality holds for Igrad, ul. 
Also, i f f€  L1(R") then u given by (16) converges and 

f ( x )  dV(x)  u(x, t )  dV(x)  = 
(23) s,. s,. 
for all t > &simply use Fubini's theorem. 

normal domains. 
To consider uniqueness questions, we give the Duhamel principle for 

Duhamel'sprinciple (11) : Let A4 be a Riemannian manifold with compact 
closure and smooth boundary, and let u, u: R x (0, t )  --+ R E C', and Cz in 
the space variable varying over M .  Then for any [a, j?] E (0, t )  we have 

{u(z, t - PMZ, B) - u(z, t - a)u(z, a)} ~ z )  

= [ d z / J M  {(Lu)(z, t - Z ) U ( Z ,  z) - U ( Z ,  t - z)(Lu(z, z)} d V ( x )  

a u  au 
av 

+J68Ja, {u(w, t - z) - ( w ,  z) - - (w,  av t - Z)U(W,  z)} dA(w).  
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The proof is the same argument as the Duhamel principle in the compact 
case. One simply uses Green's formulas (11). 

Now let u be a solution to the initial value problem (2): (7) on R". In the 
Dunamel principle, set 

u(z, 4 = 4x3 z, T )  

and let a 10, fl t t. Then we have for M = B(6), 

au 

arw 
- ~ (w, r - T)~(x, w, z ) }  dA(w).  

So, if we know that u grows slowly enough so that the integral over 
S(6) x (0, t) tends to 0 as 6 -, + 00, then u is determined by the formula 

One immediately has 

THEOREM 5. Iff is a bounded continuous function on R", then u(x, t) 
given by (16) is the unique solution to the initial-value problem for the heat 
equation (1) : (7) among all functions u(x, t) on Iw" x (0, a) for which 

Iu(x, t)l 5 const, 

where the constants are independent of (x, t). 

problem. 

I(grad, UHX, t)l I const/,/t, 

Finally, we consider a restricted case of the nonhomogeneous initial-value 
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THEOREM 6. Given F:  R" x [0, co) + R E C',  such that supp F G K x 
[0, a), for some compact K in R". Then a solution to the initial-value 
problem (2) : (7) is given by (24). 

PROOF: By the linearity of the heat operator, and the fact that u given by 
(16) satisfies the homogeneous initial-value problem, namely, (1) : (7), it 
suffices to show that 

LU = - F ,  lim U = 0. 
110 

Now u given by (25) satisfies, via the substitutions (18), (19), 

W 

(27) u(x, t )  = rfdr ( x-"/2e-Szs"-1 ds [ F(x + 2Js5, t - r )  dA(c), 
J o  J o  J ~ n - 1  

from which we conclude that u E C' for t > 0, and that differentiations of u 
with respect to the space variables may be obtained by differentiating under 
the integral sign in (27). So, using the chain rule, and integration by parts, 
we have 

J o  J o  

F ( x  + 2,,hst, t - ~ ) t j  dA(5). 
' J c n  - t 

Similarly, we have au/dxj E C', and 
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Finally, we have 

Now, for 0 < s < t ,  

which implies, by letting s t t ,  

One now has that u, given by (25), satisfies (26). 

3. THE MINAKSHISUNDARAM-PLEIJEL 
RECURSION FORMULAS 

For any given Riemannian manifold M, with distance function d( , ), we 
set 

(28) &(x, y ,  t )  = (4Wt)-"/Ze-d*(x.Y)14~. 

While there can be no pretense that 8, in general, will be the fundamental 
solution to the heat equation on M, it turns out that one can produce a 
fundamental solution by suitably tampering with 8. The first step is given 
in the following construction. 
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For convenience, we assume that M is complete, and that its injectivity 
radius is strictly positive. To each y E M, we define the sequence of 
functions 

u i  , Y ) :  B(Y; inj(M)) -, R 
by requiring that 

(29) U O ( Y , Y )  = 0, 

and that the functions 

(30) 

k = 0, 1,2, . . ., satisfy 

k 

Hk(x, YY t, = b(x, y ,  t, t'uj(x~ Y)Y 
j = O  

(31) L, H, = btkA,Uk. 

To calculate the functions u j ,  j = 0, 1,2, . . ., introduce geodesic spherical 
coordinates on B(y; inj(A4)) by 

(32) x = exp, r<, r E [0, inj(M)), 5 E 6,. 

Then for functionsf, h: B(y; inj(M)) .+ R we have 

(grad f, grad h)(exp, r<) 

where the right-hand side is evaluated at exp, r<. Also, 

+ &(y;r)(f I S(Y; 111, Af= ar(&ar f )  
Ji 

where & is defined for the spherical coordinates, based at y, by Definition 
111.6. 

Next, set 

(33) 

with y fixed and x given by (32). Then explicit calculation shows that (31) is 
equivalent to 

cp(x; Y )  = Jik O/rn-' 

(ar  uO)/uo = - 3(ar CP)/CP, 

and 
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for all j  = 1,2, . . ., which implies, using (28), that 

(34) uo(x, y )  = cp - '12(x; Y),  

u j x ,  y )  = cp-lt2(x; y ) r - j  s'-'(cp-1~2Auj-l)(expy s5, y) ds i 
1 

- - (P-'/~(x; y)l0 zj-1(cpP-f/2A~j-l)(expy zrt ,  y) dz, 

j = 1,2,. ... Note that uj cCW on 

B, 3: {(x, y )  E M x M :  d(x, y) < inj(M)}. 

The above construction was first given in Minakshisundaram-Pleijel [ 13, 
and then applied by Minakshisundaram [2] to the construction of the 
fundamental solution of the heat equation on compact Riemannian mani- 
folds. We leave it to the reader to verify, using Riemann normal coor- 
dinates (Section XII.8), that 

(36) Ul(Y9 Y) = N Y )  
where S(y) is the scalar curvature of M at y. Calculation of the constants 

have been considered in Berger [2], McKean-Singer [l], and Sakai [l]. 
Compare also Berger-Gauduchon-Mazet [l]. Of course, for j = 1 and 
n = 2, we have 

(37) a, = 2x~(M)/3 

by the Gauss-Bonnet theorem. 

sectional curvature K ,  then one has, directly, 
Next, we note that if M is the 3-dimensional space form M,, of constant 

uj = K j c p - y y ,  

from which one concludes that 

H(x, y, t) =: lim H,(x, y, t) = b(x ,  y, t)cp-'12(d(x, y))e"'. 

One easily checks that H is a fundamental solution of the heat equation on 
the 3-dimensional MI, (Debiard-Gaveau-Mazet [l]). For K 2 0 we have 
already discussed its uniqueness. We consider the uniqueness question for 
K < 0 in Section VIII.l. 

k-. w 
(38) 
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It is an unpublished result of Millson (reported in Debiard-Gaveau- 
Mazet [l]) that if 

P A X ,  Y ,  t )  = ~ " ( 4 x 9  Y),  t )  

is the heat kernel of the n-dimensional M,, then, with q = q(r, t), we have 

P n  + 2(x, Y ,  t )  = - q n ) ( d ( x ,  Y) ,  t)/2n~Sx 

is the heat kernel of the (n + 2)-dimensional MI,. We leave the direct 
verification of the result to the reader. 

For explicit formulas of the heat kernel for 2-dimensional M,, K < 0, 
compare Section X.2. 

4. EXISTENCE OF THE HEAT KERNEL 

DEFINITION 4. Given a Riemannian manifold M, a parametrixfor L 
on M ,  H, is a mapping H: M x M x ( 0 , ~ )  -, R E C" such that L,H 
extends to a continuous map of A4 x M x [O,oo)  to R, with 

In what follows, we let M be a compact Riemannian manifold, with 

To construct a parametrix on M, fix a function p: [0, 00) + [0, 11 E C", 
injectivity radius inj(M) 3: E > 0. 

such that 

P I co, 441 = 1, P I c a  001 = 0, 

define q:  M x M --f [0, 11 E C" by 

and, for each k = 0,1,2, . . ., define 

H k  = q H k ,  

where Hk is given by (30). 
We now require two lemmata, whose proof we leave to the reader. A 

proof of Lemma 1 can be found in Berger-Gauduchon-Mazet [l, pp. 2 1 s  
21 13, and a proof of Lemma 2 can be modeled on the argument of Theorem 
6. 
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LEMMA 1. For every k > n/2, Hk is a parametrix for L on M .  
Furthermore, if a; denotes the differentiation in any chart x: U -, R" on 

M ,  

a m 1  a m .  

(axlyl (ax.).. ' 
-...- 

with 

la( = a1 + ... + a,,, 

in the first space variable, then 

s , m  9 

aaL H - t k - ( n / Z + l a J ) e - d 2 1 4 t  (39) x x k -  

where Fk,.. E C"(M x M x [0, 00)). Also, if a: denotes the Ith derivative in 
the time variable, then 

where Gk,* E C m ( M  x M x [0, 00)). 

defined on N x M, then for k > n/2 we have 
Finally, if N is any topological space, andf is any continuous function 

lim H k ( x ,  Y ,  t ) f ( z ,  Y )  dV(y) = f ( z ,  x) ; 
110 

and the above limits are (N x M)-locally uniform. In particular, if N x M 
are both compact, then both limits are uniform on N x M .  

For any functions F, G E Co(M x M x [0, 00)) define the convolution, 
F * G, by 

( F  * G)(x, y, t )  = F(x, Z, 7)G(Z, y ,  t - 7 )  ~ V ( Z ) .  

and note that 

(F  * G) * H = F * (G * H). 

So we write, for I = 1,2, . . ., 
(F*)' = F * - . -  * F (I times). 
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LEMMA 2. For F E Co(M x M x [0, oo)), and k > 42 ,  we may form 
H k  * F by the above formula. Then Hk * F will be in the domain of L,, and 
satisfy 

(41) L,(Hk * F )  = - F  ( L x H k )  * F .  

Once one has Lemmas 1 and 2, the idea is to seek a fundamental solution 
p(x,  y,  t) of the form 

(42) p = H k  + H k  * F .  

Then (41), (42) imply that finding p ,  for which 

L x p  = 0 

is equivalent to finding F for which 

LxHk = F - (L,Hk) * F, 

from which one has 
m 

(43) F = 1 (L,Hk)*'. 
I = 1  

To investigate the convergence of series (43), we note that 

%k 3 
H - t k - n / 2 e - d 2 / 4 r  

x k -  

where %k E Cm(M x M x [0, a]). We also have 

LEMMA 3. Let x,y,z belong to any metric space. Then, for any 
-z E (0, t), one has 

d2(x, Y )  d2(Y, 4 d2(X,  4 
+-2-. 

z t - - z  t (44) 

Indeed, one uses calculus to show that 

and (44) follows. 
Now fix k > n/2 and T >  0. Let V =  V(M),  
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An induction argument easily establishes that for all 1 2 2, 

So ed2(x*Y)/4tF converges absolutely and uniformly on M x M x [0, TI, for 
every T > 0. Also, since k > 4 2 ,  we have 

limF = 0 
110 

uniformly on M x M. 
Furthermore, a similar argument, using (39) and (40), shows that for 

k > n/2 + 21, F E C'(M x M x [0, a)), and all differentiations may be car- 
ried out by differentiating the series term-by-term. 

In summary, for k > n/2 + 2, 

P(x, Y ,  t ,  = Hk(x ,  Y ,  t, + (("xHk) * F)(x,  Y ,  t ,  

(45) 

with 

(46) uo(x, X) = 0, ui(x, X) = S(X)/~, 

is a fundamental solution for L on M. Since the fundamental solution for L 
on M is unique, all fundamental solutions, obtained by varying 
k > n/2 + 2, coincide. The fundamental solution is, therefore, C" on 
M x M x (0, 00). The Sturm-Liouville argument of Section 1 then implies 
that all the eigenfunctions of the Laplacian are C". 

Note that (14), (45) imply 
W P 
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in particular, 

as t 10. Thus 
m 

as t 1 0. The Karamata theorem (Feller [ 1, p. 4463) then implies 

Weyl’s asymptotic formula: Let M be a compact Riemannian manifold, 
with eigenvalues 0 = I ,  c A 1  I A 2  I 4 ., each distinct eigenvalue repeated 
according to its multiplicity. Then for 

N(1) =: 1 1 
I j S A  

we have 

N(1)  - O, V(M)1”/’/(2n)” 

as I t + co. In particular, 

a s k t + m .  
@,)”I2 - (2n)”k/o, V ( M )  

Note also that (47) implies that knowledge of the spectrum of M 
determines the integral of the scalar curvature of M .  In the two-dimensional 
case, (46) reads as 

(49) 

as t 10, by the Gauss-Bonnet theorem (cf. Section 111.1). Thus, in the 2- 
dimensional case, knowledge of the spectrum of M determines the topology 
of M. 

RernarkI: In Donnelly [l] it is remarked that the argument of this 
section is also valid when M is noncompact, if M has a properly discon- 
tinuous group of isometries r acting on M such that the quotient 
Mo = T\M is compact, for example, if M is a Riemannian cover of the 
compact Riemannian manifold M,. In such a situation the heat kernels p ,  
po  of M ,  M,, respectively, are related by 
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If M o  is not a manifold, one still has the existence of po-in fact, defined by 
(50)-and spectrum, with asymptotic formula (47) (for M,) with a correction 
to the coefficient oft' -"I2.  

Remark 2: Following Minakshisundaram [ 1,2], and Minakshisun- 
daram-Pleijel [ 11, one defines the zeta function 

z(s) = 1 1;" 
j=1 

for complex s. Then the Weyl formula implies that for any E > 0, the series 
z(s) converges uniformly on {s : Re s 2 n/2 + E ) ,  thereby defining an ana- 
lytic function on {s : Re s > 4 2 ) .  

To study the continuation of z(s), we note that since the gamma function 
T(s) (6. Section XII.l) satisfies 

r(s)a-s = J"ome-af-l at, 

we have, for Re s > n/2 + E, 

W m m 8-03 

It is easy to see that 

can be analytically continued, in s, to all of @. 
Given any nonnegative integer N, we have for s 2 n/2 + 1 - N ,  

= lo1 {- 1 + Ax, x, t )  dV('(x) f-' dt I 
N 

= -l/s + aJ(s - n/2 + k) + O(1). 
k = O  
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So T(s)z(s) can be continued to a meromorphic function on the complete s 
plane, with simple zeros at s = 0, and at s = 4 2  - k, k = 0, 1,2, . . . . Thus 
z(s) also has an analytic continuation as a meromorphic function, with the 
location of guaranteed poles and zeros depending on whether n is even or 
odd. 

One can also give a similar discussion for the zeta function 
m 

4 s ;  x, Y) = c Pj(x)Pj(Y)q", 
j =  1 

where {po, p l ,  pz, . . .} is a complete orthonormal sequence in Lz(M) con- 
sisting of eigenfunctions of A, with l j  the eigenvalue of pj. 

When M is a compact Riemann surface of constant negative curvature, a 
detailed study of z(s) and z(s; x, y) is possible, with consequences for the 
asymptotic growth of eigenvalues, and can be found in Randol [2,8]. For 
the general Riemannian case, we refer the reader to Duistermaat-Guillemin 
c11. 

Remark 3: We refer the reader to Donnelly-Li [l, 21 wherein it is shown 
how to go from an upper bound on 

m 

valid for all t > 0, to a lower bound on IZ,k-'/" for large k. The result is that 
if there exist constants c1 > 0, cz, c3 2 0 such that 

for all t > 0, then given any c4 > 0, there exists cs = &,, cz, c3 ,  c4) > 0 
such that 

lk 2 C4 > 0 * l k  2 csk-2/n.  

If c,, c3 = 0 in (51), then one easily has 
- Z / n k Z / n  1, 2 { c l e }  

for all k =- 0. Indeed, we would then have 
m 
I 

ke-'"' I 1 e-'J' I clt-ni2 
j = O  

for all t > 0. Now set t = l/&. 

Section VIII.3, for which (51) is valid. Also, compare Cheng-Li [l]. 
Also discussed in these papers are geometric conditions, in the spirit of 
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The Dirichlet Heat Kernel 
for Regular Domains 

In this chapter we carry out the program of Chapter VI for the Dirichlet 
eigenvalue problem on a regular domain. Given a regular domain M, and a 
fundamental solution to the heat equation on M, q = q(x, y, t),  we say that q 
is a Dirichlet heat kernel of M if 4 is extendable to a continuous function on 
R x R x (0,co) such that 

4( 9 Y, t )  I = 0 

for all (y, t )  E M x (0, co). In the context of the physical interpretation of the 
fundamental solution, discussed in the introduction to Chapter VI, q(x, y, t) 
is the heat distribution at x at time t resulting from one unit of heat 
concentrated at y at time t = 0, and subject to absolute refrigeration of aM 
for all time t > 0. 

Nearly all that we do, here, has a corresponding formulation for the 
Neumann eigenvalue problem. We prefer the Dirichlet eigenvalue problem 
because of the powerful applications, of the domain monotonicity of the 
Dirichlet heat kernel, that are developed in the following chapters. 

Another qualification of our treatment, here, is in order. We will not 
show that the Dirichlet heat kernel q of M can be extended to a C' 
function, in each of the space variables, on R. Rather, we shall only show 
that the gradient vector field of q, with respect to each of the space 
variables, can be extended, in that variable, to a continuous vector field on 
M. This less ambitious result suffices for most of the applications already 
presented, in earlier chapters, and those contemplated in the coming 
chapters. 

Our construction of the Dirichlet heat kernel follows that of 
Minakshisundaram [l, Sec. 41, and, the application to the existence of 
Dirichlet eigenvalues, that of Milgram-Rosenbloom [ 1). We also refer the 
reader to Dodziuk [l]. 
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1. PRELIMINARIES 

We start with noting that for all x > 0, a > 0, 
x"e-x 5 aae-'. 

In particular, for any p > 0, n 2 1, we have the existence of a constant, 
depending on p, n, such that for any r > 0, 

r-(n/2+1)e-r2/4c < - const. t - P r - ( n + 2 - % )  (1) 

DEFINITION 1. Let M be a Riemannian manifold with heat kernel 
p(x, y ,  t). We say that p is almost Euclidean if p and & [given by (IV.28)] are 
of the same order, locally uniformly in (x,y), as t 10, and if a similar 
statement holds for the first derivatives of p and &. 

Certainly, the heat kernel of any compact Riemannian manifold is 
almost Euclidean. 

If M is an n-dimensional Riemannian manifold with almost Euclidean 
heat kernel, R a regular domain in M with boundary r carrying the 
outward unit normal vector field v, then given any p > 0, and T > 0, there 
exists a constant, depending on n, p, T, r, M, such that 

for all wo, w E r, and t E (0, TI. The improvement in the exponent of 
d(w,, w )  in (2) over the exponent of r in (1) is due to the fact that the 
derivative, here in (2), is in the direction normal to r. 

We also leave to the reader to verify that if M, R, r are as above, then 
there exists a constant such that, for every a, /3 E (0, n - l), we have 

(3) 

for all w l ,  w2 E 

S, d-m(wl, w)d-b(w, w 2 )  d ~ ( w )  5 const. d n - l - ( a + b )  (w1, w2) 

w1 # w 2 .  

THEOREM 1 (the jump relation). Let M be a Riemannian manifold, 51 a 
regular domain in M, with boundary carrying the outward unit normal 
vector field v. Let p(x,y,  t) be a C" almost Euclidean heat kernel on M. Let 
$(w,t )  be a continuous function on r x [O,T], and u(x , t )  defined on 
R x LO, TI by 

(4) U(X, t) = - dz -(x, W ,  z)$(w,  t - 7) dA(w). 1' S, lY", 
Then u E Cm(R x [0, TI), with 

u( ,O) = 0; 
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and for wo E r we have 

PROOF: We only give the proof for M = W, $ = 1, and 0 having the 
property that r n B(wo; p) is a flat (n - 1)-disk, for some p > 0. All other 
cases are technical generalizations of this one. 

In the case under consideration, the heat kernel is given by 

HX, y ,  t )  = (47Lt)-n/ze- Ix-y12/4r  

and its gradient by 

(grad,, e)(x, y, t )  = ( 4 7 ~ t ) - ~ ~ ~ e - I ~ - y l ~ / ~ ~  (x - Y I P .  

The convergence of the integral in (4) presents no difficulty, by virtue of the 
estimates (2). 

Now let rl = r n B(wo; pl), where p1 E (0, p), and let r2 = r\r1. Also, 
set vo = v(wo). 

For x = wo - avo we certainly have 

lim -J)z Ir2 *(wo - avo, w,  z) dA(w) = - 
a10 a v W  

For x = wo - avo, w E rl, we have 

(w - wo) * vo = 0, 

I W  - XI' = Iw - w0l2 + a2. 

which implies 

Therefore, 
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as o! 1 0, for every p1 > 0. One, indeed, has to check that one can pass to the 
limit, as indicated. However, that is not difficult. Evaluation of the limit is 
done via Section XII.l. 

The jump relation (5) is called the jump relation for the double layer 
potential (4). The jump relation for the single-layer potential is as follows: 

THEOREM 2. Let M, p, R, v, II/ be given as in Theorem 1, and define 
u:R x [O,T] -P Rby 

(6) P(X, W ,  z)$(w, t - Z) dA(w).  

Then u E C"(R x [O, TI)  extends to a continuous function on a x [0, TI,  
and satisfies 

u( ,O)  = 0. 

Furthermore, if for w o  E r we let 

then 

(7) 

2. THE DIRICHLET HEAT KERNEL 
FOR REGULAR DOMAINS 

We start the discussion by considering the following initial-boundary- 
value problem: we are given a regular domain n, with boundary I-, in a 
Riemannian manifold M. We are also given a continuous function 
cp: x (0,co) + R; what we seek is a solution u: fi x [O,m) + R E Co to 
the heat equation on R x (0, co) satisfying 

(8) u l n  x (01 = 0, u p -  x (o,o~) = cp. 

We assume that M possesses an almost Euclidean heat kernel. For if it 
does not, one may replace the complement of Cl with a Riemannian 
manifold, having boundary r, whose union with is a C" compact 
Riemannian manifold. Simply pick A to be a relatively compact domain in 
M, having smooth boundary, and containing fi; let M' be the double of A 
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with the metric smoothed out across the boundary of A, and unchanged in 
a neighborhood of (cf. Duff [l]). This new Riemannian manifold is 
compact, contains R, and possesses an almost Euclidean heat kernel. 

To find a solution to the heat equation, satisfying the initial-boundary 
values given in (8), we attempt to determine a function $(w, z) on r x [0, oo) 
so that 

(9) U ( X ,  t )  = - dz -(x,  W ,  t - T)+(w, T) dA(w). 1; I aavv: 
Should such a $ exist, the jump relation (5) would imply, for wo E 

that is, 

A formal solution to (10) is discovered, via iterating (10) itself, to be 

for all (wo, t) E r x [O, oo), where 
m 

d ( w O ,  w, t ,  = 1 Mk(wO, w, t),  
k =  1 

and 

for 12 1. 
If we then set 

a P  P ( x ,  w, t) = 2-(x,  w, t )  + 2 
av, 

t - z ) A ( i i j ,  w, z ) d A ( z ) ,  

then we may rewrite (9) as 

(1 1) P(x, W ,  t - z)(P(w, z) dA(w) 
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and we have a formal solution of the initial-boundary value problem (8) for 
the heat equation. It remains to verify whether the candidate is a good one. 

The first thing to investigate is the convergence of A ( w 0 ,  w, t). Let, as 
usual n = dim M, and fix a number p in (i, 1) and T > 0. By (2), we have 

JM,(w,, w, t)]  I const. t -”d2’-” N O ?  w) 

> 0, and 

IM,(wo, w, t)l I const. tPad-@(wO, w), 

for all distinct wo, w E t E (0,TI. Now, if a, 

then one easily has 

~ h f l + l ( w o ,  w, t)l I const. t1-’-ad2’-’-fl  (wo9 w). 

So the power of t increases by 1 - p, and the power of d(wo, w) by 2p - 1. 
Ultimately, at least one will become nonnegative. 

Next, note that 

for all a 2 0, where T(x) is the classical gamma function (cf. Section XII.1); 
and note that if a E R, then the validity of 

(12) 

for some fixed constant m,, on all of r x r x (0, TI, implies that 

IM,(wo, w, t)l I m,f‘, 

IM+ l(wo, w, t)l I mlmz 

where 

m2 = sup 1 d2’-”(W, w) dA(tr?) < + co. 

We can, therefore, conclude that there exists 1 2 1 and positive constants 
m,, a > 0, such that (12) is valid on T x r x (0, TI .  Thus, for all k 2 1, we 
have 

W E T  r 

T(a + k)T(1 - p)/T(a + k + 1 - p), a + k(1 - p )  IMi+k(wO? w, ml(m2)t 

which implies that 
m 

2 Ml+k(wO? w, t ,  
k =  1 

converges absolutely (with exponential speed), and uniformly on 
r x r x [0, T ]  for all T > 0. 
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Thus, the series 

tpdn-*yw0, w ) A ( w o ,  w, t )  

converges absolutely and uniformly on r x r x [0, TJ for all T > 0. 
Therefore, for all T > 0, 9 ( x ,  w, t )  is  continuous on R x r x [0, TI,  C“ in 
the x variable, and uniformly bounded on K x r x [0, T ]  for compact 
K c R. One now verifies directly that u given by (11) is a solution to the 
initial-boundary-value problem. 

To obtain the existence of a Dirichlet heat kernel on 0, let R be 
contained in the Riemannian manifold M, having almost Euclidean heat 
kernel p(x,y, t). For each y E Q solve the initial-boundary-value problem for 
the heat equation with initial-boundary data given by (8), with 

q(w,  t )  = -P(W,Y ,  t). 

The solution is given by, using (1 l), 

h(x, y ,  t )  = dz 9 ( x ,  w, t - T ) ~ ( w ,  y, T )  dA(w). Sd S, 
One easily verifies that 

Q(x ,  Y ,  t )  =: P(x, Y ,  t )  + h(x, Y ,  t )  

is a Dirichlet heat kernel on R. 

constant for which 

(13) 

for all (x ,y ,  t )  E K x R x (0, TI .  
Also note that the jump relation, for the single-layer potential (Theorem 

2), implies that (grad, Q ) ( x ,  y, t )  can be extended to a continuous vector field 
on 3i. 

Note that given a compact set K s R, and T > 0, we have a positive 

Ih(x,y, t)l I const. t-n’2e-dZ(y*r)’sr 

3. DUHAMEES PRINCIPLE 

In what follows, R is a regular domain in a fixed Riemannian manifold 
M ,  and has boundary r carrying the outward unit normal vector field v.  

DEFINITION 2. If u: R -+ R E C’, we say that u E c’(R), if u extends to 
a continuous function on a, and grad u extends to a continuous vector field 
on 0. If u E cl(0), then for any w E r, we let y,(s) denote the geodesic 
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emanating from w ,  with initial velocity vector v(w), and define the normal 
deriuative of u at w E (au/av)(w), by 

One now easily proves 

THEOREM 3. Let u E C0(n) n C'(R) and u E c'(R) n C2(Q). Then we 
have the extended Green's formula 

(15) JJn{uAu + (grad u, grad u ) }  dV = 

If u is also in c'(R) n C2(R), then we also have 

(16) / /n{uAv - UAU} dV = {u(au/av) - u(au/av)} dA.  1 
For u = v(x, t )  defined on R x (a, /?) and C' there, we say that v E c' on 

x (a, B), and grad u 

x (a,/?). 

R x (a, B) if u extends to a continuous function on 
(taken with respect to x and t )  to a continuous vector field on 
For w E r we, now, define (au/avw)(w, t )  by 

(17) (au/avw)(W t )  = lim ((grad, U)(YW(S), t).  Y N ) ,  
s t o  

where yw(s) is the geodesic, in M, emanating from w with initial velocity 
vector v(w). 

PROPOSITION 1. Let u E c'(R x (a, /?)) be a solution of the heat 
equation 

(18) Lu = 0 

on R x (a, /?). Then for the functions 
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we have 

(21) uf(t) = (au/av,)(w, t )  dA(w)  

(22) 

i 
U’(t) = -/Jnlgrad, uI2(x, t )  dV(x)  + (u  du/av,)(w, t )  dA(w).  

One, simply, differentiates each of the above, with respect to t ,  under the 

S, 
integral sign, applies the heat equation, and then, the Green’s formula (15). 

COROLLARY 1. Suppose we are given continuous functions 
F: C2 x (0,co) + R, cp: r x (0, co) + R, f: R + R. Then there exists at most 
one continuous function 

U :  (a x [0, co))\(r x (0))  -, R E T 1  n C ~ ( R  x (0,~)) 

which satisfies the differential equation 

(23) LU = - F ,  

with the initial-boundary conditions 

PROOF: Given uI,  u2 satisfying (23)-(25), one applies (22) to u =: u1 - u2 
to conclude U’(t) I 0. But U(0) = 0. Therefore u = 0 on all of R x [0, a), 
which implies the claim. 

We note that by using the maximum principle (cf. Section VIII.l), one 
can obtain the uniqueness result of Corollary 1, without the assumption 
that u E C’(R x ( 0 , ~ ) ) .  

We recall the Duharnel principle (11) (for normal domains) (Section VI.2). 
Here u, u E (cl n C2)(R x (0, t)), and [or, p] c (0, t). Then 

f d 7  /Jn W N x ,  t - 7Mz, 7 )  - u(z, t - 7)(Lu)(z, 7 ) )  d V(z) 
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THEOREM 4. Any Dirichlet heat kernel q(x,y, t) on R, having the 
property that q( , y ,  ) E c'(R x ( 0 , ~ ) )  for all y E R, is symmetric in the 
space variables x and y. 

Furthermore, R has precisely one Dirichlet heat kernel, q(x, y, t), with the 
property that q( ,y, ) E C'(R x (0, a)) for all y E R. 

PROOF: For u and u in (26) we simply take 

u(z, 4 = q(z, x, 0 9  U(Z, t )  = &Y,  t) ,  

and then let c1 1 0, /3 t. One obtains, immediately, the desired symmetry. 
Consider, now, the Dirichlet heat kernel of R, Q(x, y, t), constructed in 

Section 2. Imagine the manifold M to be compact, so as to guarantee that 
its heat kernel p(x,y, t) is symmetric. Then one can verify that Q is a 
Dirichlet heat kernel relative to the second space variable, namely, the 
function q(x, y, t )  given by 

q(x, Y,  = Q(y, x, t )  

is a Dirichlet heat kernel. The first claim of our theorem, here, shows that Q 
is symmetric in x and y-in particular Q( , y ,  ) E C'(R x (0, a)) for all 
y E R. We now have to show that Q is unique. 

Indeed, if q, is any Dirichlet heat kernel on R, satisfying the given 
hypotheses, then set 

~ ( z ,  t )  = Q(z, X ,  t), 4z ,  t)  = qZ(z,y, t). 

One easily deduces from (26) that 

Q(Y, X, t )  = q2(x, Y ,  t). 

But both heat kernels are symmetric; therefore Q = q 2 .  

COROLLARY 2. The Dirichlet heat kernel q on R is almost Euclidean. 
Furthermore, if SZ,, R, are regular domains in a Riemannian manifold, with 
respective Dirichlet heat kernels qn,, qn,, then 

qn,(x,y, t )  - 4n,(X,Y, t )  = WN) 

for all N 2 1, ( x , y )  E (Q, n R,) x (R, n R2), as t 1 0. The limit is uniform 
on compact subsets of R, n R, . 

We leave the proof of the corollary to the reader. 
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THEOREMS. Let R be a regular domain with boundary r and 
Dirichlet heat kernel q.  Suppose we are given bounded continuous func- 
tions F: R x (0,co) + R, cp: r x ( 0 , ~ )  + R, and f: R + R. Then the 
unique solution u: fi x [O,co) -S R, which is Co on (0 x [O,co))\(T x (0)) 
and C1 on R x (0, co), to the initial-boundary-value problem (23)-(25) is given 
by 

- 1). s, 3 ( x ,  w, t - T)cp(W, 7) dA(w). 
av, 

PROOF: To derive (27), one substitutes 

v(z, 4 = q(x, z,7) 

into (26), and lets a 10, /3 t t .  
Once one has (27), one verifies that it, in fact, provides a solution to the 

initial-boundary-value problem (23) -(25). We note that (ah/av,)(x, w, t) is 
given, via the jump relation for the single-layer potential (Theorem 2), by 

a P  - P ( x , W ,  t - z)-(w, W, T ) ~ A ( W ) .  
2 8% 

ah 
-(x, w, t )  = 
av, 

One now can easily show that u + cp as x + r (the only integral to really 
consider is the last one in (27)). Establishing u + f, as t 1 0, is easy. Finally, 
we note that, establishing that u satisfies (23), requires an extension of 
Theorem VI.6, and Lemma VI.6. 

DEFINITION 3. For each t > 0, define the operator Qt on L2(R) by 

(28) 

PROPOSITION 2. For each t > 0, Q, is a self-adjoint, compact (com- 
pletely continuous), operator on LZ(Q). For each f E LZ(R), 

u(x, t )  =: (Q, f )  (4 
is a solution of the heat equation on R x (0, co). 

If we also set Q, = I, then 

(29) QT = Qt+T 
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for all t ,  T 2 0. For each t 2 0, Q, 2 0, which implies 

q 2 0  

on R x R x (0,oo) (the maximum principle, cf. Section VIII.1, implies 
q > 0). Also 

lim a, f = f 
110 

for all f E Lz(R). Iff E Lz(Q) is also continuous on R, then Q,f converges 
to f, as t 1 0, uniformly on compact subsets of R. 

Finally, for each x E R, 

JJn d x ,  Y ,  t )  W Y )  

is a decreasing function oft. In particular, 

for all (x,  t )  E R x (0, a). 

The proof of the proposition is straightforward. We only need note that 
the last claim is a consequence of the nonnegativity of q, and Eq. (21). 

The Sturm-Liouvile decomposition for the Dirichlet eigenvalue problem: 
Given the normal domain Q, there exists a complete orthonormal basis, 
{q,, 'p,, 'p3, . . .} of L2(R) consisting of Dirichlet eigenfunctions of A, with 'pj 

having eigenvalue Aj satisfying 

0 < I ,  < I, 5 I, I . * . r  +a. 

'pj E Crn(R) n C'(R). 

In particular, each eigenvalue has finite multiplicity. Each 

Finally, 

with convergence absolute, and uniform, for each t > 0. In particular 
m JJn q(x, x, t )  d ~ ( x )  = 1 e-aj*. 

j =  1 
(32) 

VI.1). 
The proof is the same as that for the closed eigenvalue problem (Section 
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We now wish to consider what happens as t f +m. For 
f E L2(Q) n Co(Q), ( Q , f ) ( x )  is the solution of the heat equation on Q, with 
initial heat distribution f. Of course, as x -+ the boundary of R, 
( Q , f ) ( x )  .+ 0 for each t > 0. So we are thinking of the temperature distri- 
bution in a room whose walls are absolutely frozen for all time t > 0. We 
expect the temperature of the room itself to, ultimately, be absolutely cold, 
namely, one proves, as in Theorem VI.2, that as t t + 00, Q,j converges, 
uniformly on 0, to a function which is harmonic on R. Since the boundary 
values of this limit function are identically 0, we have 

(33) lim Q,f = 0 
rT+m 

uniformly on 0. 
Theorem 6 is a more ambitious version of this result. 

THEOREM 6. Suppose we are given continuous functions $ -+ R, and 
q: r + R, and u:  (a x [O,m))\(T x (0)) + R E C o  a solution to the initial- 
boundar y-value problem : 

Lu = 0, 

U( , O ) = L  U( , t ) i r=p .  

Then u(x,t) converges, uniformly on 0, to a function harmonic on r(z and 
taking boundary values q on r. 

PROOF: From (27), we have 

By (33) we may assume f = 0 on all of R. So we assume that u is given by 

4x9 t )  = -1). s, $(x, w, 4 d W )  dA(w). 

Note that the nonnegativity of q, on 0, implies 

on all of R x r x (0, t).  
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which implies that u(x, t) converges, uniformly on a, as t t + 00, to a 
continuous function, H, on R. Of course 

(34) Hlr  = cp, 

and 

(35) 

We wish to show that H is harmonic. It suffices to show that 

for all t > 0. For the right-hand side of (36) is a solution of the heat 
equation, which, by the left-hand side, will be independent of t. This 
function must then be harmonic. 

To prove (36), one has by (35) 
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This reduces (36) to (35), and the claim is proven. 

Note that, by (27), the right-hand side of (36) is the heat distribution 
determined by the initial distribution H and boundary distribution cp. 
Equation (36) implied that H is harmonic. But the identity also suggests 

THEOREM 7. Let H E C0@) n (cl n C2)(R) be harmonic in R, 
cp = H IaR. Let u(x, t )  be the solution to the heat equation on R with initial 
heat distribution H on R, and boundary distribution cp for all time. Then u 
is a steady-state solution, that is, 

u( , t )  = H 

for all t > 0. 

We leave the proof to the reader, as an exercise. 

Weyl's asymptotic formula for Dirichlet eigenvalues: Let R be a normal 
domain with Dirichlet eigenvalues: 0 -= A 1  < A2 I L3 I I . -, each distinct 
eigenvalue repeated according to its multiplicity. Then, for 

N(1) =: 1 1, 
A 1  51  

we have 

N(A) - o,V(R)A"'2/(27$ 

as 1 t + co. In particular, 

PROOF: As in the proof of the compact case (Section VI.4), we wish to 
estimate 

m P P  c e-4' = J J q(x, x ,  t )  d ~ ( x ) ,  
j = l  n 

where q is the Dirichlet heat kernel of R (cf. (32)). 
To estimate the integral, fix any E > 0, set 

0, = {X E n: d(x, r) 2 E } ,  
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where r is the boundary of Q, and write 

where p is the heat kernel of a compact Riemannian manifold containing 51. 
Then, by (13), for fixed T > 0, there exists a positive constant, depending on 
E, T, so that 

(h(x, x, t)l 4 const. t -n’Ze-d2(XJ’) /8f  

for all x E D,, t E (0, TI.  Then (VI.44), (VI.45) imply 

(4nt)”’2 JJDe q(x, x ,  t )  d W )  + We) 

as t 10. 

maximum principle (Section VIII. l), we have 
To estimate the integral in question over R\D,, we note that by the 

o < q 4 p  

on all of R. Therefore, 

( 4 7 w 2  JJn,D q(x, x ,  t )  d W  4 { sup (4nt)”’Zp(X, x, t)l V(Q\D,) 
G x [ O . T ]  

I Const. E .  

Thus 

(37) 

which implies the desired result by the Karamata theorem (Feller [l, p. 
4461). 

We now discuss the Green’s function of the regular domain R. For 
convenience, we let RD denote the diagonal of R, that is, 

O D  = { ( x , y )  E 0 x R : x  = Y } .  

DEFINITION 4. A continuous function G: (a x Q)\nD + R is a Green’s 
function of Q, if G I {(Q x Q)\QD) E C’, 

(Ay G)(x, Y )  = 0 

x r = o  
for all x,  y E R, 
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(where, as usual, r = an), and, near OD, G is given by 

(38) 

where h E Co(a x 0) n C2(R x Q), and 

(3x9 Y )  = w, Y )  + h(x, Y),  

(39) 

The existence of G is derived in Duff [l]. We shall also assume here that 
for each x E R, (grad, G)(x, ) extends to a continuous vector field on a\{x). 

One easily sees that the maximum principle (Section XII.ll) implies that 
G is strictly positive on (R x R)\QD, and that there is at most one Green's 
function for R. 

THEOREM 8. Let u E C'(R) n C2(Q). Then 

aG 
u(x) = - -(x, w)u(w)dA(w) Jr av, 

if u is harmonic on Q. 

PROOF: We apply Green's formula to the given u, and to u given by 

U(Z) = G(x, z) ;  

but, because of the singularity of v at x, we must apply Green's formula to 
the given u and v on the domain 

QE E: Q\B(x; E), 

for sufficiently small E > 0. We then obtain 

(43) = E ( x ,  w)u(w) dA(w) 
afi a V W  
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where ajar is the directional derivative in the radial directions emanating 
from x. 

Note that for all dimensions n 2 2, we have 

a* 
arw 

- -(x, w )  = d ' - " (x ,  w) /cn- , .  

Introduce geodesic spherical coordinates 

Y = 4(r, 5 )  = exp, r5, 

r 2 0, 5 E 6,, about x, as described in Section 111.1. As discussed there, the 
volume element dV is given by 

dF/(q(r, 5))  = J a r ;  5) dr ~ P X ( t ) %  

dA(dr9 5)) = J a r ;  5 )  dPX(5). 

where d p ,  is the standard (n - 1)-measure on 6,; and the (n - 1)- 
dimensional area element of S(x; r )  is given by 

The discussion there (cf. Sections 111.1 and XII.8), shows that 

One now easily lets E 1 0 in (43), and obtains (40). 
Note that if x, y E R, and we pick 

44 = G(Y, 4, w = G(x, 4 
and 

Qc = Q\{B(x; 4 u WY; 41, 
then the argument just given will yield the symmetry of G, namely, 

G(X,Y) = G(Yt x). 

Recall that the Dirichlet probJem for R is: given qn: r -+ R E Co, find 
u: fi -, R E Co(fi) n C2(Q) such that u is harmonic on R and u I r = cp. 
Then (42) says that once we have a Green's function G for R, and we know 
that u E C'(R), then we must have 

(45) 
aG 

u(x) = - -(x, w)cp(w)dA(w). s, 8% 

However, to verify that, given cp, the function u proposed by (45) is, indeed, 
the solution to the Dirichlet problem for boundary data cp, we require more 
delicate information of the boundary behavior of G .  (After all, given cp, there 
is no a priori way of predicting that u E C'(Q).) 
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What one requires is that given wo E 6 > 0, then 

ac 
lim -(x, w) = 0 

x+wo a V w  
(46) 

uniformly on 

rz(wo; 6 )  =: { w  E r : d(w, wo) > 6). 

Once one has this information (and we shall assume that we, indeed, have 
it) the argument that (45) supplies a solution to the Dirichlet problem, for 
boundary data cp, is as follows: 

First, we note that 

(47) 
ac 

1 = - -(x, w )  dA(w) I', a v  

for all x E R. Indeed, the argument given to derive (42), for u = 1, is 
perfectly rigorous. 

Second, we note that 

since G > 0 on R x R, and G 
Finally, set 

r t ( H  

Then, by (47), 

ac 
-(x, w )  I 0 a v  

R x r = o .  
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For the first integral we have, using (47) and (48), 

ac l J  --(x, w){cp(w) - cp(W0)) d 4 w )  
rl(wo;d) avw 

aG 
{ SUP IdW) - cp(W0)l) J- --(x, w )  dA(w) 

r l ( w o ; a  r l ( w o ; q  avw 

SUP 1444 - cp(W0)l. 
rlwo;a) 

One now uses (46), (47), and the continuity of cp at wo to obtain 

lim u(x) = cp(wo), 
x-wo 

which is the claim. 
Recall the problem of heat conduction considered in Theorem 6. We are 

given 12 with initial temperature distribution f E Co(R), and allow the heat 
to diffuse in R, subject to the condition that the temperature at the 
boundary be given by the function cp: r + R E Co, independent of time. The 
statement of Theorem 6, in virtue of (35) and (49, is equivalent to saying 

lim f i z  S, $(x, w, t - t)cp(w) d ~ ( w )  = w)cp(w) dA(w), 
t t f w  0 

where q is the Dirichlet heat kernel of 12. This suggests the formula 

(49) 

the validity of which we now investigate. 
Recall that c1, denotes the operator 

(50) 

let 8 denote the operator given by 

( Q , f ) ( X )  = ss,, q(x,y,  t ) f ( Y )  M Y ) ;  

Note that 

(52) (@l)(x) < +a, 

by (38), (39), and (44). Also note that for u E c'(12) n C'fR), satisfying 
u I I' = 0, (41) reads as 

(53) (SAU = -u. 
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Now for f E Co(@ we have 

that is, 

(54) 

on C0(n). Thus 

Q(Q, - I )  = 6A(JoTQf d t )  = -JOT Q, dt . 

By (52) and the uniformity of (33) on Q, we have 

Q = +5,” Q, dt 

on Co(a), and (49) follows. 
It is important to note that one also has 

(55)  A 6  = - I  

on C@)-a proof can be found in Duff [l, Sec. V.31. More generally, (55) 
is valid on bounded, locally Holder continuous functions on R-cf. 
Gilbarg-Trudinger [l, Sec. 4.21. Still more generally, (55 )  can be interpreted 
in the sense of acting on distributions-cf. Wermer [l, Sec. 43. 



C H A P T E R  V I I I  

The Heat Kernel 
for Noncompact Manifolds 

In this chapter we extend the theory of the Dirichlet heat kernel for regular 
domains to arbitrary noncompact manifolds, namely, given a noncompact 
Riemannian manifold M ,  one can exhaust M by a sequence of regular 
domains, thereby creating an increasing sequence of Dirichlet heat kernels, 
the limit of which is the minimal positive heat kernel of M (Section 2). 
While this construction is always valid, it is not necessary that this heat 
kernel be the only one on the manifold, and that it satisfy the conservation 
law (VI.9) (cf. Azencott [I, Sec. 71). The situation we consider here is when 
M is complete with Ricci curvature bounded from below. The key tools are 
maximum principles, and the extension of differential inequalities past the 
cut locus of a point in M-this last technique developed by Calabi [I]. The 
treatment here is that of Dodziuk [2]-almost word-for-word. Other 
constructions of the heat kernel, and uniqueness and conservation of heat 
considerations, can be found in Azencott [l], Cheeger-Yau [I], Karp [4], 
Karp-Li [l], Seeley [l], Vauthier [l], and Yau [4]. 

In Section 3 we then present the comparison theorems for the heat kernel, 
the first when all sectional curvatures are bounded from above, and the 
second when the Ricci curvatures are bounded from below. These theorems 
were first proved in Debiard-Gaveau-Mazet [ 13 as being valid inside the cut 
locus, and the second one was extended by Cheeger-Yau [l] past the cut 
locus. The arguments of Sections 1 and 2 yield an easy proof. (We note that 
Cheeger-Yau [ 11 also considers generalized Neumann boundary con- 
ditions, in which case the results are unavailable by the methods of this 
chapter, or by those of Debiard-Gaveau-Mazet [l] .) 

As the bound for the heat kernel of Section 3, when the Ricci curvature is 
bounded from below, is a lower bound, we then turn our attention to an 
upper bound for the heat kernel valid past the cut locus. This was first 
considered in Cheng-Li-Yau [l], and was then treated in Cheeger- 
Gromov-Taylor [I]. Our treatment follows the latter, and is based on the 
lectures of J .  Dodziuk to the seminar in differential geometry (Fall 1981) at 

I79 
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the Graduate School of the City University of New York. We note that 
these upper bounds do not directly require bounds on curvature; rather, 
they involve lower bounds on the isoperimetric constant of geodesic disks in 
the manifold. We use the upper bounds, in this form, in our discussion of 
manifolds with small handles (Chapter IX) where one has no a priori 
bounds on the curvature of the small handles. For general theorems, 
however, one can bound the isoperimetric constants below in terms of 
bounds on the curvature, which, in turn, supply upper bounds for the heat 
kernel in terms of bounds on the curvature. Compare Cheng-Li-Yau [1, 
Sec. 13 and Cheeger-Gromov-Taylor [ l ,  Sec. 41 (this last paper determin- 
ing the bounds in terms of lower bounds on the Ricci curvature). 

Recently, Li and Yau [4] have given upper bounds for the heat kernel 
depending directly on lower bounds for the Ricci curvature. Compare their 
paper for the details. 

1. THE MAXIMUM PRINCIPLE, AND 
UNIQUENESS THEOREMS, 
FOR THE HEAT OPERATOR 

We are given a fixed Riemannian manifold M with Laplacian A, and 
associated heat operator L = A - a/&. 

STRONG MAXIMUM PRINCIPLE. Let u be a bounded continuous 
function on M x [0, TI, which is C2 on M x (0, T), and which satisfies 

(1) Lu 2 0 

on M x (0, T). If there exists (xo, to) in M x (0, such that 

4 x 0 ,  to )  = SUP u, 
MXtO.TI 

then 

We refer the reader to Protter-Weinberger [l, Sec. 111.33 for a proof of 
the theorem when M is diffeomorphic to a domain in Euclidean space. A 
standard continuation argument then extends the theorem to arbitrary M. 

Of course, if one is given 

(2) Lu I 0, 

instead of (l), on M x (0, T), then one has a corresponding minimum 
principle. For solutions to the heat equation, both principles are valid. 
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Easy applications of the maximum principle are the following : 

THEOREM 1. If M is compact with heat kernel p ,  then p is strictly 
positive on M x M x (0, co). 

Similarly, if M is a regular domain with Dirichlet heat kernel q, then q is 
strictly positive on M x M x ( 0 , ~ ) .  

More generally, if R is a regular domain in M, q is the Dirichlet heat 
kernel of Q, and p is the heat kernel (resp., Dirichlet heat kernel) of M, for 
M compact (resp., for M a regular domain) then 

(3) o < q < P  

on x Ci x (0,co). 
In particular, for a regular domain R, 

(4) 

for all t > 0. 

We now wish to consider existence and uniqueness theorems for the heat 
kernel on arbitrary noncompact M .  The uniqueness results require only a 
weaker form of the maximum principle. 

DEFINITION 1. Let u: M x (a, j?) + R E Cq and p be a real number. 
We say that u satisjies the weak diflerential inequality. 

Lu >. p 

at (x, t )  E M x (E, f l )  if for every E > 0 there exists a neighborhood 
V = V,(x, t), of (x, t), in M x (a, j?), and a function u,: V + R E Co which is 
C2 in the space variable, and C1 in the time variable, such that 

min(u - u,) = (u - u,)(x, t), 
V 

and 

We say 

if 

( L U J X ,  t )  2 p - E. 

Lu < p 
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PROPOSITION 1. If u E Co(M x (a, /I)), and u is C2 in the space 
variable, and C' in the time variable, then for any x E M, p E R, we have 

(Lu)(x)  2 P 

Lu > p 

if and only if 

at x. 

For the proof, see the proof of Proposition 2, below, which is basically 
the same argument. 

THEOREM 2. Let R be a relatively compact domain in M, 
u: fi x [a, 83 -, 08 E C9 such that 

Lu > 0 

on all of R x (a, 8). Then 

sup u = SUP U. 
Cix"II.@] ( f ix(a))u(anx[a,@1) 

PROOF: Given any 6 > 0, z > 0, set 

vd = u - 6(t - a), 

AT = a x [a, /I - z], A: = (a x { a } )  u (an x [a, /I - z]). 

We will show that 

sup v* = sup vd 
& A: 

for all 6,  z. The desired result will then follow easily. 
To prove (5 )  first note that 

LV* > 6 > 0 

on M. 
Now assume there exists (x ,  t )  E R x (a, fl  - z) for which 

v6(x, t )  = max v 4  

Consider, at (x, t), the function u ~ , ~ ,  defined on a neighborhood of (x ,  t),  
whose existence is postulated in Definition 1, for p = 0, E = 6/2.  Then 

A. 

(6) (Lu,,,)(x, t )  2 6/2 > 0; 
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furthermore, 

v6 - U6/2 2 (v6 - %/2)(X, 0 

%/2(X, t )  2 %/2 + v (x, t )  - u6 2 %/2, 

(J546/2)(X7 t )  5 0 

on the neighborhood in question. Therefore, 
6 

since v6 has its local maximum at (x, t). Thus 

in contradiction to (6). So u6 can have no maximum in i2 x (a, /? - z); and 
( 5 )  is proven. 

We now consider, on M, the initial-value problem for the heat equation, 
that is, given rp: A4 + R E Co, we seek a function u: M x [O,oo) + R E Co 
which is C2 in the space variable, C' in the time variable, satisfies the heat 
equation, and satisfies 

u l M  x {0}  = cp. 

THEOREM 3 (Dodziuk [2]). If M is complete, with Ricci curvature 
bounded from below, then bounded solutions to the initial-value problem 
are uniquely determined by their initial data. 

To prove the theorem, we require a differential inequality, which is not 
only valid within the cut locus of a given point, but extends past the cut 
locus. 

Recall, from Section 111.1, the construction of geodesic spherical coor- 
dinates on the domain D,, about a given x E M. The cut locus o f  x is the 
boundary of D, . 

LEMMA 1. Assume the Ricci curvature o f  M is bounded below by 
(n - l ) ~ ,  n = dim M. Let $: (0,oo) + R E C2, and for fixed x E M, set 

(7) f(Yf = $(&X,Y)). 

(8) 

on D,\{x). 

If $' is nonnegative on (0, a), then 

Af I {$" + (n - l)(CK/SK)$'} 0 4x9 

PROOF: The inequality is a direct consequence of the Bishop comparison 
theorem (11) (cf. Section 111.3). 
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DEFINITION 2. Let u: M + R E Co, x E M, and p a real number. We 
say that u satisjies the weak diferential inequality 

Au > p 

at x E M ,  if, for every E > 0, there exists a neighborhood V = V,(x) of x, and 
a function u,: V + R E Cz such that 

min(u - u,) = (u - u,)(x), 
V 

and 

We say that 

if 

(Au,)(x) 2 P - E .  

Au 4 P 

A(-U) > - P .  

PROPOSITION 2. If u E C2(M),  then at x E M we have 

(AU)(X) 2 P 

if and only if 

Au > P 

at x. 

PROOF: If (Au)(x) 2 p, then for any E > 0, pick V,  = M ,  u, = u. One 

Now assume Au > p at x. Given E > 0, one picks u, so that u - u, has a 
easily has Au > p at x. 

minimum at x, and 

(Au,)(x) L p - E .  

But since u - u, has a minimum at x, we have 

(A(u - u,))(x) 2 0. 

Therefore, at x, we have 

AU = Au, + A(u - u,) 2 Au, 2 p - E .  

Since E > 0 is arbitrary, the claim follows. 
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LEMMA 2 (Calabi [l]). Given the assumptions of Lemma 1, and the 
assumption that 

(9) s, 0 d(x ,  ) > 0 

(10) Af {$“ + (n  - l)(CK/SK)+} 0 4 x 7  ) 

on all of M\{x}, we have 

on all of M\{x}. 

PROOF: Of course, we need only consider y E M\D,, that is, y is in the 
cut locus of x. 

For y E M\D,, let 6 E (0, d(x, y)), and let y: [0, d(x ,  y ) ]  + M ,  ly’l = 1, be a 
geodesic from x to y ,  that is, y(0) = x, y(d(x,y))  = y. Set x, = y(S), 
fa = t,b o d(x,, ). Then y E D,,, and 

Af, 5 {V + (n  - l)(G/SK)$’I 0 d(x, ,  1, 
by Lemma 1.  

maximum (since $’ 2 0). In general, the triangle inequality implies 
Now f - f, achieves a maximum when d(x, ) - d(x,, ) achieves a 

4x9 1 - 4x6, 1 I 6, 

d ( x , y )  - d(x, ,y)  = 6. 

but 

Given E > 0, there certainly exists 6 > 0 such that 

Af, I {$” + (n  - l)(CK/SK)$’} 0 d(x,  ) + E .  

Then this f, satisfies the requirements of Definition 2 to imply (10). 

Remark I :  Note that S,(d(x,y)) = 0 if and only if IC > 0 and 
d(x ,y )  = ./A. By the Bonnet-Myers theorem (Section 111.3), M is com- 
pact, and, by the generalized Toponogov theorem (Section 111.4), M is 
isometric to the standard n-sphere of radius n/&. But for M compact, we 
already have the desired uniqueness theorem (cf. Section VI. l  or Theorem 1 
of this chapter). 

PROOF OF THEOREM 3: We fix a function $: (0,m) + E c’, for which 
$’ 2 0 on all of (0, m), and 

$l(O,$) = 0, $l[l,co) = id. 
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Let f: M --f R be given by (7), for a fixed x E M. Then by Lemma 2, and the 
fact that f vanishes on a neighborhood of x, we have the existence of a 
constant 6 for which 

Af < S  
on all of M. 

M x (0, oo), fix T > 0, let 
For u: M x [O,oo) -, R E  Co a solution of the heat equation on 

No = S U P I U (  9 O)l, N = SUP IuI, 
M M X [ O , T )  

and define u by 

u = u - No - ( N / R ) ( f  + St), 

where R is a positive constant. 
Restrict u to B(x; R) x [0, TI .  One immediately has 

LU = (N/R) (6  - Af) > 0 
and 

v I(B(x; R 1 x (01) u (W; R )  x [O, T ) )  I 0, 

which implies, by Theorem 2, that 

u I B(x; R ) x [O, TI I 0, 
that is, 

u I No + ( N / R ) ( f  + 6 t )  

on B(x; R ) x [O, T). Thus 

u I No = suplu( , 0)l 
M 

on all of M x [0, T), for all T > 0. Since u satisfies the heat equation, we 
may apply the foregoing argument to -ti. We obtain 

I4 SUPlU( Y 011 
M 

on all of M x [0, 00) (in particular, N = No for every T > 0). 

COROLLARY 1. If for R > 0, we set 

then 
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2. THE HEAT KERNEL 
FOR NONCOMPACT MANIFOLDS 

We now turn to existence questions, but first we require 

LEMMA 3. Let M be an arbitrary Riemmanian manifold, and 
uI: M x (a, /?) + [w E C", 1 = 1,2,. . ., such that ul is a nondecreasing se- 
quence of solutions to the heat equation on M x (a, /?), satisfying 

for all 1 = 1,2, . . ., t E (a, p), where the constant is independent of 1 and t .  
Then the sequence u, converges to a C" solution u to the heat equation on 
M x (c1,/3). All derivatives, of all orders, of ul converge to those of u. All 
convergence, referred to above, is uniform on compact subsets of M. 

PROOF: Let R be a regular domain in M, with boundary r, and Dirichlet 
heat kernel qn; let [tl, t ]  c (a, B), t ,  < t. Fix h E C:(Q) such that h = 1 on 
some V G R. Then for x E V and any solution u of the heat equation on 
a #  .. I n\ ...- I . - -  . I... -.-I 1 7 -  --:--:-I- ITT\ A L - L  :- r x r i i  qc\ 

One obtains the second equality via Green’s formula; and the third equality 
is a consequence of h I V = 1 .  
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Thus v ( x ,  t) is expressed as integrals, over supph and {supph}\V, re- 
spectively, against C" kernels. Space differentiations of u may be carried out 
by differentiating the kernels under the integral sign. The result is that 
locally uniform upper bounds of IuI, and its space derivatives, may be 
expressed as constant multipliers of the L'-norm of u on R. The time 
derivatives are estimated via Au = au/at .  

We now consider the nondecreasing sequence u1 of solutions to the heat 
equation satisfying (12). Both (u,}, (grad uJ are locally uniformly bounded, 
from which one concludes that uI converge to a continuous function u. By 
Dini's theorem, the convergence is uniform on compacta. By using the 
above integral expression for u = u l ,  I = 1,2, .  . ., one obtains the locally 
uniform convergence of derivatives of ul ,  the existence of the corresponding 
derivatives of u, and the locally uniform convergence of derivatives of ul to 
those of u. This proves the lemma, 

We are now given a noncompact Riemannian manifold M. It need not be 
complete. To construct a fundamental solution of the heat equation on M, 
pick an exhaustion Q,, R,, . . ., of M by regular domains, namely, 

- 
Qj c Qj+l 

for all j = 1,2, . . ., and 
m u Rj = M .  

For each j = 1,2, . . ., let qj be the Dirichlet heat kernel of Qj; we think of qj 
as defined on all of M x M x (0, co), vanishing identically whenever at least 
one of the space variables is in M\Qj. By (3), the sequence {qj}  is an 
increasing sequence, so we may define 

p = lim qj .  

j =  1 

j -  m 

THEOREM 4. The limit p is finite everywhere on M x M x (0, co), and 
is a strictly positive C" function on M x M x (0, a). Also p is symmetric in 
the space variables, and satisfies 

( L P ) ( X , Y ,  t )  = 0 

on M x M x (0,m). For all t, s > 0 we have 
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on M x M. More generally, 

(14) P = SUP qn, 
R 

where R ranges over regular domains in M, and qn denotes the Dirichlet 
heat kernel of R. 

Finally, p is a fundamental solution to the heat equation on M; in fact, it 
is the minimal positive fundamental solution. If M is complete, with Ricci 
curvature bounded from below, then p is the unique heat kernel on M. In 
this last case, p is the unique continuous function on M x M x ( 0 , ~ )  for 
which 

always gives a solution to the initial value problem for the heat equation on 
M, with initial values cp, where cp is a bounded continuous on M. 

PROOF: By (4), Lemma 3, and the symmetry of qj ,  we have that for every 
y E M, the sequence of functions ul(x, t) = ql(x,y, t) converge locally uni- 
formly, with derivatives, to a solution of the heat equation. So p is finite; it 
is positive since p 2 qj ,  and qj > 0 on Rj, for allj; and p is a solution of the 
heat equation in (x, t), for every fixed y E M. The same argument also yields 
the symmetry of p in the space variables. 

Equation (13) is a consequence of (VII.29) via Lebesgue’s monotone 
convergence theorem; and (14) is obvious. 

To show that p E Cm(M x M(0, a)) we consider the “heat operator” 
on (M x M) x ( 0 , ~ )  given by 

L = A~ + A,, - 2aIat. 

Eqj = 0, 

We have for every j, 

and 

q j x ,  Y, t )  dl/(x) W Y )  v(Q) 
O < J L  

for all j ,  and regular domains R in M. Then Lemma 3 implies that 
p E Cm(M x M x (0, m)). 

Next we note that (4) implies 
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for all (x, t) E M x (0,oo). Therefore, given a continuous bounded function 
cp on M, the function u, given by (15), is well defined and continuous on 
M x (0, a). To show that u satisfies the heat equation, it suffices (since cp is 
bounded) to consider the case where cp is nonnegative. In this case, u is the 
increasing limit of solutions to the heat equation, given by 

qjx, Y ,  t )  cp(Y) d V(Y), 

with 

for every bounded domain R in M. One now uses Lemma 3. 
It remains to consider the behavior of p as c 1 0. From (16) we have 

lim sup p(x,y, t )  dV(y) I 1 
110 I 

for all x E M. Next, we have for any open set U in M, and any regular 
domain, Q, with compact closure in U ,  

i, qn(x7 Y ,  t )  W Y )  5 1 A x ,  Y ,  t )  W Y )  
U 

for all (x, t) E M x (0, oo), from which one has 

lim inf p ( x , y ,  t )  dV(y)  2 1, 
110 s, 

for all x E M, U open in M. Thus 

for all x E M, U open in M. But one now easily concludes that for bounded, 
measurable cp, and u given by (15), that 

lim u(x, t) = cp(x) 
110 

when cp is continuous at x. 
Therefore, p is a fundamental solution of the heat equation on M ,  and via 

(15), is the heat kernel for the initial value problem with bounded initial 
data. That p is the minimal positive fundamental solution, follows from (14), 
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and the fact that for any fundamental solution P on M ,  and regular domain 
0 in M, we have 

qn I P. 

The uniqueness of p, when M is complete with Ricci curvature bounded 
below, follows directly from Theorem 3. 

THEOREM 5. Let M be complete, with Ricci curvature bounded from 
below. Then 

for all t > 0. If cp E CF(M),  and u is given by (15), then 

(19) 

for all t > 0 (GaEney [l]). 

s, 4x9 t )  d W )  = s, cp(4 d W )  

If cp is continuous, bounded, and 

lim cp(x) = 0, 
X +  m 

then, for u given by (15), we have 

lim u(x, t) = 0 
x+ m 

for all t > 0 (Yau [4]). 

PROOF: Equation (18) is the direct consequence of Theorem 3, (15), and 

It remains to consider the last claim. Given E > 0 there exists a compact 
(17). Equation (19) is a consequence of (18) via Fubini's theorem. 

set K = K,, in M, such that 

I d  1 M\K < E .  

For x E M\K, let R = d(x ,  K ) ,  f the function in Theorem 3, centered at x 
(even though the function +, there, is independent of M, the function f 
depends on the choice of x). Then by Corollary 1, 

~u(x ,  t)l I E + NoGt/d(x, K ) .  

One now easily has the desired result. 
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3. COMPARISON THEOREMS 
FOR HEAT KERNELS 

We start by recalling from Section 11.1 that if M is a Riemannian 
manifold, and 0: M + M is an isometry of M ,  then for any function 
f: M -+ R E C’, and induced action of @ on f, given by 

(a*$) = f O @, 

we have 

@*(A$) = A(@*$), 

Now let M, be the n-dimensional simply connected space form of 
constant sectional curvature K, fix x E M, , and introduce geodesic spherical 
coordinates, about x, given by 

Y ( 4  0 = exp tr, 

where 0 I t < n / f i  (we write n / f i  for + m  when K I 0), 5 E G,. Fix 

6 E (0, and let q, denote the Dirichlet heat kernel of B,(x; 6). 
If @: M, -+ M, is an isometry of M, for which 

= x, 

then one can easily verify that 

q K ( X 9  Y,  = q K ( x 3  @((Y), t)‘ 

Since the action of isometries of M, which leave x fixed, is transitive on G,, 
we obtain the existence of a function 8,: [0,6) x (0, m) + R for which 

q K f X ,  Y ,  t ,  = 8 K ( d ( x ,  Y) ,  t ) .  

LEMMA 4. Write 8, = &,(r, t). Then 

(20) agK/ar < o 
for r, t > 0. 

PROOF: For sufficiently small E > 0, 0 -= r, t c E, we have, by Sections 3 
and 4 of Chapter VI, 

- r2/41 

‘K(r, ‘1 ~ {a,W + M ) t } ,  
(47442 



J S  J J G ,  

We note that the first equality requires an argument modeled on that 01 
Lemma 1.1 in Cheeger-Yau [l]; that Green’s formula may be applied in 
the fifth equality, since G, is an, at most countable, union of open geodesic 
annuli. The last equality results from the fact that a Q p r  vanishes on aG,, 
for each T E (0, t ) .  Indeed, since Q > 0 on B,(x; 6)  x (0, t), and Q = 0 on 
S,(x; 6) x (0, t), it is impossible that c intersect S,(x; 6) x (0, t ) .  
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So for 0 < s < t ,  we have 

Since G is bounded away from ( x ,  0), we have, by letting s 1 0, 

-a contradiction, unless G is empty. 
Therefore a&,/ar s 0 on all of [0, 61 x ( 0 , ~ ) .  But U = a&,/ar is a 

solution of 

c,au (n - 1) au 
~ + (n  - 1)-- - ~ u = -  a2u 

ar2 S, dr s,z at  

on (0,6) x (0, w). The maximum principle (Protter-Weinberger [l, pp. 
173-1751), on which the strong maximum principle of Section 1 is based, 
states that if U is nonconstant, then U has no maximum on (0,6) x (0, a). 
We therefore have a&,/ar < 0 on (0,6) x (0,~). 

Finally, we have (adr,/dr)(d, t )  < 0 by the strong maximum principle 
(Protter-Weinberger [1, pp. 173-1751) applied to 

a%, c, a&, a&, =-g + (n - 1)-- = - s, ar a t  ’ 

with &,(6, t )  = 0.  The lemma is now proven. 

We now consider an arbitrary noncompact Riemannian manifold M, 
x E M ,  and 6 > 0, such that B(x; 6) is in the domain of the exponential 
map. In particular, B(x; 6) is relatively compact in M. We let q be the heat 
kernel of B(x; 6), and Q(y,  t )  be given by (21)-except that, now, Q is  dejned 
on B(x; 6 )  x (0, a), and not on B,(x; 6) x ( 0 , ~ ) .  

Note that 

where & is given by Definition 111.6, and 8, satisfies (23). 

THEOREM 6 (Debiard-Gaveau-Mazet [ 11; Cheeger-Yau [ 11. If 

(25) B(x;6)  E D,, 
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that is, B(x;6) is contained inside the cut locus of x, and all the sectional 
curvatures of B(x; 6) are SIC,  then 

(26) dx,  Y ,  t )  I Q(Y,  t )  

( Y o ,  t o )  E B(x; 6) x (0, a) 

for all (y, t) E B(x; 6) x (0, co), with equality at some 

if and only if B(x; 6) is isometric to the geodesic disk, of radius 6, in M,. 

are >(n - l ) ~ ,  where n = dim M ,  then 
If, on the other hand, we are given that all the Ricci curvatures of B(x; 6) 

(27) &Y, t )  2 Q(Y, t )  

for all 01, r) E B(x; 6) x (O,co) ,  with equality at some (yo, to) E B(x; 6) 
x (0,co) if and only if B(x; 6) is isometric to the geodesic disk, of radius 6, 
in M,. In this second case, where the Ricci curvatures of B(x;6) are 
bounded from below, we do not require assumption (25). 

PROOF: We first assume that 6 is picked sufficiently small so that (25) is 

If all the sectional curvatures of B(x; 6) are IK, then the Bishop com- 
valid. 

parison theorem (I) (cf. Section 111.2) implies 

and 

(29) 

The strong maximum principle now implies inequality (26), and the charac- 
terization of equality in (26). 

If, on the other hand, all the Ricci curvatures on B(x;6) are bounded 
below by (n - l ) ~ ,  then 

(30) UQ - d x ,  , 1) 2 0, 

with (29). The strong maximum principle will then imply (27), with the 
characterization of equality in (27). 

{ Q  - d x ,  , )I I(&; 6) x (01) u (S(X; 6 )  x (0, a)) = 0. 
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If we are not given that (25) is valid, then, when all Ricci curvatures of 
B(x; 6) are bounded below by (n - l ) ~ ,  the earlier arguments of Lemma 2 
imply that (30) can be replaced by 

(31) L(Q - dx, )) > 0. 

By (29), and Theorem 2, we have (27). 
The case of equality in (27), without assumption (25), requires a stronger 

version of Theorem 2. One can construct this stronger version by using 
Theorem 5 of Protter-Weinberger [l, Section 111.31. 

An immediate application of Theorem 6 is 

THEOREM 7. Let M be complete with Ricci curvature bounded below 
by (n - l ) ~ ,  n = dim M, on all of M, and let p ,  the heat kernel of MIK be 
given by 

for 5, - y E M K ,  where d ,  denotes distance in M, and 

Then 

(32) 

p,(&, y3 ') = EK(d,(&9 y), '1 

E,: [0, n/&] x (0, co) -+ 03. 

P ( X ,  Y, t )  2 E,(d(x, Y) ,  t )  

for all (x, y, t )  E M x M x (0,oo). 
Note that to give an upper bound of p ,  one will require that the injectivity 

radius of M be n/&-even then, the upper bound, when K > 0, is only 
valid in B(x; z / f i ) .  

4. UPPER BOUNDS FOR THE HEAT 
KERNEL 

We now discuss an upper bound for the heat kernel that will be valid 
past the cut locus. M is still a noncompact Riemannian manifold. The 
starting point of this discussion is the following result of Moser [l, pp. 115- 
117): 

LEMMA 5. Let u be a nonnegative solution of the heat equation on 
M x [O, a). There exists a constant, depending only on n = dim M ,  such 
that for all r > 0, for which B(x; r)  is in the domain of expx, we have 

u(x, T )  I const{T-("'2+1) + r-("+2))1/2. (3(B(x; I ) ) ) - ~ ~ ~ I I ~ I I ~ ( ~ ; ~ ) ~ ( o , T ~ ,  
(33) 
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where 3(B(x; r)) is the isoperimetric constant of B(x; r) (cf. Definition IV.3; 
recall that, by Theorem IV.4, 3(B(x;r)) is equal to the Sobolev constant 
e(B(x; I ) ) ) ,  and I I u I I ~ ( ~ ; ~ ) ~ [ ~ , ~ ]  is the L'-norm of u over the manifold 
B(x; I )  x [0, TI, endowed with the natural product metric. 

We shall first discuss the applications of Lemma 5, and then its proof. 
For convenience we shall henceforth write 

U 2 k  t )  I P(X, Y ,  t )  cp2(Y) d V Y )  J, 
by the Cauchy-Schwarz inequality (applied to  the measure Ax, , r )dK 
using (16)). Thus 

(35) I14 1 9 1 1  llcpll 

which implies by (33), 

(36) 

If we think of u(x, t) as 

u(x, T) I const. f i{ T-("/'+ ') + r-("+') I ' I 2  3- '"(x; r)llcpll. 

4x9 t )  = ( P b ,  9 t), cp>, 

then (36) reads as 

(p(x, , T),  q )  5 const. (T -@ + Tr-(n+2)  I 'I2 3- '%; 4IIcpllt 
which implies 

IIp(x, , T)(IB(y;r) I const. {T-"/' + Tr-("+2)}1/23-1/2(x; I ) .  

Therefore 

IIp(x, , T)IIB(y;r)x[T/2,Tl 5 const. f l { T - " / '  + Tr-("+2)}1/23-1/2(x; r ) .  

(37) 

Finally, set, for fixed x, 

u(z, t )  = p(x, z, t + T/2). 
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Then, applying (33) to u, and using (37), we obtain 

THEOREM 8. For all x, y E M, and r > 0, for which B(x; I )  and B(y; r) 
are in the image of exp, and exp,, respectively, we have the estimate 

(38) p(x ,y ,  t) 5 const - {t-"!' + t r - ("+' ) } (3(x;  r ) 3 ( y ;  r))-'/', 

the constant depending only on n = dim M. 

We now give an improved estimate under the assumption that M is 
complete, and that x, y, r satisfy 

(39) d ( x , y )  > 2r. 

THEOREM 9. If M is complete and x, y, r satisfy (39), then 

1/2 - (d-  2r)2/4r (40) p(x,y,  t) _< const. {t-"/' + tr-("+') 1 4 3 ( y ;  r)) - e 3 

where d = d(x,  y). 

Surprisingly enough, the proof that we sketch is based on a fundamental 
contrast between the heat and wave equations, namely, the speed of 
propagation of the initial data. From (15), and the strict positivity of the 
heat kernel p on M x M x (O,oo), one has that the speed of the prop- 
agation of the initial data is infinite-in sharp contrast to physical 
understanding of heat diffusion via molecular collisions. Of course, the 
point of (40) is that, as in Euclidean space, the efects of the propagation are 
exceptionally small, for short times and across large distances. 

On the other hand, light travels at finite speed, in fact, solutions to the 
wave equation 

(41) AD = a2v/at2 

propagate their initial data at unit speed. 

PROPOSITION 3. Given cp E Cz(M),  let K be the support of 9, and 
u(x, t) the solution of the wave equation (41) satisfying the initial conditions 

$0) = cp, (a,u)( ,o) = 0. 

Then 

(42) supp v( , t )  E {x E M : d(x ,  K) I t} ,  
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and 

for all t .  The solution u always determines a solution u of the heat equation, 
with initial data rp, via 

Once one has this proposition, the proof of Theorem 4 is the same as the 
derivation of Theorem 8 from Lemma 5, except that, for x ,y  satisfying (39), 
one only allows cp to vary over CF(B(y; r ) ) .  Then (46), applied to M\B(y; r), 
will imply 

(d- 2+/4Z (47) Ilu( Y t)llFqX:,) I const. IlPlle- 

One now uses (47) instead of (35). 

PROOF OF PROPOSITION 3: Certainly, to prove (42), it suffices to show 
that if 

(49) u(x,p)  = 0. 

Assume rp satisfies (48) for some given p > 0. Set 

Q = UY, t )  : 4 x 9  Y )  5 p - t>, 

R, = R n ( M  x { t } ) ,  

for t E [0, p], and 
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where the gradient (henceforth) is with respect to the space variable only. 
Then 

E'(t) = JJn, {(grad a, u, grad u )  + a:ud, u )  dV 

and 

a , ~ @ u / a v )  _< ld,uI Jgrad u( I +{]grad uI2 + l8,~1~}. 

Thus E'(t) I 0 for all t > 0, and (49) follows. 
To prove (45), let R be a regular domain in M with 

K c R, d(K,M\O) > t 

for a given t. Then u( , t) E Cz(R). Let {qly q2¶.  . .} be a complete ortho- 
normal basis of L2(R), consisting of Dirichlet eigenfunctions of R, so indexed 
that Lj, the eigenvalue of q, is nondecreasing with respect to j. One easily 
verifies that for each I = 1,2,3, . . . , drp has the Sturm-Liouville expansion 

which implies 

(50) aj = O(A,:') 

asj -P co, for all i = 1,2, . . . . It is standard that v(x, t )  has the expansion 

and (45) follows by Parseval's theorem. 
To study u(x, t )  given by (44), one requires an argument most neatly 

presented via spectral theory (and we shall omit it here, but compare 
Rauch-Taylor [l] and Kannai [l]) that the formal calculations of Lu, the 
heat operator applied to u, is legitimately carried out under the integral 
sign. The key is that 

e(s, t )  =: e-s2/4f/JG 



4. Upper Bounds for the Heat Kernel 20 1 

is the heat kernel of R', with s playing the role of the space variable (cf. 
Hersh [l]). It is rather easy to establish that 

4x3 t )  + d x )  

as t 1 0. And to prove (49, one simply has 

u2(x, t )  dV(x) = JM dV(x){Jym e(s, t)u(x, s)  ds  

5 s, d W )  /-wm e(s, t)V2(X, s) ds 

W 

To obtain (4.6), we have 

J r - p  

The third line uses (42), and the fact that u is even with respect to s; and 
the last inequality is an easy argument. This concludes the discussion of the 
proposition. 

THEOREM 10 (Varadhan [l]). If M is a complete Riemannian mani- 
fold, with Ricci curvature bounded from below, then 

lim -(4t) In p(x, y ,  t) = d2(x, y ) .  
110 

PROOF: From (40) we have 

lim inf -(4t) In p(x, y ,  t )  2 {d (x ,  y )  - 2r)' 
? l o  
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for all sufficiently small r > 0. Therefore 

lim inf-(4t) In p(x, y, t )  2 d2(x, y). 
110 

On the other hand, if (n - 1 ) ~  is the lower bound of the Ricci curvatures, 
with n = dim M, then (32) implies 

lim sup -(4t) In p(x, y, t )  I lim sup -(4t) In E,(d(x, Y), 0 
110 t1o 

= d2(x,y) 

-this last equality being explicitly verifiable (cf. Section VI.3). 

We note that to use (38), (40) geometrically, one has to bound 3(x;r), 
from below, in terms of the geometry of the manifold. By Theorem V.5, it 
suffices to bound, from below, Croke's constant o(B(x; I ) ) .  In Cheeger- 
Gromov-Taylor [l, Sec. 41 it is shown that knowledge of the volume of one 
geodesic disk, and a lower bound for the Ricci curvature, suffices to 
determine a lower bound (for "medium size" values of r), for w(B(x;r)). 
Compare their discussion for this and other interesting results. Also, 
compare Cheng-Li-Yau [l, Sec. 11. 

We now discuss the 

PROOF OF LEMMA 5 :  We consider the case n > 2. Also we will find it 
convenient to think of the time variable as varying in [- T, 01, and set 

Rp,r = B(x; P )  x C-z, 01 

for 0 < p < r, 0 < z < T. Also, we set 

3 = 3(x;r) 

for the rest of the argument. The main estimate is: for any w E Cm(Rp,3 
satisfying 

w 2 0 ,  L w 2 0 ,  
we have 

(51) 

for all p' E (0, p), z' E (0, z), where c(n) always denotes some constant de- 
pending only on n, and c1, for the rest of the discussion, is given by 

J w2"dVdt  I c ( n ) 3 - 2 / " { ( p  - p'1-2 + (z - z')-1}~11wll~;,~ 
RP',X' 

a = 1 + 2/n. 
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For the moment, assume the validity of this last claim. We show how it 
implies the lemma. Fix p, T ,  and set 

pp = (3 + 2-qp,  TC = (+ + 2 - 3 q  

R r  = R P r . T , ¶  

for p = 1,2, . . . . Then, employing the notation of Section IV.4, and using 
the fact that for any j > 2, we also have Lws 2 0, we obtain, via (51), 

which, in turns, implies 

which is the claim of the lemma. 

We therefore wish to prove the estimate (51). To this end, fix, for the 
moment z1 > z2 > 0, and set 

R = B(x0;p) x [ - T ~ , - T J .  

Consider cp E Cm(R) such that cp is nonnegative, and vanishes on 
S(xo; p)  x [-T,, - z2 ] .  Then w 2 0, Lw 2 0 imply, by Green’s formula, 

JJR {cpa, w + (grad cp, grad w)} d V d t  I 0. 

If, in addition, cp is of the form 

we then obtain 

//R{$2walw + $21grad wJ2}dVdt 

$w(grad $, grad w) dV dt 
-2 SS, 

I [IR {;t,h2 lgrad wI2 + 2w2 lgrad $ I 2 }  dV dt. 
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Thus 

which implies 

where c is some universal constant. 
Now pick $: B(xo; p)  x [-T, 01 -, R to be 

where i,bz are given in Fig. 2 (p. 206). 
Let z0 2 0 have the property that 

for all t E [-T, 01. Since $ 1  B(xo; p) x {-z} = 0, we have, by (52) for T, = T, 

z2 = T o ,  

that is, 

for all t E [1-~.0]. 
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Again, because t,b 1 B(x,; p)  x { -z} = 0, we have, using (52) for z1 = z, 
z2 = 0, 

(54) JJ Igrad(t,bw)lZ d V d t  I c((p - + (z - z')-'} I l w l I ~ ~ , ~ .  
R P J  

Recall that n > 2. Then by Theorem IV.7 we have 

DCLfI 2 c(n)3-2'nIIfII:n/(n-2) 

for all f E C z (  B(x; I)) ,  which implies, by Holder's inequality, 

(55 )  

for w E C:(B(~; r)). 
From (53) and (55) we have, for all t ,  

J W2"dV 
WO;P') x ( t )  
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and, using (54), we obtain 



C H A P T E R  I X  

Topological Perturbations 
with Negligible Effect 

In this chapter, we fix a Riemannian manifold M, with heat kernel p(x, y, t). 
If M is compact, then p is the heat kernel constructed in Chapter VI; if M is 
a regular domain, then p is the Dirichlet heat kernel of M (constructed in 
Chapter VII); and if M is arbitrary noncompact, then p is the heat kernel 
constructed in Chapter VIII. (One also has results corresponding to those 
below, when M is a regular domain with Neumann heat kernel p.) 

Our purpose in this chapter is to exhibit topological perturbations of M, 
supported on a compact subset of M, which have only negligible effect on 
the heat diffusion on, and the spectrum of, M. The precise meaning of 
“negligibility” is the content of the theorems stated below. The problems to 
be considered are as follows: 

Fix a compact submanifold A? of M; let B, be the tubular neighborhood 
of M, in M, of radius E > 0, that is, 

BE = {X E M : d ( x , A ? )  < E } ;  

and, finally, set 

R, = M\B,, r, = m, = as,. 

Assume that R, is connected and has minimal positive heat kernel 4.. If 
M is compact, or a regular domain, then qe is the Dirichlet heat kernel of 
0,. We always think of q, as defined on all of M ,  vanishing whenever, at 
least, one of the space variables is in BE. 

Our first interest will be in the validity of the limit 

If M is compact with eigenvalues 

(0 = I ,  < I, I I, 5 . . .}, 
207 
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and R, has Dirichlet eigenvalues 

then we are also interested in the validity of 

for all j = 1,2, . . . . (In both of the above lists of eigenvalues, the eigenvalues 
are listed according to their multiplicity.) Our basic result is that if 

p =: dim M - dim M, 

the codimension of M in M, is greater than or equal to 2, then the above 
limits (l), (2) are valid. Compare Theorems 1 and 2 below. 

Our second interest is: assume M consists of 2 distinct points xl, x2. For 
sufficiently small E > 0, we replace Be by a Riemannian manifold C,, which 
is diffeomorphic to (- 1,l) x S”-’, where n = dim M, in such a fashion that 
SZ, is isometrically imbedded in the new manifold 

Me =: R, u & u c,, 
and that M, will be a C” Riemannian manifold. 

Let p ,  denote the heat kernel associated to the Laplace-Beltrami oper- 
ator, acting on functions, on M,; and when M, is compact, let the 
eigenvalues of M, be given by 

(0 = Go(&) < q ( E )  I GZ(E) I . . .}, 
with eigenvalues repeated according to their multiplicity. Then we seek 
conditions on the choice of Riemannian metrics on C, which-will guarantee 

(3) lim pe = p 
E l 0  

on Wfi, and, for compact M, 

for all j = 0, 1,2, . . . . Our basic result will be that a sufficient condition, in 
addition to the codimension of fi in M being greater than or equal to 2, for 
the validity of (3) and (4), is that the isoperimetric constant of C, (cf. 
Definition IV.3) be bounded away from 0 as 10. We then show how to 
construct examples satisfying the sufficient condition. 

The results for (1) and (2) were first carried out, for domains in euclidean 
space, by Rauch-Taylor [2], J. Rauch [l], and then, for manifolds, by 
Chavel-Feldman [4]. The methods of this last paper are presented in 
Section 3. The “crushed-ice’’ arguments of Section 4 are from Rauch-Taylor 
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[2], J. Rauch [l], whose interest in the problem was inspired by Kac 
[ 1, 21 (compare, also, Papanicolaou-Varadhan [ 11). Subsequently, (2) was 
treated in greater detail by Ozawa [l-31 (cf. further references in the 
bibliography of these papers), using variation of Green's functions as 
developed in ScWer-Spencer [ 11. This approach has been considered 
earlier in Swanson [ 11. 

The results for (3) and (4) were first derived in Chavel-Feldman [6,7], 
and extended and improved in Chavel-Feldman [a]. In Sections 1 and 2, 
we follow this last paper-however, we give a more elementary proof of 
Theorem 3 than the one given in Chavel-Feldman [S]. A protoversion of 
(4) was considered in Swanson [2] from the Schiffer-Spencer viewpoint. 

1. STATEMENT AND DISCUSSION 
OF THE RESULTS 

THEOREM 1. Let M, M, p ,  qE,  p be as above. If 

(5 )  P 2 2, 

then (1) is valid uniformly for x , y  bounded away from M, and for t in 
bounded sets in [0, a). 

An immediate application of Theorem 1 is 

THEOREM 2. If M is compact and p satisfies (5),  then (2) is valid for all 
j = 1 , 2 ,  .... 

We start our discussion by noting that if ,u = 1, then Theorem 2 is not 
necessarily true. For example, let M be S', and fi the zero-dimensional 
submanifold of M consisting of one point in M. For convenience, we 
think of S' as [-a/2,~/2], with x = - 4 2  identified with x = x/2, and 
M the point corresponding to x = -x/2 and x = 1112. Then R, = 
(-812 + E, x/2 - E ) ,  and by (I.54), 

A'(&) = { x / ( x  - 2&)}2 

which goes to 1 as E 4 0. 
More generally, one might let M = P", n-dimensional real projective 

space of constant sectional curvature 1, as described in Section 11.4. Given 
x,, E P", let M be the hyperplane at infinity dual to xo. To realize the 
problem more concretely, visualize P" as the hemisphere in S" about xo (i.e., 
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the geodesic disk about xo with radius n/2), with identification of antipodal 
points on the boundary, that is, the “equator” of xo is viewed as Pn-l. We 
choose h to be this P”-’; so R, = B(x,; n/2 - E) ,  this geodesic disk 
considered as being in S“ as well as in P”. By (11.43), 

A,(&) 2 n 

for all E > 0. It is therefore impossible that A,(&) + 0 as E 10. 
An intuitive way to view the matter is via heat diffusion, namely, 

Theorem 1. Recall, from the introduction to Chapter VI, that p(x, y, t) is the 
temperature at x, at time t, resulting from the initial temperature distri- 
bution, at time t = 0, having total temperature 1, and completely con- 
centrated at y. On the other hand, q&(x, y, t) is the temperature at x, at time 
t, resulting from the same initial distribution as p ,  but subject to absolute 
refrigeration of B, for all time t > 0. If p = 1, then M locally separates M; 
so if x and y are close to each other but separated by M, then Ax, y, t) will 
reflect the fact that they are close to one another, but qE(x, y ,  t) will view x 
and y as far from each other since q, is discounting the diffusion of any heat 
across M. 

If p 2 2, then M does not even locally disconnect M, and qe(x, y, t) 
represents, for x and y near M ,  the diffusion around B,. A helpful analogy 
would be to replace the compact Riemannian manifold M by a regular 
domain, with the A l s  now denoting Neumann eigenvalues (i.e., the regular 
domain is insulated at the boundary). On 0, the boundary data are (i) 
vanishing Neumann data on aM, and (ii) vanishing Dirichlet data on &. 
Then one might be considering the fireman’s pole problem (Rauch-Taylor 
[2, p. 271) (where dim M = 3, and dimM = l), in which case Theorem 1 is 
stating that heat diffusion in a firehouse is not seriously affected by the 
presence of the fireman’s pole, even when it has an internal mechanism 
keeping it frozen. Or one might be considering a thermos with a finite 
number of spherical pieces of ice (this corresponds to dim = 0) (Rauch- 
Taylor [2, p. 28]), cf. Section 4. 

We now return to our Riemannian manifold M. If we think of M as filled 
with a monatonic gas, and the heat diffusion as effected via the excitation of 
an atom with a unit of thermal energy, with the energy propagated through 
M via the collision of thermally excited atoms with their neighbors, then 
(here we switch the roles of x and y, which is permissible by the symmetry of 
p in the space variables) p(x, y, t )  dV(y) may be interpreted as the proportion 
of continuous paths which emanate from x at time t = 0, that are near y at 
time t, relative to all continuous paths emanating from x at time t = 0. 

A more precise formulation, of this proportion, is given by Brownian motion 
on M ,  described as follows: adjoin to M, via 1-point compactification, the 
point 00 at infinity. (Thus, if M is compact, then co is an isolated point of 
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M u {co} ; and if M is a regular domain, then the complete boundary of M 
has been identified with co, and M u {co} is connected.) For any con- 
tinuous w:  [O, + 03) + M u (00) with w(0) E M ,  we let 

@I) = inf{t > 0 :  w(t) = co}. 

(If M is compact, then E + 00.) When [(a) < + co, we redefine w so that 
w(t) = co for all t 2 [(w). 

So the class of paths under consideration, W, is the class of continuous 
mappings w: [0, + co) + M u { co} such that w(0) E M ,  and such that 
w(t) = 00 for all t 2 [(w). For this space of paths, consider the collection of 
cylinder subsets of W, namely, subsets A G W of the form 

A = {w E W : ( ~ ( t , ) ,  . . ., w(tf)) E B } ,  

where (i) I is any positive integer, (ii) B is any Bore1 set in M' (the I-fold 
Cartesian product of M with itself), and (iii) the ti's are any choice of times 
satisfying 0 I t ,  < . . < t ,  . On the o-algebra generated by the cylinder sets 
we define, for each x E M ,  a probability measure P, such that (i) for 

we have 
w, =: {w E W : w ( O )  = x }  

PX(WX) = 1 ,  

and (ii) for the cylinder set A,  above, we have 

PXM = P ( x , Y , , t , ) P ( Y , , Y , , t z  - t l ) . . .  

* P ( Y f - l ,  Y , ,  t ,  - 4-11 dl.;((Y,, . - - 9  Yl)X 
(6) s, 
where dl.; is the Riemannian measure on MI. It is known that the properties 
of the heat kernel (most notably, (VI.11) or (VII.29), (VII.48)) imply that P, 
has a unique extension to a probability measure on the o-algebra generated 
by the cylinder sets. 

The easiest way to appreciate (6)  is to consider the case 
B = B, x B, E M x M .  The set A then consists of all paths which are in 
B ,  at time t , ,  and in B,  at the later time t , .  Formula (6) expresses the fact 
that once the path is in B, at time t , ,  the probability that the path be in B, 
at time t ,  is independent of the history of the path prior to time t, . 

Note that the probability measures {P,  : x E M }  possess the following 
consistency. Given B, ,  B, E M ,  t ,  < t , ,  as above, let t be any fixed number 
in (tl ,  tz) .  Then by (VI. l l )  and (6), we have 

P,({O : (Wl), w"), W,)) E B ,  x M x B , } )  

= P,({w : (ml), W Z ) )  E Bl x BZlL 
as it ought to be. 
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Note that 

P X ( W  : C ( 4  > tl) = 1 P(X, Y ,  t )  d V Y ) .  
M 

(7) 

For p the heat kernel of a compact Riemannian manifold, or the heat kernel 
of a complete Riemannian manifold with Ricci curvature bounded below, 
then the number given in (7) is equal to 1, by earlier theorems. 

For B E M, one defines thejrst hitting time of& TB: W -, [0, co), by 

Ts(w) = inf{t > 0: o(t) E B } .  

If R is a regular domain in M, with Dirichlet heat kernel, qn, then qn(x, y ,  t )  
is the probability density that a path starting at x at time t = 0, will be at y 
at time t, without ever having left R during the time interval [O, t ] .  More 
precisely, for any Bore1 set B in M, 

(8) px((o: w(t) E B, t .c min(T~p(w), '34))) = I qdx, y, 0 WY). 

From these considerations one might expect that Theorem 1 is related to 

B 

THEOREM 3. If p satisfies (5) then 

(9) lim P,((W : T,C(w) I t ) )  = 0. 
E l 0  

uniformly for x bounded away from fi and t in bounded subsets of 
[0, + 00); that is, the probability that a path, which starts at x at time t = 0, 
hits 6, prior to time t, is negligible when E is sufficiently small. 

Remark I :  We note that if fi consists of a single point y E M, so that BE 
is now B(y; E ) ,  we have the precise formula 

when n > 2 (a corresponding formula, with Iln ~ 1 - l  replacing E ' - ~ ,  holds for 
n = 2). Compare Chavel-Feldman [9] for details and applications. 

We shall show in Section 2 that Theorem 1, and all that follows, is a 
consequence of Theorem 3. 

Note that, when p = 1, one can easily visualize why Theorem 3 would be 
false. 

We assume M consists of 2 distinct points xlrx2  and consider the 
attachment of the cylinder C, across the geodesic spheres r,. Before stating 
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the theorems we comment that the attachment of the handle is realized by a 
family of diffeomorphisms 

Y&: M&\n,, + [-2,2] x 9-' 

for which 

C, = M,\Q = 'PE-'[(-I, i) x Sn-']. 

We also note that there can be no a priori expectation that the limit (4) is 
uniform in j = 0, 1,2, . . . . Indeed, when n = 2, we have by (IV.48) 

as t 10. Now 

m 

since lex - 11 I lxlelxl for all x. Assume that there exist p, go > 0 such that 

(10) I ~ j e )  - ljl < P 

for allj = 1,2, . . .,and 0 < E < e 0 .  Then 
l m  I m 

is bounded for sufficiently small t > 0. Thus 

as t 10, from which we obtain 

(12) I/(W = VM&) 

for all E in (0, c0). 

uniformly inj. Fix to so that 
Now make a stronger assumption than (lo), namely, that (4) is valid 

m 

1 te-+ I const 
j = O  
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on (0, to]. Given p > 0, there exists c0 > 0 such that (10) is valid for all 
j = 1,2, . . ., and E in (0, go). Then (1 1) and (12) imply that 

Ix(M) - x(M,) + o(to)l I const - pepto 

for all t E (0, to]. But x(M) - x(MJ is an integer. Therefore by picking p 
sufficiently small, we can guarantee the existence of go > 0 for which 
x(M) = x(M,) for all E in (0, E ~ ) .  But since M, differs from M by a handle, we 
have x(MJ = x(M) - 2, a contradiction. So in the 2-dimensional case, we 
are guaranteed that the convergence is not uniform. 

On the other hand, we always have 

PROPOSITION 1. For all j  = 1,2, . . ., 

PROOF: For all j = 1,2, . . . we have 

A j + l ( E )  > 3 . j .  A j + l ( E )  > G,(E) 

by max-min methods (Section IS), and 

lim A j + l ( ~ )  = A j  
E l 0  

by Theorem 2. Inequality (1 3) follows immediately. 

THEOREM 4. Let V ( E )  be the lowest Dirichlet eigenvalue of C,. Then a 
necessary condition for (4) to be valid for all j  = 0, 1,2, . . , is that 

lim inf $6) = + 03. 
810 

COROLLARY 1. If for some fixed I > 0, we have (-i/2, //2) x S " - l ( ~ / 4 )  
(the "long-thin" handle) isometrically imbedded in C,, for all E, then 

V(E)  5 n2/P 

for all E, and (4) cannot be satisfied for all j .  

The sufficient condition for (4) will be given in terms of the isoperimetic 
constant (cf. Definition IV.3) of C,, 3(C,). 
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THEOREM 5. If there exists a positive constant c > 0 such that 3(C,) 
satisfies 

(14) 3(C,) 2 c > 0 

for all suf€iciently small E > 0, then (4) is valid for all j = 1,2, . . . . 

LEMMA 1. If the sufficient condition (14) is satisfied for all sufficiently 
small E > 0, then there exist positive constants so that 

(15) 

(16) V ( E )  2 const/&' 

for all sufficiently small E > 0. 

V(C,) I const . E", 

PROOF: From Definition IV.3 and (14) we have 

c { v ( c , ) ) ~ - ~  I {,qr,)}n I const E " ( " - ' )  

for sufficiently small E > 0, which implies (15). 

closure in C,, and with smooth boundary aD, we have 
To prove (16), we note that, by (15), for any domain D, with compact 

c I {A(aD)/V(D)}"V(D) I const. E"{A(~D)/V(D)}" .  

Therefore, the Cheeger constant of C,, lj(C,), given by Definition IV. l ,  
satisfies 

~ ( c , )  2 const. E-'  

for all sufficiently small E > 0, and (16) is then an immediate consequence of 
Cheeger's inequality (Theorem IV.3). 

Note that in our example of the "long-thin" handle, we have, in contrast 
to (W, 

V(C,) 2 const. E"-' 

as E 10. 

THEOREM 6. It is always possible to construct the family C, to satisfy 
(14) for all sufficiently small E > 0. 
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2. PROOF OF THEOREMS 1-6 

We start with Theorems 1,2,4, and 5, assuming that Theorem 3 has been 
proven, and then we go back to Theorem 3. 

PROOF OF THEOREM 1: We assume that Theorem 3 has, in fact, been 

By Theorem VIII.l we have 
proved. 

(17) 

So for any bounded measurable functionfon M, we have 

0 I qe < p .  

I n  I 

One can now easily obtain Theorem 1 from Theorem 3. 

PROOF OF THEOREM 2: We use the fact that Theorem VIII.1 not only 
implies (17), but that it also implies that qe is strictly increasing with respect 
to E .  If (1) is valid on all of (Wh) x (w&) x (0, +a), then Lebesgue’s 
monotone convergence theorem implies 

lim JI, qJx, x, t )  dV(x) = 
e l 0  

(19) 
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for any t > 0. By the Sturm-Liouville expansions for the closed eigenvalue 
problem (Section VI.l) and the Dirichlet eigenvalue problem (Section 
VII.3), (19) can be rewritten as 

m m 

Moreover, the standard max-min arguments (Section 1.5) imply that A,(&) is 
an increasing function of E, with 

(21) ;Ij(&) > Aj-1 

for all E > 0, j = 1,2, . . . . One now easily deduces (2) from (20) and (21). 

PROOF OF THEOREM 4: Let 

(0  < PO(&) 5 Pl(4 I .-.I 
be the collection of all Dirichlet eigenvalues of C, and R,, relisted in 
nondecreasing order, and repeated, as usual, according to multiplicity. Then 
the max-min arguments of Section 1.5 imply that 

aj(&) PI(&) 

for all j = 1,2, . . ., and E > 0. Set 

a = lim inf v(E),  
E l 0  

assume that c1 is finite, and let i l k  be the first eigenvalue of M strictly greater 
than a. In particular, 

L k - 1  a < #?k. 

Now for any E for which 

V(E) < A k ?  

we also have 

V(&) < + 1(&), 

which implies 

V ( E )  E . . .? pk(&)}, 

which, in turn, implies 

g k ( & )  5 /dE) 5 max{v(e), j l k ( & ) l -  

Therefore 

lim inf ( T k ( & )  I max{a, & - I }  < A,, 
, l o  

which implies the claim. 
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PROOF OF THEOREM 5:  We first note that (3) is valid uniformly for x ,  y 
bounded away from M, and t bounded in [0, + 00). Indeed, for x E h@, 
and sufficiently small E > 0, we have 

P,({W : TB.(W) 5 t ) )  = P&,*(b& : Tc.(W,) 5 tl) 

{ P , ( X ,  Y ,  t )  - q,(x, Y ,  01 d V(/(y), s,. 
where P,,, is the probability measure on Brownian paths (0,) in M,, 
starting at x .  The point is that for x E Q, the Brownian particle starting 
from x is unaware of the change in the manifold until the particle hits the 
boundary of QE . One now shows, using the argument of Theorem 1, that (3) 
is valid uniformly for x , y  bounded away from M, and t bounded in 
co, + a). 

LEMMA 2. To prove Theorem 5, it suffices to show the existence of a 
positive constant a, such that for 

HE,, G: Me\Qm, 

0 c E < a, and t > 0, we have p,( , , t) uniformly bounded on HE,, x H,,,, 
independently of E. 

PROOF: Assume the uniform boundedness of p,( , , t) as described in the 
lemma. We first claim that 

lim p&, z, t) dV(z)  = p(x, x ,  t )  dV(x).  
(22) E l 0  JMs s, 

P e k  z ,  t )  W z )  - s, A x ,  x,  t )  W X )  1. 
= k 
+L 1.. 

Indeed, we have 

{P,(X, x,  t )  - P(Xl  x ,  t ) )  d W )  

Pe(Z,  z, t )  W z )  - p(x, x ,  t )  W X ) .  

Now the last two integrals tend to 0 as E 10, since their integrands are 
bounded independently of E, and their volumes tend to 0 as E ~ O .  The 
uniform convergence of p ,  to p ,  for x , y  bounded away from h, and the 
uniform boundedness of p E  on H,,, combine to imply that pE(z, z, t) is 
uniformly bounded in z E Me,  independent of E .  The first integral now 
converges to 0 as E 1 0, by Lebesgue’s dominated convergence theorem. 
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We now note that (20), Fatou's lemma, and (1 3) imply 

m m 

But if there exists k 2 1 for which 

bk =: lim inf C T ~ ( E )  < A,, 
E l  0 

then there exists a sequence E! 1 0, as 1 + 00, such that 

lim ( T k ( & l )  = (Tk. 
1 - m  

The above argument then yields 
m m 

-a contradiction. Thus 

lim inf aj(e) 2 l j  
E l 0  

for a l l j  = 0,1,2, . . ., and the lemma follows from (13) and (23). 

CONCLUSION OF THE PROOF OF THEOREM 5 :  It therefore 
exhibit an a > 0 for which p,( , , t )  is uniformly bounded on 
independently of E .  

(24) 

First fix /3 > 0 such that 

fi < inf inj(x) 
XE Bg 
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and set 

(25) 

To show that p,( , , t) is bounded on 
we have for any z, w E Me,  t > 0, 

(26) pE(z, w, t )  < const. {$ + + } { 3 ( z ;  ct)g(w; ct)}-1/2 

(where 3 ( z ;  ct) is the isoperimetric constant of d (z ;  ct)) with the constant 
depending only on n = dim M. So we wish to bound 3 ( z ;  a) from below, for 

Let D be a regular domain in B(z; ct) c M,, z E (therefore, 
finitely many times, all the 

ct = 3 minib, d(x, ,  x 2 ) / 2 } .  

x He,a we note that by (VIII.38) 

E H , , a -  

B(z; a) E HE,Za), and assume that aD intersects 
intersections being transversal. Set 

D,  = D n C,, D ,  = D n Q, 

y1 = aD n C , ,  y z  = aD n S Z , ,  y F  = D n &.  
Then 

do1 = Y1 u Y e ,  dD2 = Y 2  Y E .  

W l )  2 W 2 )  

Now if 

then standard calculations, based on geodesic spherical coordinates, imply 
the existence of positive constants, independent of E for which 

A ( W  = A(?,) + 4Y,) 
2 A(y,)  + const. A(y,) 

2 const. {A(Yl) + A(Y,)l 

= const. A(aD,)  

2 const. {I(C,)}'/"{ V(D,)}("-')/" 

2 const. { 4 C E ) / 2 " - 1 ) 1 ~ " {  V(D)}("-"/" 

2 const - {V(D)}("-'"". 

We now consider what happens when 

W l )  W 2 ) .  

In this case we estimate {A(dD)}n / {V(D)} (n - l )  using the lower bounds of 
C. B. Croke-Section V.3. Recall, from there, that for x E D, the visibility 
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angle of aD from x, ox, is the normalized (n - 1)-measure of those unit 
vectors based at x whose geodesic intersects aD not later than the cut point 
of x along the geodesic. If one stops the chain of inequalities in the proof of 
Theorem IV.5, one line short of the last, then the argument provides the 
existence of positive constants, depending only on n, for which 

2 const ~ 

2 const inf w, . 

{ V k , )  JD2 wx d v q + '  

{XED, r+' 
To estimate this last quantity from below, let w; (resp., w:, 0:) denote the 

visibility angle at x E D, of aD, (resp., y 2 ,  c). Now (24), (25) imply 

w: = 1, 

Z l d I l ,  

w:: I 0 

0,2 w: 2 w; - w; 2 1 - d > 0 

and that there exists a constant 6, independent of E, such that 
1 

and 

for all x E HE,,,. We then have 

for all x E D,. This, then, gives a lower bound for {A(aD)}n/{ V(D)}"-', when 
V(Dl) I V(D,), independent of E .  

So 3(z;  a), z E H,,, is bounded from below independently of E .  From (26) 
we obtain a uniform upper bound of p,( , , t )  on HE,, x H,, which is 
independent of E .  This concludes the proof of Theorem 5. 

PROOF OF THEOREM 3: We first give a number of shorthand notations: 
given x E M ,  the collection of Brownian paths W,, it is common to denote 
the arbitrary path in Wx by X ( t ) .  If P, is the probability measure on Wx, it is 
common to write for a measurable function8 W, -P R, and A c W,, 
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and for 
A = (0 E Wx: TBJw) I t )  

it is common to simply write 

A = (TB, I t) .  

LEMMA 3. To prove Theorem 3, it suffices to show that there exists a 
6, > 0 such that for any 6 in (0,6,), and T >  0, (9) is valid uniformly on 
( b l \ B J  x LO, TI. 

The lemma is saying that one only has to consider (9) for x close to M- 
indeed, a path starting far away from fi cannot hit M without first “coming 
close” to M. When the Brownian particle first arrives near M it has less 
time to find M than had it originally started close to M. And the history of 
the particle prior to its arrival near @ has no effect on the ability of the 
particle to find M in the future. The formal argument is as follows: 

PROOF OF LEMMA 3: Fix 6, > 0. Given 6 in (0, 6,), let CJ be the average 
of 6 and 6,. Then for any E in (0, a), and x E M\B,, , we have, by the strong 
Markov property (Port-Stone [l, p. 123 

‘ ~ ( ~ 6 ~  = Ex(p,Y(T8,)(TBE I - TB,); TB, < t ,  

s sup Py(TBc I t), 
Y E  B*,\B, 

which implies the lemma. 

The argument we now give, for Theorem 3, is based on that of Port- 

Fix 6 , 6 ,  > 0 satisfying 
Stone [l, p. 211. 

0 < 6 < 6 ,  c a, 

where a is given by (25), and also fix T >  0. Then there exists a positive 
constant, depending only on 6, 6,, and T, such that for all x E Bdl\Bdr 
z E B,,,, and t E [0, TI, we have 

(27) p(x, z, t) I const. 

LEMMA 4. For all x E Bdl\Bd, t E [0, TI, and 0 < E < r < 6/2, we have 
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PROOF: We first note that for any Bore1 set A c M ,  t > 0, we have 

that is, yo dz J A  p(x, y ,  z) dV(y)  is the average time the Brownian particle, 
starting from x at time 0, spends in A during the time interval [0, t ] .  

Then by the strong Markov property, and (27), we have 

I const. V(B,) 5 const. P, 

where zB, is the characteristic function of B,. The first four lines of the 
above chain of inequalities state that the average amount of time spent by 
the Brownian particle in B,, during the first T time-units after hitting B, (if 
the Brownian particle does not hit B, prior to time t, then the contribution 
to the average is 0), is less than or equal to the average amount of time 
spent by the Brownian particle in B, during the time interval [0, 2 T ] .  But 
this is the claim of the lemma. 

The next step is to estimate 
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for y E A, from below, and then use the continuity of (29), with respect to 
y E M, to estimate 

from below. By (28), an estimate of (30) from below will produce an upper 
bound on P,(TBs I t). 

LEMMA 5. There exists 6, E (0,6/2) such that 

(31) s T d 7 s  p(y, z, 7) dV(z) 2 c o n s t ~ o T ~ - p ~ ~  d 7 ~ ~ e ~ c 0 n s t ~ ’ o ’ ~ ‘  P p - l  dP 

for all y E A, r E (0, &)-the positive constant depending only on 6,, T. 

0 Br 

PROOF: For y E fi, z E B(y; 6/2), let Zy denote the lift of z to M y ,  via 
exp,lB(y; 6/2). Then it is possible to pick 6, > 0 so that 

(32) t I 4zl ,z , ) / l (~l) ,  - (5JYl 5 2 

for all y E A, and zl, z, E B(y; 6/2). 

y E A, w E & n 5(y; 6/2), and unit vector v in M y ,  orthogonal to ay, 
(33) l(wy, u)l I const 

We now think of fi as a Riemannian manifold (should dim M > 0). Let 
d( , ) denote the &-distance function; &w;r)  the &-metric disk in &, 
about w E A, of radius r ;  and d P  the density of the Riemannian measure of 

Pick 6, sufficiently small so that, in addition to the above, 6, is less than 

Next, we may pick 6, so that, in addition to the above, we have, for any 

A. 

9 the injectivity radius of fi, and that 

(34) o(w; r/2) s n B(w; i-) 

for all w E A, I E (0,6,). 
Next, let %A denote the normal bundle of fi, in T M  (i.e., %A4 consists 

of all those vectors in T M ,  based at points of A, which are orthogonal to 
&), a: %M + fi the natural projection, and Exp the exponential map of 
%A to M (i.e., Exp = exp I %fi). Then 6, can, in addition to the above, be 
picked to be less than 9 the injectivity radius of Exp. 
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Fig. 3 

Fix y E M ,  and for all r E (0, &), set 

N,(y) = Exp({t E n-'Cfi n B(y; S,)]: 151 < I). 

For z E N,(y) set 

z = (Exp(N,,(y))-'(z), w = .(a. 
Then we have 

where d.5 is the density of Lebesgue measure in the orthogonal complement 
of M, in M,. 

Finally, 2 j 2  may be chosen so that, in addition to the above, 



226 IX. Topological Perturbations 

To conclude the estimate of (30) from below, we note that, using the 
substitution 

(for fixed T), followed by 

s = const p 2 / z  

c = const. r/& 

(for fixed r), one easily obtains 

JOTT - p / 2  dTJie - consl~pz,r p p - 1 d p  2 const - r2 

We therefore have positive constants so that for all y E A, r E (0, d2), 
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The continuity of (30), with respect to y ,  implies that (38)  is valid, with 

From (28) and (38) we now have 
possibly lower constant, for all y E Be,, for some E~ > 0. 

(39) 

for all x E B,, - BdIZ, t E (0, TI,  r E (0, d2), and E in (0, E ~ ) .  But this then 
implies Theorem 3 .  

It, finally, remains to give a proof of Theorem 6 .  We first note that given 
any Riemannian manifold M ,  x E M ,  and sufficiently small E > 0, it is 
possible to change the Riemannian metric in B(x; E )  so that (i) the distance 
of any y ,  in B(x; E), to x in the new metric is the same as in the old one, (ii) 
the new metric is euclidean on B(x; 3 ~ / 5 ) ,  and (iii) the new metric is the 
same as the old one on B(x; E)\B(x; 4 ~ / 5 ) .  Indeed, for each E > 0, pick 
a C" function $&: [0, +a) -+ [0, 11 such that $e I [ 0 , 3 ~ / 5 ]  = 0 and 
& I [ 4 ~ / 5 ,  + 00) = 1. Let g denote the Riemannian metric on M ;  assume 
E c inj(x), and let G denote the pullback, via the local inverse of exp,, of the 
euclidean metric on d(x; E )  to B(x; E).  One then defines for y E B(x; E), 

ge(Y) = # e ( 4 ~  Y))g(Y) + (1 - $e(4x, Y))}G(Y).  

One easily sees that this will produce the desired result. 
We also note that if $e is chosen so that l$Ll I IO/E on all of [O, + co), and 

E is sufficiently small, then a standard geodesic convexity argument proves 
that any unit-speed geodesic, with velocity vector at one point of B(x;E) 
having positive projection onto the radial vector field determined by 
geodesic spherical coordinates based at x, must leave B(x; E), in finite time, 
prior to that projection ever becoming 0. 

To construct the example for Theorem 6, we first change the metric in Be 
by changing the metric about x1 and x2  as described above. We always use 
a function II/, for which 1$:1 I lo/& on all of [0, +m). Next, let 
C: = [ - ~ / 2 ,  ~ / 2 ]  x 3""(~/2) ,  and attach CL to Be\BeI, by identifying 
{ - ~ / 2 }  x S , " - ' ( E / ~ )  with the geodesic sphere about x1 of radius ~ / 2 ,  and 
identifying ( 4 2 )  x S"-l(e/2) with the geodesic sphere about x2 of radius 
~ / 2 .  We think of C: as meeting two circular annuli at right angles in [Wn+'. 

The result of the identifications is to obtain the creased handle 
C; =: C: u { Be\Bz12} smoothly attached, across r,, to W B , .  

Now in C:, any geodesic hitting either of the creases transversally has a 
natural extension across the crease; so for any x E C,D we may speak of the 
visibility angle 9, of aC: = & from x. Since the new B, has the geodesic 
convexity described above, we have for any x E BE\BE/2, 

9, 2 3. 
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For x E C:, any geodesic emanating from x, which contributes to the 
visibility angle 0, of aC: from x, must hit aC: transversally, and, by 
geodesic convexity of the new Be, must contribute to 9,. That is, for any 
x E C: we have 

9, = 0, 2 const. 

The constant depending only on n (since [ -~ /2 ,  ~ / 2 ]  x S"-l(~/2) is homo- 
thetic to [- 1,1] x s"-', for all E, and homothetics leave visibility angles 
invariant). Thus the visibility angle of aC: is bounded away from 0 as E 10. 

Assume the above lower bound for the visibility angle of aC: = & is the 
constant 6 > 0. Then, for sufficiently small E,  one can smooth the creases of 
C: in such a manner that the visibility angle of c, associated to the 
uncreased handle C,, is bounded below by 612 for all E .  Then Croke's 
original theorem (Theorem V.5) will imply that for the family of smooth 
handles C, we will have 3(C,) bounded away from 0 independently of E .  

This concludes the proof of Theorem 6. 

3. USING RAYLEIGH'S CHARACTERIZATION 
OF EIGENVALUES 

In this and the following section, we are mainly concerned with the first 
problem considered above, namely, the convergence of the eigenvalues of Re 
to those of M, as ~ 1 0 .  Here, we describe the arguments first given in 
Chavel-Feldman [4]. 

As in Section 1.5, b(M) is the Sobolev space of functions on M, which are 
in Lz(M), possessing Lz-weak derivatives. jj(M), itself, is a Hilbert space 
relative to the inner product 

(f, h ) ,  = (f, h) + (Gradf, Grad h). 

The induced norm is denoted by I1 Ill. (As mentioned in Section 1.5, Cm(M) 
is ) I  Il,-dense in jj(M).) We let jj,(M) denote the subspace of jj(M) consisting 
of those functions in $(M) vanishing identically on Be. 

LEMMA 6. Given any f E Cm(M), we may associate to each sufficiently 
small E > 0, a function F, E $,(Ad) such that 



3. Rayleigh's Characterization of Eigenvalues 229 

PROOF OF THEOREM 2 FROM LEMMA 6: TO each positive integer N ,  
associate the hypothesis that there exists a sequence 
that 

+ 0 as 1 -, CO such 

and 

for all j = 1, . . ., N, where (cpl(~l), . . ., q,(cJ} is an orthonormal set in 
Lz(sZ,,), each q,(tI) an eigenfunction of A,&), and, similarly, {qo, . . ., q N -  1} is 
an orthonormal set in L2(M), each qj-l  an eigenfunction of Aj-, . 

Suppose we are given an N (for which this hypothesis is true). (For 
N = 1, (40) is valid by the lemma tof = l/,/m. The validity of (41) will 
emerge from the ensuing argument.) We wish to show the hypothesis is, in 
fact, valid for N + 1. 

Lz- 
orthogonal to {qo, . . ., (P,-~}. To each 

To this end, let 0 be an eigenfunction of A,, with 11011 = 1, and 
in the hypothesis for N ,  associate 

4 s: F, 

obtained by applying Lemma 6 to @ and E , ,  and consider the Sturm- 
Liouville expansion 

where {q&) : r = 1,2, . . .> is a complete orthonormal basis of L2(Q,,), 
extending the orthonormal set { q 1 ( ~ J ,  . . . , ( P , ( E ~ ) } .  Then 

lim a,(@ = l im(4,  qr(c1)) = (0, qr-l )  = 0 
l + m  1-  w 

for r = 1, . . ., N. From Rayleigh's principle (Section 1.5) we have 

which implies 

lim SUP AN + I A, 5 lim inf A, + ,(EJ, 
l - tm I -m  
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the last inequality resulting from the fact that AN + 1 ( ~ 1 )  is always greater than 
A N .  We therefore have 

(43) lim A N + l ( ~ I )  = AN 
1-m 

(this argument for N = 0 is even easier). 

for r = 1, . . ., N we have 
Now assume ( P ~ + ~ ( E ! )  in (42) is always an eigenfunction of A N + l ( ~ l ) .  Then 

I ( ( P N + ~ ( E A  (Pr-1)l = I((PN+I(EA V r - 1  - d d ) I  I l ~ r - 1  - (Pr(El)lI; 

so if we expand in L2(M) by 
m 

( P N + ~ ( E J  N 1 B r ( & I M r  
r=O 

where {& : r = 0, 1,2, . . .} is a complete orthonormal basis of L2(M), 
extending the orthonormal set {q0, . . ., ( P ~ - ~ }  (i.e., qr = II/, for r = 
0, . . ., N - I), with each $, an eigenfunction of A,, r = 0, 1,2, . . ., then 

(44) lim B,(E~) = 0 
I-m 

forallr = 0,1, . .  . , N  - 1. 
Assume 

AN = ... = E - N + E - ~ ,  J-N A N + € -  

Then, by the argument of Rayleigh’s principle, we have 
W 

r = O  r = N + E  

From 

(45) 

r = N  r=O 

which implies, via (43) and (44) 
N + E - 1  

lim inf 1 ~ , Z ( E ~ )  2 1 .  
I-+m r = ~  
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From (45) we obtain 
N + E - 1  

lim C P: (E~)  = 1. 
f + C C  r = N  

(46) 

One therefore has a subsequence ( E ; )  of ( E ~ )  for which 
converge, for each r = N, . . ., N + E - 1. The desired 

the sequences (Pr(e;)) 
rp, is then given by 

(47) 

for from (44446) we now have (41) for j = N + 1. (The argument can be 
written explicitly to verify (41) fo r j  = 1.) 

Note that if one assumes that all the eigenvalues of M have multiplicity 1 
(and this is generically the case-cf. Uhlenbeck [l]) then this last argument 
shows that, up to possibly multiplying rpj(&) by - 1, we may also conclude in 
Theorem 2 

in L2(M) (it is always true for j = 1). Without the hypothesis of all 
eigenvalues having multiplicity 1, one has to even state the problem of 
convergence of eigenfunctions with care. Compare Chavel-Feldman [4], 
where this matter (also cf. Rauch-Taylor [2]), the convergence of eigenfunc- 
tions in the Cr-topology, r = 1,2, . . . , and the derivation of Theorem 1 
from Theorem 2 are considered. 

PROOF OF LEMMA 6: We shall assume here that 

(5')  P > 2, 

instead of (5),  and prove that F, can be chosen so that 

(48) - f l l ,  I const-Ep-2, 

where the constant depends only on M, M,  maxlfl, and maxlgradfl. The 
case p = 2 has a similar argument, but is messier-one can find the 
argument in Chavel-Feldman [4]. 

Let %M denote the normal bundle of M in M, and Exp its exponential 
map, that is, 

Exp = expl%fi. 

Let 6 > 0 have the property that for each E in (0,6), Exp maps the collection 
of tangent vectors in !TIM, having length less than E, diffeomorphically onto 
B E .  We only consider E in (0,6/2). 
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Given f, and E in (0,6/2), we associate F, to f and E as follows: for any 
x E R,, set 

&(x) =f(x). 
To define F, on Bzc, define, for any unit tangent vector 5 in %M, 

Then F, is well defined, continuous on M, C” on M\(T,, u IJ, with grad F, 
having a jump discontinuity across G,  and possibly across I-,&. So 
F, E %&(MI. 

To verify (48), set 

a = maxlfl, 6 = maxlgradfl. 
M M 

Note that 

SUPP(f - F,) = BZ&. 

We immediately have 

I f -  F,.’dV< 4a2~(B,,) = O ( E ~ ) .  s, 
To estimate Ilgrad(f - &)It2 from above we first derive the estimate 

(49) Igrad(f- F,)I I const/&’ 

on B,,, where the constant depends only on M, fi, a, 8. The estimate (49) 
will then imply 

Ilgrad(f- & ) [ I 2  = 1 Jgrad(f- &)Iz d V =  O(E”-’), 
BZ‘ 

which will complete the proof of the lemma. 

for any r in (0,2~) map h,: 
To derive (49), we first write grad F, with more detail, namely, fix E ;  and 

--* r,, by 

h,(Exp tf) = Exp 2 ~ 5 .  

Then 

& I r, = h3.f I l-’&N&(r), 

where 
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which implies 

(grad EJ I C = (gradrJ'3f I 'ze)))k(r) + ('W I rze))&(r)(ar I C) 
= ( h i  ')&rad,,Jf I r z J ) k ( r )  + (WYf I rze))K(r)(ar I C), 

where 8, is the unit vector field on B, tangent to unit speed geodesics 
emanating orthogonally from A. 

Now a calculation in geodesic coordinates determined by Exp shows that 
p 2 2 implies that there exists a positive constant, depending only on M, M 
such that 

COROLLARY 2. If M consists of N distinct points, then 

(50) A,(&) I const. N C 2  

as E 10, where the constant depends only on M .  

4. THE MATHEMATICS OF CRUSHED ICE 

We now consider a fixed compact Riemannian manifold M of dimension 
n 2 2. To each positive integer N we associate a positive number rN so that 
rN + 0 as N + co. Also, to each N we associate a collection of points 
{ x ~ , N ,  . . ., x N , N )  in M ,  set 

RN = M \ B N ,  

4N = Dirichlet heat kernel of RN 

We seek results on the behavior of qN as N + 00. The reader can find 
fascinating background, and similar phenomena in Kac [Z] and J. Rauch 
[ 11. Detailed results are in Rauch-Taylor [ 2 ] .  

One now easily obtains (49), using the fact that la,l = 1, and drIc is 
orthogonal to c. 
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THEOREM 7. Let D be a noncompact regular domain in M with 
relatively compact D, G D, such that BN E D, for all sufficiently large N. 
Furthermore, assume, n > 2, and 

lim NG-’ = 0. 
N + m  

Then for every T > 0, we have 

(52) lim qN = p 
N - m  

uniformly on ( W D )  x ( W D )  x [O,  TI .  If n = 2, then the condition (51) is to 
be replaced by 

lim N/lln rNl = 0. 
N - m  

PROOF: We first note that the proof of Theorem 1 shows that it suffices 
to prove 

(53) lim Px(TBN I t) = O 
N - m  

uniformly for (x, t) E ( W D )  x [0, TI,  for each T >  0. 
Next we note that 

N 

PATBN 5 t) I C P x ( ~ e ( x ~ , ~ ; r ~ )  t). 
i = l  

It therefore suffices to show that there exists a positive constant, depending 
only on M, D, D,, and T > 0, for which (when n > 2) 

(54) Px(TBtw;rN) I t) I const. t$,-’ 

for all sufficiently large N, for all x E M\D, w E D,,  and t E [0, TI.  (When 
n = 2, the rk-’ in (54) should be replaced by \ln 1 ~ 1 - l . )  The proof is really 
contained in the argument of Theorem 3 so we will look at  it closely. 

Since M is compact, we may simply pick p in (24) to be less than 4 the 
injectivity radius of M. Next, fix 6,6, > 0 satisfying (26), and fix T >  0. 
Then the argument of Lemma 3 shows that it suffices to prove (54) 
uniformly for x E B(w; S,) \B(w; S), w E D,, and t E [0, TI.  

Next, note that (27) is valid uniformly for all x E B(w; S,)\B(w; S), 
z E B(w; 6/2), w E D,, and t E (0, TI.  If we pick N sufficiently large then 
Lemma 4 may be recast to state that: there exists a positive constant such 
that for all x E B(w; 6,) \B(w; S), w E D,, t E (0, TI,  and rN < S/6, we have 

.( JoTdTJ B(w; 3 1 ~ )  
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We therefore wish to estimate 

JoTdTJ P(Y, z, 4 d W  
B ( w ; 3 r N )  

for y E B(w; r,), from below, and thereby obtain the desired estimate for 

Well, we have the existence of a positive constant such that for all 
C ( T B ( W ; r N )  t)‘ 

z l ,  z2 E B(w; 6 , ) ,  w E D,, t E [0, TI ,  we have 

dz,, z2 ,  t )  2 const. t ~ ~ / ’ e - d ~ ( ~ l * z 2 ) / ~ ‘ ,  

from which we have positive constants for which 

J o T d T J B ( w ;  3 r N )  P(y, z,  T )  dv(z) 2 

J o  J o  

n > 2, 
rilln r,l, n = 2, 

2 const 

for all y E B(w; r,), w E D,, sufficiently large N .  We now have (54) uniformly 
for x E B(w; 6,)\B(w; 6), w E D,, t E [0, TI,  and sufficiently large N ;  and 
with it, the proof of the theorem. 

We now consider what happens when Nri-’ + +GO as N + +co (for 
n > 2) .  

THEOREM 8. Suppose the sequences of points {xi,, : i = 1, . . ., N } ,  
N = 1,2, . . . are “evenly spaced,” that is, suppose the points are chosen so 
that there exists a positive integer H, independent of N, and a sequence of 
numbers in (0, $ inj(M)), 6,, for which (i) 

N 

and (ii) any y E M belongs to at most H of the disks 
{B(xi,,; 6,): i = 1, . . ., N } .  Then there exists a positive constant, depending 
only on M ,  such that for rN E (0,6,) the lowest Dirichlet eigenvalue of R,, 
@2,) satisfies 

(55) A@,) 2 const. N G - ’ / H 2 .  

In particular, A@,) + + co if and only if Nr”,-’ + co as N + + 00. 
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PROOF: First note that there exists positive constants such that, for all 
t E (0 , j  inj(M)) and tl E YM, we have 

(56) 

(where &(t; 5 )  is given in Definition 111.6). 

that, for all t in (0, 3 inj(M)), and y E M, we have 

const I &(t; < ) / t n - '  I const 

The first consequence of (56) is the existence of a positive constant such 

V(B(y; r)) 2 const r", 

from which we have 

N 

HV('(M) 2 V(B(X~,N; 6,)) 2 const. N61;, 
i = l  

that is, 

(57) H V ( M )  2 const. N S i  . 

The next consequence of (56) is as follows: given any function 
h: [ tN,  S,] 4 R E C', with h(rN) = 0, we have, for all 5 E GM,  

which implies 

which, in turn, implies 
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= const 2 1 f 2  dV 
Hsi i = l  E ( x ~ , N ; ~ N )  

which implies the claim, by Rayleigh's characterization of eigenvalues. (One 
goes from the first line to the second, using the hypotheses of the theorem; 
y s ,  in the third and fourth lines, denotes the geodesic determined by 5; one 
goes from the third to the fourth line by (58 ) ;  and one goes from the fifth to 
the sixth line by (57).) 

For n = 2, one replaces NG-2 by N/lln r,l in (55). 
The existence of "even spacing" is discussed (for a regular domain) in 

Baider-Feldman [ 11. The paper also features an ingenious application, of 
the argument of Theorem 8, to the study of spectra of noncompact 
manifolds. 

The statement @,) -, +co as N -, +co implies that as N grows, the 
cooling of R,, by BN, becomes absolutely efficient, namely, let cp be any 
bounded, continuous function on M, and u , ( x , ~ )  the solution to the heat 
equation on R,, vanishing on an, for all t =- 0, and equal to rp at time 
t = 0. Then 

II rp II < , - d ( n N ) t  (59) IIuN( 9 r) l ln~ - 

for all t > 0. Indeed, for each t > 0, 

n(R,)Ilu,( , t)llnN 2 I IKgrad uN)( , r)llkN 
= -(4 > 0, (W Y Nn, 

= --4&(11u( , r)lliN), 
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that is, 

(60) dt(IIuN( , t)IIA,) + A(QN)IIuN( , t)II&, I 0, 

and (59) follows easily. 
From (59) one has, by the Cauchy-Schwarz inequality, 

u N ( X ,  f )  dv(/(x) 5 f ? - A ( n N ) r ~ ~ ~ ~ ~ ~ ~ .  I, 
Thus, for any T > 0, the total temperature at time t E [T, +a) tends to 0, 
uniformly in t ,  as n + + co, if A@,) -+ + 00 as N + + 00. 

Jeffrey Rauch [l, p. 3561 has pointed out that Theorem 8 illustrates the 
well-known, but rarely admitted, dictum: formulas are smarter than people. 
For if B N  represents a block of ice of fixed volume chopped into spherical 
disks, in which case NG is basically constant, then everyday experience 
suggests that as N + + 00 (i.e., the ice is being chopped up more finely) the 
cooling efficiency of the ice increases to absolute efficiency. (We are assum- 
ing internal mechanisms in the ice to keep them from melting.) While this 
suggestion conforms with the truth, it does not point to the truth. For 
everyday experience only suggests that one study the behavior of N$ (the 
volume of the ice), or Nr;t-' (the surface area of the ice), as N -+ +m-not 
the behavior of Nr",-'. Theorem 8 is saying that one can produce absolutely 
efficient cooling even when the surface area of the ice tends to 0 as 
N + + c o .  

For the study of what happens when Nrk-' + u E (0, + x) as N + + co, 
cf. Kac [2], J. Rauch [l], Rauch-Taylor [2], Simon [l, Section 221, and, 
more recently, Chavel-Feldman [9]. 



C H A P T E R  X 

Surfaces of Constant 
Negative Curvature 

In this chapter we apply various techniques of earlier chapters, especially 
Chapter IV, to the study of eigenvalues on Riemann surfaces, that is, 
orientable 2-dimensional Riemannian manifolds of constant Gauss curva- 
ture - 1. In recent years there has been a veritable explosion in the study of 
hyperbolic manifolds, and the analysis associated with them. Our study 
here can only be introductory. We present in Sections 3 and 4 the results of 
Buser [l], Randol [S], and Schoen-Wolpert-Yau [l], which give insight 
into the interaction of low eigenvalues with the geometry-topology of the 
underlying Riemann surface, the analytic methods consisting of max-min 
arguments, and Cheeger and isoperimetric inequalities. These stand in 
sharp contrast to the powerful and elegant theory of the Selberg trace 
formula, presented by B. Randol in Chapter XI. 

In Section 2 we derive an explicit formula for the heat kernel on the 
hyperbolic plane, its existence and uniqueness being established in Chapter 
VIII. The method consists of generalizing the action of the Fourier trans- 
form on radial functions. 

In the last section we derive the upper half-space model of hyperbolic 
space (the hyperbolic space being originally defined in Section 11.5 via the 
ball model) in preparation for Chapter XI. 

1. GEOMETRY OF THE HYPERBOLIC PLANE 

We recall from Section 11.5 that the simply connected space form of 
constant sectional curvature - 1 is given by the manifold 

B" = { x  E Iw": 1x1 < 1) 

ds = Zldxl/{ 1 - 1 ~ 1 ~ } .  

239 

carrying the Riemannian metric 



240 X. Surfaces of Constant Negative Curvature 

In what follows we restrict ourselves to the case n = 2, and refer to the 
space form as W2, the hyperbolic plane. We change our notation to that of 
complex variables, and write Rz as @, the complex numbers, with a typical 
z E @ written as 

z = x + iy. 

When viewing a point of Wz as a point of C, we write it as an element in @, 
namely, the underlying manifold of W 2  is written as 

D = { Z  E C: I z I  < l } ,  

and the metric as 

ds = 21dz(/{l - lzI2}. 

Also recall, from Section 11.5, that geodesic polar coordinates about the 
origin are determined by setting 

(1) z = pe”, p = tanh(r/2); 

for then we have 

ds2 = dr2 + sinh2r doz .  

Thus the straight Euclidean line segments in D, emanating from z = 0, 

To each 0 E R we let K ,  denote the rotation of D about the origin, given 
are geodesics in Wz, with associated arclength r given by (1). 

by 

K ,  . z = eiuz. 

One easily sees that each K,, 0 E R, is an orientation preserving isometry of 
W 2 .  

To each a E D, we let T, denote the fractional linear transformation 

T, .  2 = ( z  + a)/(l  + az). 

Since as a mapping of C + C, T, preserves S’ = aD, and takes 0 to a, we 
have that T,  is a conformal automorphism of D. To see that T,  1 D is an 
isometry of W2, one calculates, for w = q .  z,  

dw = (1 - laI2) dz / ( l  + Ez)’, 

ldwl = ( 1  - la12)ldzl/ll + Clz12, 

1 - IW(2 = ( 1  - Icrl2)(1 - 1z(2)/11 + ffz12, 

from which one easily obtains the claim. 



1. Geometry of the Hyperbolic Plane 24 1 

Next, we note that 

so the collection of (T, : a E D }  form a group. 
We then consider the group G of orientation preserving isometries of W 2  

generated by the groups {K, : Q E R}, { T. : a E D } ,  and argue that G is, in 
fact, the complete group of orientation preserving isometries of W2. Indeed, 
given an orientation preserving isometry Tof W2, let #? = T-' 0 0. Then the 
mapping T- ,  . T-' is an isometry of H2 preserving the origin of D.  One 
easily shows that T-,  . T-' is therefore a rotation of D, from which one has 

T =  K~ D T-, 

for some o in R. 
Also note that this isometry group G acts transitively on the unit tangent 

bundle of Wz. 
To obtain the full group of isometries of W2, one takes the group 

generated by G, and the restriction to D of a euclidean reflection in a line 
through the origin of D .  

We now consider the full collection of geodesics of W2. To do so, it will be 
convenient to refer to the full collection of lines and circles in C as 
generalized circles. 

Recall that the geodesics emanating from the origin of D are the 
euclidean line segments through the origin with euclidean and hyperbolic 
distances related by (1). But the group G consists of fractional linear 
transformations of @, leaving D invariant. This group, therefore, preserves 
the collection of generalized circles in C and their angles of mutual 
intersection. Thus the image of line segments through the origin of D, and 
intersecting aD, are generalized circle segments in D which intersect aD 
orthogonally. The transitivity of the action of the isometry group G 
guarantees that all generalized circle segments in D, intersecting aD orthog- 
onally, are images, under G, of line segments through the origin of D which 
intersect a D .  We therefore conclude that the full collection of geodesics of 
W 2  coincides with the collection of generalized circle segments in D in- 
tersecting aD orthogonally. 

One can easily check that, with the geodesics playing the role of lines, W 2  
is a hyperbolic geometry. Note that the classical area-excess formula for the 
angles of a geodesic triangle is, precisely, the Gauss-Bonnet formula 
(Section 111.1) 

- A  = [il a j )  - x, 

where al, az, a3 are the interior angles of the triangle. 
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2. THE HEAT KERNEL 
OF THE HYPERBOLIC PLANE 

We start by referring the reader to Section XII.4 in which the heat kernel 
of Euclidean space is obtained by (i) subjecting the initial value problem for 
the heat equation, on Euclidean space, to the Fourier transform, (ii) solving 
the resulting problem in the transform space, and (iii) subjecting the 
solution to the inverse transform. Whereas, however, the discussion is given 
in the usual rectangular coordinates on euclidean space, it could just as well 
be carried out in spherical coordinates, in which case the space variable 
consists of one real variable-distance from the origin. For examples, in the 
2-dimensional case we write R2 as @, and obtain, for any function q 
depending only on distance from the origin, 

&w) = (1/27t)JJ q(JzJ)eiRezw dA(z) 
c 

m 2x 

= (1/2n)j q(r)r  dr/ eirpcose d6' 
0 0 

= SIP8(r)Jo(rP)r dr, 

where r = 121, p = JwJ, and lo is the 0th-order Bessel function. Since @ 
depends only on p, the Fourier transform maps radial functions to radial 
functions. Since r + Jo(rp)  is an eigenfunction of A on R2 (cf. Theorem 111.4) 
with eigenvalue pz, we have for radial functions with sufficiently rapid 
decrease at 00, via integration-by-parts, 

It is this equation that makes possible the easy solution of the transformed 
initial-value problem for the heat equation. The formula for the transform 
of convolutions then provides for an easy inversion of the solution, of the 
transformed problem, to the original radial variable. 

This is the approach we take to determine the heat kernel on the 
hyperbolic plane. Introductory treatments to this material, and to the whole 
field of harmonic analysis on Lie groups and homogeneous spaces, can be 
found in Dym-McKean [l], Helgason [l], and Terras [I, 21. These sources 
contain a plethora of references with which one can work his, or her, way 
back to the original literature. 

Our search for the fundamental solution of the heat equation will focus 
on the calculations leading to the discovery of the appropriate candidate. 
Details of the arguments can be found in the above references. 
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To determine the radial eigenfunctions of [HI’, one has the ordinary 
differential equation 

which is solved by the Legendre function (Section XII.5) 

u(r) = p -  1 / 2 + J , ( C O S h  r), 

normalized to be equal to 1 when r = 0. Guided by the fact that for any 
regular domain R in W’ we have A(R) > i, we only consider those eigen- 
functions for which A 2 i, namely, we set 

1 = 4 + p 2 ,  i p  = ,/-, Fp(r) = P - 1 / 2 + i p ( ~ ~ ~ h  r), 

where p 2 0. 
So for any cp E C:([O, +a)) we define the Mehler transform (Mehler [l]) 

(3) $ ( p )  = J0mcp(r)P-,12 + ,,(cash r )  sinh r dr 

(note how sinh r replaces r in the Euclidean case), for which we have the 
inversion formula (Mehler [ 13 ; Fock [ 11) 

(4) V(r)  = JOrn4(p)p- 112 + ip(cosh r ) p  tanh np d p .  

&(PI = -<t + P2)4 (P) .  

Also, the usual integration-by-parts argument implies 

( 5 )  

on [HI’ 

Therefore, if we are given the initial-value problem for the heat equation 

(6)  AU = aqat, u( . ,  0) = f ,  

wheref has compact support, and depends only on distance from a fixed 
point o in W2, then u will depend only on distance from 0, and on the time t ,  
and we obtain, applying the Mehler transform to the distance variable r of u 
and using (3, 
(7) fi(p, t )  = f(p)e-(1/4+pZ)t.  

We therefore seek a formula for taking the inverse transform of a product, 
namely, we seek some sort of convolution. 

We work in the disk model of W’, and let o correspond to z = 0. To any 
w E D, we associate the isometry of D, gw,  by 

gw = K, TR, w = Reia, 
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R > 0, cr E (- co, + 00). Then for functions cp, $ on Wz we define the 
convolution cp * I,+ of cp and $ by 

(where d A  is the hyperbolic area element). Then for cp a radial function, with 
respect to z = 0, we have for any rotation K of D 

(cp * $ ) ( K . .  4 = Jw2 cpPfW)rfi(S,'K. z) d A W  

= Jw2 
= s,, cp(w)$(g,' * z )  d 4 w )  

(P(K-'  . W)$(g; 'K Z) &(W) 

= (9 * rfi)(Z), 

by the invariance of the area with respect to the isometries. Therefore, if cp is 
a radial function, then cp * * is a radial function. 

Now we study cp * $ with cp and $ radial with respect to z = 0. First, we 
now write 

Then @ is given by 

Fpfz) = p- 112 + iptcosh 4 z ,  0)). 

which implies 
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which implies 

LEMMA 1. We have 

( 1 / 2 x ) ~ f f F , ( g w ~ ,  . z)  d o  = F,(w)F,(z). 
0 

(9) 

PROOF: One approach to (9) is to reduce it, using (l), to the classical 
addition formula 

P- 1 / 2  + ip(cosh r)p- 1 / 2  + ip(cosh R )  

= (1/2n)r'P-113+ip(COsh r cosh R + sinh r sinh R cos o) d a .  
(10) 

0 

The other way is deduce (10) from (9), namely, the function 

z -, (l/2x)/02'Fp(gw K, z )  do 

is a radial (with respect to z = 0) eigenfunction on W z  with eigenvalue 
+ p 2 .  But for each A, the collection of solutions of (2), which are bounded 

about r = 0, is one-dimensional. So the left-hand side of (9) is a constant 
multiple of F,(z). The constant is evaluated by setting z = 0. 

Applying (9) to (8) we have 

which implies 
I\ 

(11) cp * W) = W ( P ) $ ( P ) .  

From (7) and (11) it follows that the solution to the initial-value problem 
for the heat equation (6) is 1/2x multiplied by the convolution off with the 
inverse transform of e-(1/4+~2)r, namely, 

u(z, t )  = (1/2n)IH 2 f(w) dA(w)~omF,(g; l .  ~ ) e - ( ~ / ~ + ~ * ) ' p  tanh np dp .  



246 X. Surfaces of Constant Negative Curvature 

So the heat kernel on HI2 will be given by 

(12) p(z, w, t )  = (1/2.n) e- (1 /4+p2) i~  -1/2+ip(cosh d(z, w))p tanh .np dp. so" 
To simplify (12), we note that by Eq. (7.47) of Lebedev [l, p. 1733, we 

have 

sin p@ 

Jcosh /l - cosh r 
dB7 

P-l12+ip(cosh r) = Jz - coth np 
71 

which implies 

dB ~ " e - ( 1 ' 4 i y 2 ) i p  sin p@ dp. 
1 "  

P(Z, w, t) = ~ 

$n2 [ ( , W )  Jcosh /l - cosh d(z, w) o 

For each nonnegative integer k, one has 

from which one obtains 

(13) 

Note that (13) displays the positivity of p for z # w, t = 0. 

fundamental solution to the heat equation on W2.  

Be - 82/4i  

P(Z, w, t )  = ~ dB. $%" L,w) Jcosh @ - cosh d(z, w) 

We leave it to the reader to verify that, in fact, p(z, w, t) given by (13) is a 

3. LOBELL SURFACES AND THE 
ESTIMATES OF P. BUSER 

In all that follows we use the term surface for any 2-dimensional 
orientable Riemannian manifold, and Riemann surface for a surface whose 
Gauss curvature is identically - 1. 

If M is a complete Riemann surface, then its Riemann universal covering 
is W 2 ;  and if M is also compact, it must have (by the Gauss-Bonnet 
formula) genus g 2 2. 

The reader will recall from Theorem 11.5 that for any domain R in W2, 
the lowest Dirichlet eigenvalue of R is always greater than $. It is natural to 
ask whether the same estimate holds for the nonzero eigenvalues of any 
compact Riemann surface (McKean [2]). This question is important in, for 
example, hyperbolic lattice-point problems, and in the asymptotics of the 
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length spectrum of the surface (cf. Chapter XI). Randol [l] showed that 
given any compact Riemann surface, it possesses a compact covering for 
which there are nonzero eigenvalues arbitrarily close to 0. (cf. Section XIS). 
Here we shall prove a slightly different result using more elementary 
methods : 

THEOREM 1 (Buser [l]). Given any E > 0, and integer g 2 2, there 
exists a compact Riemann surface of genus g such that 

I,,-, < E .  

Before giving the proof of Theorem 1, it will be convenient to introduce 
Fermi coordinates on an arbitrary surface. A more general sketch can be 
found in Section XII.8. Let M be a surface, y: R + M ,  17’1 = 1 an embedded 
geodesic, and r: R + T M  a continuous unit vector field along y, orthogonal 
to y. We define the map 

E(r,  t )  = exPy(r) t t (r);  

the general theory guarantees the existence of a < 0, f l  > 0 so that E is a 
diffeomorphism of R x (a, B) onto its image in M .  If we wish to consider 
Fermi coordinates based on a simple closed geodesic y of length l, then we 
replace R, above, by S1(l/2n). In this case we are guaranteed the existence of 
a < 0, f l  > 0 for which E is a diffeomorphism of S1(1/2n) x (a,fl) onto its 
image in M .  

It is customary to define the injectiuity radius ofE as the largest T >  0 for 
which E I R x (- T, 7‘) (or E 1 S1(1/2a) x (- T, T) in the periodic case) is a 
diffeomorphism onto its image, the collar in M about y .  

Standard arguments verify that on the collar, we have 

ya,E = 0, ld,El = 1, ( a , E ,  a , E )  = 0, 

V:a,E + ( K  0 E)a ,E  = 0, (J) 

d,E(r,  0) = y’(r), y d , E ( r ,  0) = 0, 

where K denotes the Gauss curvature of M .  Since the unit vector field 
d,E/(d,El must be parallel in the t direction, we may replace the vector 
Jacobi equation (J) by the scalar equation 

a:q + Kq = 0 

for q = (a ,E( ,  with initial data 

q(r,O) = 1, d tq ( r ,O)  = 0. 

The Riemannian metric is written in these coordinates as 

(14) ds2 = dt2 + q2(r, t )  dr’, 
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Fig. 4 

and the density of the Riemannian measure is given by 

(15) d A  = yI(r, t )  dt d r .  

Note that when K = -1 we have 

(16) 

PROOF OF THEOREM 1: Our surfaces consist of a collection first con- 
structed by Lobell [ 11. 

Consider the quadrilateral Q of Fig. 4, in W2, with cp = n/3, and place six 
copies of Q adjacent to one another as in Fig. 5. We call the resulting 
hexagon in W2, G, and label the geodesic segments bounding G : al, PI, a2, 
b2, a j ,  P3 as indicated, with 

/(aj) = 2r, I(&) = 24 j = 1,2,3. 

q(r, t) = cosh t. 

Fig. 5 
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Take another copy of G, G, with boundary d l ,  B1, &, Bz, d,, B,, and 
identify f l j  with B j  for j = 1,2, 3. The result is a Riemann surface R with 
compact closure and bounded by 3 simple closed geodesics, homeomorphic 
to Sz with 3 disks removed. Let y j  be the bounding geodesic obtained from 
aj and d j ,  j = 1,2,3.  Clearly each of the geodesics y j  has length 4r. The 
Gauss-Bonnet theorem and formula (Section 111.1) implies that 

A(R) = 271. 

Note that by formula (38) in Section 5, t and r are related by 

(17) 3 = (sinh r)(sinh t). 

So we think of the family of surfaces R as parametrized by r. From (17), it is 
clear that we may guarantee t > 1 by picking 

(18) r < arcsinh{f csch 11. 

We refer to our surfaces R as Lobell Y-pieces. 

LEMMA 2. For Lobell Y-pieces R, satisfying (18), we have 

12r sinh 1 ' 271 - 12r sinh 1 ' 

where A(R) denotes the lowest Dirichlet eigenvalue of R. 

PROOF: First note that for each j = 1 ,2 ,3  the injectivity radius associated 
to each y j  is greater than or equal to t, and that the collars 

K j  = (X E R : d(x, y j )  < t} ,  

J = 1 ,2 ,3  (more precisely, half-collars) are pairwise disjoint. For j = 1,2 ,3  
let Dj be the attenuated collars, 

Then 
Dj = {X E R :  d(x, y j )  < l } .  

t-1 

A(Dj) = &yj)  cosh T d7 = 4r sinh 1 .  
J O  

Consider the function cp on R given by 

d(x, all), d(x, aft) I I, 
otherwise. . cpw = 

Then 

In lgrad cpIz d A  = 12r sinh 1 
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73 

. 
'*t I 9 <-0 

7. I I / 

Fig. 6 

and 
3 

cpz dA 2 A(Q) - A(Dj)  = 2n - 12r sinh 1. 
j = l  

Estimate (19) now follows from Rayleigh's theorem (Section 1.5). 
To conclude the proof of Theorem 1, we take 29 - 2 copies of 

R : a,, . . ., 522g-2, with boundary geodesics Y k , j ,  k = 1, . . ., 29 - 2, 
j = 1,2,3 (the k indicating that 7 k . j  is part of the boundary of Qk).  We think 
of each geodesic y k , j  as oriented by Q k ,  and denote the same geodesic with 
reverse orientation by ( y k , j ) - ' .  

Now identify Y k . 2  with ( Y k + 1 , 3 ) - 1  for all k = 1, 2, . . ., 29 - 3 and y 2 g - 2 , 2  
with (yl ,3)-1.  Also identify y Z l  with (y21,1)-1 for all I = 1, . . ., g - 1. The 
result of these identifications is a compact Riemann surface M of genus g 
(Fig. 6). Since we used 29 - 2 copies of Q to produce the Lobell surface M, 
Lemma 2, and the domain monotonicity of eigenvalues for vanishing Dirichlet 
data (Section IS), combine to imply 

12r sinh 1 
2n - 12r sinh 1 

12,-3(M) I A(Q) S 

Given any E > 0, we may pick r, at the outset, to be sufficiently small to 
guarantee, beside (lS), 

12r sinh 1 
2n - 12rsinh 1 < E, 

which implies the theorem. 



3. Lobell Surfaces and Estimate of P. Buser 25 I 

The Lobell surfaces may also be used to prove 

THEOREM 2 (Buser [l]). Given positive integers g and k and any 
E > 0, there exists a compact Riemann surface M, of genus g, satisfying 

&(M) 5 + E .  

PROOF: Recall from Theorem 111.8 that for any geodesic disk B(6) in Wz 
we have 

a < A(B(6)) I + n2/6’, 

where A(B(6)) is the lowest Dirichlet eigenvalue of B(6). By Corollary 111.3 
we therefore have, for any compact Riemann surface M, with diameter 
d(M), 

(21) A,(M) I a + 4nW/dZ(M). 

If M has genus g, and I is the length of a simple closed geodesic in M, then 
by determining Fermi coordinates on M based on the geodesic, and using 
the Gauss-Bonnet theorem (cf. a similar argument in Corollary 111.4), we 
have 

(22) d ( M )  2 arcsinh{2n(g - l)/l}. 

examples, estimates (21), (22) combine to imply the theorem. 

eigenvalues. 

But for the Lobell surfaces, it is always possible to let 1 = 4r 10.  In these 

On the other hand, there are some restrictions on the number of small 

THEOREM 3 (Buser [l]). For any compact Riemann surface of genus 
g, we have 

A4g-z  > a. 
PROOF: It is a result of Fricke-Klein [l, p. 3181 that M can be 

triangulated with 4g - 2 geodesic triangles. By the domain monotonicity of 
eigenvalues with vanishing Neumann data (Section 1.5) the theorem will 
follow from 

LEMMA 3. For any geodesic triangle T in Wz, and p ( T )  the first 
nonzero Neumann eigenvalue of T, we have 

P m  > a. 
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(ii) 

Fig. 7 

PROOF: Before starting the proof, we emphasize that Tdenotes a domain 
in W2, homeomorphic to a 2-disk and bounded by 3 geodesic segments. 

By Courant's nodal domain theorem (Section 1.5) any eigenfunction cp of 
p( T) has precisely 2 nodal domains. 

If one of the nodal domains G of cp has compact closure in the interior of 
T, then p(T)  = 1(G) > 3 by Theorem 11.5. 

Now assume that both nodal domains of cp have closure intersecting dT. 
Then the nodal line cp-'[O] consists of a smooth curve in T (Cheng [S]), 
and must intersect aT precisely twice. We distinguish two possibilities: the 
two intersections of the nodal line with aT (i) are, or (ii) are not, on the 
closure ofjust 1 geodesic segment of aT(Fig. 7). 

In the first case, let G denote the nodal domain bounded by the nodal line 
and the geodesic segment t~ determined by the intersection of the nodal line 
with aT. Now pick Fermi coordinates z = q(r, t) in W 2  based on the full 
geodesic containing 0.  Then the preimage of G in R2 is a domain of the 
form 

where for each r in (a, b), N(r)  may be finite or infinite, and a j r )  2 0 for all j. 
For the eigenfunction cp we then have, setting 

@ = c p o q ,  

(23) 

To estimate this integral from above, we give a slight variation of the 
argument establishing (11.45) (that the lowest Dirichlet eigenvalue of any 
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disk in W 2  is greater than i). Fix j and r .  Then (suppressing j and r from the 
notation) we have 

[a2 cosh = a2 sinhl! - 2 

- < 2{[02 sinhI1”{ [(dt@)’ sinh}’” 

I 2{fa2 cash]"'{ cosh}1’2 

I 2{ f’@’ cash)"'{ !=’(lgrad q(’ 0 q)cosh 

that is, after canceling and squaring, 

The key to the string of inequalities is the vanishing of 

a‘ sinhi! 

-indeed, f l  will always correspond to a point of lJG on the nodal line, in 
which case @ = 0; and a will correspond to either a point of aG on the 
nodal line, in which case @ = 0, or a will correspond to a point of aG on the 
geodesic segment of d T ,  in which case a = 0 and sinh = 0. We also note 
that one goes from the third to the fourth line via the Cauchy-Schwarz 
inequality. 

One now substitutes (24) into (23) to obtain 

which implies the theorem in this first case, 
In the second case, where the nodal line intersects dT at 2 distinct 

geodesic segments, one determines geodesic polar coordinates centered at 
the intersection of the 2 segments and argues as in the first case (following 
the argument for (11.45) even more closely than in the first case). 
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4. LOW EIGENVALUES 
AND SHORT GEODESICS 

We now examine the methods of Section 3 more closely. Estimate (22) 
shows that the existence of a short simple closed geodesic implies a large 
diameter for a compact Riemann surface. However, the estimate requires a 
global piece of information, namely, the genus of the compact Riemann 
surface. In what follows we start with an estimate of B. Randol for the 
injectivity radius associated to a simple closed geodesic. As the length of the 
simple closed geodesic becomes arbitrarily small, the estimate of the in- 
jectivity radius will be of the same order as the estimate of the diameter 
given by (22). This will allow for a more systematic investigation of the 
arguments of Section 3. 

THEOREM 4 (Randol [5]). Let M be a compact Riemann surface with 
simple closed geodesic y of length 1 > 0. Then the injectivity radius z, of the 
collar about y in M, satisfies 

(25) I 2 arcsinh{csch 112). 

COROLLARY 1. If C ,  denotes the collar about y, then 

A(C,) 2 21 csch 112. 

Note that (25) implies, using the concavity in C ,  of the distance function 
from y, that intersecting simple closed geodesics cannot be simultaneously 
small. 

Also note that 

lim 21 csch 112 = 4. 
110 

We remark that estimates for bounding A(C,) from below were first 
considered in Keen [l] and Halpern [l]. The generalization of Randol’s 
argument to surfaces of variable nonpositive Gauss curvature can be found 
in Chavel-Feldman [3], and a still further generalization, with weaker 
definition of the collar, can be found in Buser [ a ] .  

PROOF OF THEOREM 4: Let y: Si(1/2n) -+ M ,  ly’l = 1, be a simple closed 
geodesic of length 1. 

An argument of Klingenberg [l] can be easily adapted (cf. Grossman [l]) 
to show that there exist two distinct geodesic segments aj: LO, I ]  + M, 
IaJI = 1, with oJ0) on y, for j  = 1,2, and satisfying 

q ( 2 )  = az(z), a;(z) = -a#). 
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\ 
Fig. 8 

So the union of the two geodesic segments is a smooth geodesic segment 
which can be written as o: [0,22] -, M, lo’l = 1, such that o(0) = o,(O) =: pl, 
422) = a,(O) =: p 2 .  We let q denote a(z). 

Note that Fig. 8 contains the two possibilities of how n intersect y at p z .  
Compare the discussion below. 

Assume that y is parametrized so that y(0) = pl, and that y is oriented so 
that o’(0) is obtained by rotating y’(0) through 4 2  radians in M p ,  the 
tangent space to M at p .  

Next, consider the geodesic T in M for which z(0) = q, and ~’(0) is 
obtained by rotating ~ ’ ( 2 )  through - x / 2  radians in M q .  The key to the 
proof is that if (25)  is false, then T is a geodesic loop which is freely homotopic 
to y. Indeed, we lift the geodesics y, o to geodesics 7, 6 in W 2  (the universal 
covering of M) starting at some lift of pl.  Note that 3(0) is obtained by 
rotating y(0) through n/2 radians in (W2)@. Next, we let r be the geodesic in 
M such that r(0) = y(-1/2) = y(1/2), and r’(0) is obtained by rotating 
y’(-l/2) = y’(1/2) through 4 2  radians in M,-(,,). When y is lifted to W 2  
(starting at pl) to 7, the lifts of y(- 1/2) = y(1/2) are now distinct points on 7, 
thereby determining 2 lifts of r-rl, r2-starting at y(- 1/2), 7(l/2), re- 
spectively. The lift, now, of the geodesic T, 2, starting at 6(z) will be oriented 
so that i‘(0) is obtained by rotating 3(z) through - 4 2  radians in (H2)6(,). 
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Fig. 9 

By (3), if (25) is false, then i will have to intersect PI and rz. By symmetry, 
this intersection must be at the same arclength along rl and rz (cf. Fig. 9). 
The respective points of intersection, G I ,  g2, will then project, under the 
covering, to the same point in M. Therefore i projects to the loop T in M, 
freely homotopic to y. 

We now distinguish the two possibilities referred to in Fig. 8. For 
convenience, let 5 be the continuous unit vector field along y, orthogonal to 
y, for which a'(0) = C;(pl). The two possibilities are that (i) ~'(21) = - ( ( p z ) ,  
or (ii) ~ ' ( 2 1 )  = 5(pz ) .  

We consider the first possibility, that a'(21) = - t ( p z ) .  Then we go 
through the same lifting construction in H2 as before, except that we now 
start at p 2 .  However, since the lift of the geodesic segment 0 starting at p 2  is 
oriented in the direction opposite to the one obtained by starting at pl, the 
lift of T in H2 now appears with the orientation opposite to the left of T 

obtained when we started the lifting procedure at pl.  We therefore have T 

freely homotopic to y - l ,  which implies y is homotopic to y - I ,  contradicting 
a theorem of Preissmann [l] (cf. Section XI.l). 

For the second possibility, we have the lifting to HZ through $2 appear as 
in Fig. 10. One then easily sees that if the surface M is cut along y then the 
boundaries of the resulting surfaces are freely homotopic-an impossibility, 
since the genus of A4 is greater than or equal to 2. 

We now apply Randol's estimate to give a more general form of the 
argument of Theorem 1 (Schoen-Wolpert-Yau [l]). 

We are given a fixed number j > 0, and consider all noncompact 
Riemann surfaces Q with compact closure, whose boundary consists of 
closed geodesic circles with total length i(dQ), satisfying 

/(an) 5 28. 
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Fig. 10 

We claim that 

l (aM)  cosh /? 
a2{2n - I(aM) csch /I} ’ A(sz) I 

where 

(27) a =: arcsinh(csch p). 
To prove (26), let the geodesic circles yl, . . ., yk, with respective injectivity 

radii I , ,  . . ., z k  for the associated collars. Then since l j  < 2p for all 
j = 1, . . ., k, we have by (25), 

i j  > a 

for all j = 1, . . ., k. 
For each j = 1, . . ., k consider the attenuated collar 

Dj = { x E R : ~ ( x , ~ ~ )  < a } .  

LEMMA 4 (Matelski [l]). When k > 1, the collection of collars 
D,, . . ., D, is pairwise disjoint. 

PROOF: Assume D, n D, # 0 for a pair of distinct r and s. Then there 
exists a’ in (0, a) such that the, still again, attenuated collars 

0: = {X : d ( ~ ,  7,) < a’}, Dl = (X : d(x, ys) < a’} 

still have nonempty intersection. Let xo be the closest point in Ki  n KI to 
y,. Then an easy argument shows that 

d(xo,ys) = a’, 
and the distance circles 

r, = {Y : d(Y, Y J  = 4x0, Y J 1 7  r, = { Y :  d(Y, Ys) = a‘} 
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are tangent at xo. The argument of Randol's theorem will then show that 
the geodesic in M through xo, tangent to l-, and at x,,, will be a geodesic 
loop simultaneously freely homotopic to y,, ys . So y, and ys are freely 
homotopic, which is impossible unless R is a cylinder bounded by y, and ys 
in which case the Gauss curvature could not always be negative (by the 
Gauss-Bonnet theorem). This implies the lemma. 

We now estimate L(M) as in the case of the Lobell surfaces. Pick the 
function 

d(x, an), d(x, an) I a, 
otherwise. 

Then one easily has 

lgrad 'piz dA = &aR) csch b, s, 
and 

k J], (p2 d A  2 a2{A(R) - 1 A(Dj)) 2 a2{2n - I(&?) csch /?}. 

We have, above, A(R) 2 2n since by the Gauss-Bonnet formula A(R) is an 
integral multiple of 2n. We therefore have (26), by Rayleigh's principle 
(Section 1.5). 

We now apply (26). Let M be a compact Riemann surface of genus g. For 
each k = 1, . . ., 29 - 3, consider the family of curves %?k(hf) consisting of 
the disjoint union of simple closed geodesics dividing M into k + 1 com- 
ponents. Then a combinatorial argument (cf. Keen [2]) implies that the 
maximal number of simple clgsed geodesics, dividing M into 1 2 9  - 2 
components, is 39 - 3. If we let I k ( h f )  denote the minimum length of all 
curves in %?k(hf), then a result of Bers [l, Statement X v l  implies that there 
exists a positive number f l  = P(g), depending only on g, such that 

j=l  

(28) l k ( M )  < @(g), k = 1, . . ., 29 - 3. 

An imediate consequence of (26), (28) and max-min arguments (Section 
1.5) is 

THEOREM 5 (Schoen-Wolpert-Yau [l]). If M is a compact Riemann 
surface of genus g then there exists a positive number / I g  depending only on 
g, such that 

(29) 5 lk(')bg 

for all k = 1, . . ., 29 - 3. 
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We note that (21), (22) imply 

(30) 12g-2(M) I a + 4n2(2g - 2)2/arcsinh2{2n(g - l)/pg}, 

the right-hand side depending only on g. Next, we give the argument in 
Schoen-Wolpert-Yau [l] for a lower bound of A, in terms of I,, 
n = 1,.  . ., 29 - 3. 

THEOREM 6. For any integer g 2 2 there exists a positive number 
o! = ag such that for any compact Riemann surface of genus g we have 

(31) 2 j E ( M ) a g ,  

k = 1,.  . ., 29 - 3, and 

(32) l z g -  2(M) 2 ag. 

We note that for small Z,(M), (31) can be replaced by the stronger result, 

(33) Ik(M) 2 lk(M)ag 

(in fact, it requires that one first prove (31)) but we shall content ourselves, 
here, with the weaker result. See Schoen-Wolpert-Yau [l] for the argu- 
ment for (33). 

PROOF OF THEOREM 6: For any regular domain R in M, we define the 
(Neumann) Cheeger constant b&?) by 

where r ranges over embedded I-manifolds in R, for which ar = r n an, 
which divide fi into two open sets Q,, R, with r = an, n R = an, n R. 
As in Theorem IV.5, one can show that one obtains the same infimum if 
one restricts r so that the associated a,, a, are connected; and, in what 
follows, we always assume r has this property. Also, one can easily derive 
the Cheeger inequality, as in Theorems IV.3 and IV.ll, 

(34) P(Q) 2 a b m  
where p(R) is the lowest nonzero Neumann eigenvalue of R. 

Now let M be divided, by a compact I-manifold C consisting of simple 
closed geodesics yl, . . ., ys,  into k + 1 domains MI, . . ., M k + l ,  k 5 29 - 3, 
such that 

S 

l k ( M )  = 1 L(Yr) .  
r = l  
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Recall that 

s I 3 9  - 3. 

The domain monotonicity of eigenvalues with vanishing Neumann eigen- 
values then implies that 

(35) A,(M) 2 min{dMJ, ~ - . t  CL(Mk+l)l. 

From (34), it will suffice to bound bN(Mj),  j = 1, . . . , k + 1, from below. Fix 
one of the Mj and call it R. 

When considering any r in the competition that defines bN(SZ), we have, 
for each component of r,, two possibilities: 

(i) the component r, is not closed, and it therefore intersects at both 
endpoints; or 

(ii) the component r, is closed. 

In case (i), our first comment is that both endpoints of r, must lie on the 
same component y of aQ in which case there are, here, two possibilities: 
either r, is contained in the collar in Q associated to y, or it is not 
completely contained in the collar. 

If r, is contained completely in the collar, then r, and a geodesic segment 
of y bound a domain G contained in the collar, the geodesic segment having 
length less than or equal to that of r,, and G homeomorphic to a 2-disk. 
Then r = r,, and since G is homeomorphic to a 2-disk we have, by the 
argument of (IV.l5), 

A(G) I L ( ~ G )  5 2 ~ ( r ) ;  

L(T)/min{A(G), A(a\\G)} 2 L(T)/A(G) 2 + 2 1k(M)/2&7). 

so 

If r, is not completely contained in the collar, then 

L(T,) L 22, 2 2 arcsinh{csch /?(9)/2}, 

by (25), (28). So here we have 

W)/min{4W,  A(R,)l 2 Lu-,)/A(M) 

arcsinh{csch &)/2) 

2749 - 1)/?(9) 
2 lk(M)* 

We now consider case (ii), namely, all components of r are closed. If a 
component r, of r bounds a domain G in SZ homeomorphic to a 2-disk, 
then r = I-,, and by the argument of (1V.15) we have 

(36) A(G) I L(aG), 
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and one argues as above. Similarly, if r, is freely homotopic to a com- 
ponent y of an, or to another component rl of r, then r, and the other 
circle bound a domain G homeomorphic to an annulus. But here, too, 
inequality (36) is valid (cf. Ionin [l]; Yau [l]). When r, is freely homotopic 
to y, we have 

and when r, is freely homotopic to r,, we have 

L ( ~ G )  = L(r,) + L(rl) I qr). 

So, again, we obtain 

The last possibility, therefore, is that all the components of r are closed; 
none of them bound a two-disk; none of them are freely homotopic to a 
component of nor are any pair of them freely homotopic to each other. 
We give a lower bound to L(T) depending only on g and Jk(M). First we 
replace each component of r by the shortest loop in R freely homotopic to 
it. This loop must be a nontrivial simple closed geodesic. Since this 
replacement does not increase length, we may assume from the outset that 
r consists of a finite collection of simple closed geodesics. If 

< (l/s)ik(M), 

then there exists a component, say yl, of C with L(T) < L(yl). This would 
imply that by reattaching along yl, and cutting along r we would have a 
subdivision of M into k + 1 domains by disjoint simple closed geodesics 
with total length < f k ( M j a n  impossibility. We therefore have 

L(r) 2 (l/s)/k(M) 2 (39 - 3)-'ik(M). 

so 

L(r)/min{A(n,), A@,)} 2 L(r)/A(M) 2 Ik(~)/12n(g - 112. 

We therefore have, by (34) and ( 3 9 ,  the estimate (32), where 

' 274g - l)/!l(g) 
1 arcsinh{csch 8(9)/2 

and the theorem is proved. 
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5. THE UPPER HALF-SPACE MODEL 
OF HYPERBOLIC SPACE 

We first discuss the 2-dimensional case. We let 

@ + = { z = x + iy E @ : y > O}, 

w = ( z  - i)/(z + i) 

and consider the map @+ + D given by 

-a fractional linear transformation of @, taking C+ to D. To pull back the 
W 2  metric on D to C+, we have 

(dw( = 2(dz(/(z + iI2, dw = 2i dz/(z + i)', 1 - lwI2 = 4 y / l ~ ( ~ ;  

therefore 
ds = Idz(/y. 

Again, the geodesics of HIz, in this model, are generalized circle segments in 
C+ intersecting the boundary, that is, the x axis, orthogonally. 

One can check, now, that the orientation preserving isometries of W2, in 
the C+ model, are given by PSL(2; R), the fractional linear transformations 

w = (az + B ) / ( Y Z  + a), 
where a, p, y ,  6 are real constants satisfying a6 - By = 1. Thus the group is 
given by the real matrices 

(; 9 
(with composition of mappings represented by matrix multiplication) with 
determinant equal to 1. To achieve an isomorphism between the isometry 
group and the matrix group one must factor the matrix group by +_ 
(identity matrix). To include orientation reversing isometries, one has the 
group generated by PSL(2; R) and the reflection in the y axis. 

Now let z = pe" determine polar coordinates in @, and consider the 
domain R in C + given by 

o c T I  p I T +  R, o c Y I e I 4 2 .  

To calculate the hyperbolic distance r from iT to i(T + R), we have 

r = / T T + R ~ y / y  = ln ( l+  R/T); 

so 

r = In(1 + R/T), R = T(e' - 1). 
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Next, we note that the geodesic segments given by 

{z = Te" : Y I 8 I ~ / 2 }  

{Z = ( T +  R)e'': Y I 0 I n/2} 
and 

have the same hyperbolic length, since the metric ds is invariant with 
respect to homotheties of @, centered on the x axis and restricted to C+. 
The specific hyperbolic length t is given by 

P 

csc 0 d8 = arctanh cos Y, 
= s,,, 

These calculations suggest that we introduce in C+ the coordinates 

(37) 

for then we have 

r = In(1 + p), t = arctanh cos 8, 

ds2 = ldz)2/y2 = (dr2 + r2 d02)/r2 sin28 = dt2 + cosh2t dr2 

that is, 

ds2 = dt2 + cosh't dr2. 

Thus the coordinates r, t are Fermi coordinates in W 2  based on the geodesic 
represented by the y axis in @+, where r denotes directed hyperbolic 
distance from i, along the y axis, and t denotes the directed hyperbolic 
distance along the geodesic emanating, orthogonally, from the y axis. Of 
course, the injectivity radius, here, is + 00. 

We now consider the quadrilateral Q in Fig. 11, and establish the formula 

(38) cos rp = (sinh r)(sinh t). 

Fig. 11 
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0 E 

Fig. 12 

To this end, we represent Q in @+ by Fig. 12, where E is the center of the 
circle corresponding to the geodesic CD; 0 is the radius of CD; 

8 = &,EOC, 6 = & O D E ;  

and R, Tare the Euclidean lengths corresponding to the hyperbolic lengths 
r, t. We take A = i; so 

t~ = (1 + R )  tan 8, E = (1 + R) sec 8. 

By the law of cosines, 

(1 + R)2 - 1 
2(1 + R )  

cos cp = -cos 6 = - ctn 8, 

and (38) follows from (37). 

map 
We now consider the upper half-space model of W" for general n 2 2. To 

w; E: {x E R":x" > O}, 

to B", first let 

(39) z = x + ($ - 2x")e,, 
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where en is the nth element of the standard basis of R". Then { x  : x" > 0 }  is 
mapped diffeomorphically onto {z : z" < i}. Next, consider the inversion 

(40) y = en + ( z  - e,)/lz - en[' 

in the sphere of radius 1 centered at z = en. Then {z: Z" < i} is mapped 
diffeomorphically onto (y : ly[ < 1). The composition of (39) followed by 
(40) therefore maps tw: diffeomorphically onto B". 

To determine the induced metric on R: we have 

2(dz, z - en> 
(Z - en), - dz 

dy = ~ 

IZ - enI' IZ - eni4 

(1 - 22") 
(z - e.1' ' 

1 - lyl2 = 
ld2l2 

lz - 4 4  ' Idyl2 = 

so 

From (39) we have on R: 

(41) ds2 = ldx12/(x")2. 

We finally note that, in these coordinates, the Laplace operator is given 
(using (1.33)) by 

that is, 

is our formula for A on W" in the upper half-space model. 



C H A P T E R  X I  

The Selberg Trace Formula 

Burton Randol 

1. PRELIMINARIES 

In this chapter we will discuss and apply some of the idea connected with 
the compact case of the Selberg trace formula (Selberg [l]), emphasizing the 
differential-geometric rather than the arithmetic side of the theory, and 
restricting our discussion to hyperbolic spaces. We begin with a very brief 
review of some hyperbolic geometry. 

Recall that hyperbolic n-space W" (n  2 2) is a complete simply connected 
Riemannian manifold having constant sectional curvature equal to - 1, and 
that for a given dimension, any two such spaces are isometric (Wolf [l]). 

There are several models for W", the most important being the half-space 
model, the ball model, and the hyperboloid or Lorentz model, with the ball 
model being especially useful for questions involving rotational symmetry. 
The half-space model consists of the open half-space of points 
(xl,. . ., x,- 1, t) in [w" for which t > 0. The metric in this case is given by 
(ds)2/tZ, where ds is the Euclidean distance element, and this metric is 
obviously conformal. The ball model consists of the open unit ball 1x1 < 1 
(x = (xl, . . ., x,)) in R", and the metric for this model is given by 
4(ds)2/(1 - ( ~ 1 ~ ) ~ .  We will not use the hyperboloid model in this chapter, but 
the algebraic structure of the isometry group is especially clear in this 
model, and it is useful, among other things, for constructing examples of 
compact hyperbolic space forms (cf. Bore1 [ 11 ; Sullivan [ 11). 

We begin with a discussion of the half-space model. It is evident that if S 
is any (n - 1)-dimensional hemisphere in R" whose equatorial plane is the 
boundary t = 0, then inversion, or reflection, in S is an isometry of W". This 
is obvious since the hyperbolic length element is given by ds/t, which is 
invariant under such reflections (recall that inversion in a sphere of radius r 
and center X ,  is given vectorially by X -+ r2(X - X,)/lX - Xol2 + X,) .  
Clearly ordinary reflection in the intersection of the half-space with an 
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(n - 1)-dimensional plane perpendicular to the boundary is also an isom- 
etry. Note that by taking a product of two reflections in concentric 
hemispheres we can obtain any homothety about any point on the bound- 
ary, and by doing the same for two parallel half-planes, we can obtain any 
translation, from which it is easy to see that the group generated by such 
reflections, and hence the isometry group of W", is transitive. We will 
henceforth call half-planes and hemispheres perpendicular to the boundary 
hyperplanes, or hyperbolic hyperplanes, if there is danger of confusion with 
Euclidean hyperplanes, and use the term reflection to mean reflection in 
such a hyperplane. 

It is a simple exercise to see that the image of a hyperplane under 
reflection is again a hyperplane, and that any two hyperplanes can be 
transformed into each other by a finite sequence of such reflections. 
Additionally, any two generalized circles, that is, half-lines or semicircles 
perpendicular to the boundary can be transformed into each other by a 
finite sequence of reflections. 

Suppose now that two points in the half-space model lie on a vertical line 
L perpendicular to the boundary. It is then evident, since the hyperbolic 
distance element is ds/t, that the unique shortest path between them is the 
segment of L connecting them, and it follows that the portion of any such 
line interior to the half-space is a geodesic. Since any two generalized circles 
can be brought into each other by an isometry, and since for any two points 
there is a generalized circle containing them, this shows that the geodesics 
in the half-space model are precisely the generalized circles, and that for any 
two points, there is a unique geodesic containing them. 

Notice that a hyperplane has an intrinsic characterization as the locus of 
points equidistant from two points. This is clear if the hypersurface is a 
Euclidean half-plane perpendicular to the boundary, and since any two 
hyperplanes can be brought into one another by an isometry, it is true in 
general. Another intrinsic characterization which can be immediately ver- 
ified is that a hyperplane consists of the union of geodesics perpendicular 
to and passing through a fixed point on a geodesic. Reflection in a 
hyperplane P can also be intrinsically described as follows: if a point p E W" 
lies on P it is not moved. Otherwise, there exists a unique geodesic g 
containing p and perpendicular to P. The image of p is then the point on 
the other side of P which lies on g and at a distance along g from P equal to 
that of p. Notice finally that a hyperplane in W" with the induced metric is a 
totally geodesic subspace and a model for W"-'. This is clear from the 
metric if the hyperplane corresponds to a Euclidean hyperplane per- 
pendicular to the boundary, and it then follows for all hyperplanes by the 
transitivity of isometries on the set of hyperplanes. Henceforth, we will 
think of hyperplanes as intrinsic objects in W". 
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Passing now to the ball model, we note that the fractional linear 
transformation z + (z - i)/(z + i) of the complex plane maps the upper 
half-plane Im z > 0 with the hyperbolic metric isometrically onto the unit 
disk Izl -= 1 with the hyperbolic metric. Since fractional linear transfor- 
mations are conformal on C', it follows that the geodesics in the ball model 
for W 2  are either open arcs of circles perpendicular to and having endpoints 
on the boundary lzl = 1, or open diameters. In dimension 2, the hyper- 
planes coincide with the geodesics. Additionally, in the ball model for W" 
with n arbitrary, it is obvious from the metric that the intersection of the 
ball with a Euclidean (n - 1)-dimensional equatorial hyperplane is a locus 
of points equidistant from two points, and is therefore a hyperbolic 
hyperplane. Now it is clear that the intersection with the ball of any 
Euclidean k-plane through the origin is, with the induced metric, the ball 
model for Wk. That such an intersection is totally geodesic can be seen by 
first noting that it is a hyperplane and hence totally geodesic in some ball 
model for Wk", obtained by intersecting the W"-ball with an appropriate 
Euclidean (k + 1)-plane. Then working our way up until the process stops 
at W", we eventually find that the intersection is the first stage in a tower of 
subspaces, each of which is totally geodesic in the next, and hence it is itself 
totally geodesic in the W"-ball. Since any two points in the W"-ball can be 
connected by a unique generalized circle lying in a Euclidean 2-plane 
through the origin, it follows that the geodesics in the ball model for 
W"(n > 2) are given, as in the 2-dimensional case, by open diameters or by 
open arcs of circles perpendicular to and having endpoints on the bound- 
ary. Since any hyperplane is the union of the geodesics perpendicular to 
and intersecting some geodesic at a point, it follows that the hyperplanes in 
the ball model are either intersections with the ball of Euclidean equatorial 
planes, or intersections with Euclidean spheres perpendicular to the 
boundary. 

Suppose T is an arbitrary isometry of the W"-ball. By the transitivity of 
the group of reflections we can find a reflection g such that g 0 T(0) = 0. 
Now it is clear, since the metric is radial, that the subgroup of the isometry 
group which stabilizes the origin is O(n), and since O(n) is generated by 
reflections in equatorial hyperplanes, it follows that g 0 T is a product of 
reflections and so therefore is T; that is, the full isometry group of W" is 
generated by reflections. 

Suppose now that M is a compact n-dimensional hyperbolic manifold, 
that is, a compact Riemannian manifold having everywhere constant sec- 
tional curvature equal to - 1 (for a discussion of such manifolds, which are 
numerous, see, for example, Bore1 [l], Ford [l], Sullivan [l], and Thurston 

Now M can be regarded as the quotient of W" by a discontinuous 
PI). 
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9 

Fig. 13 

compact group r of isometries, which are the covering transformations of 
M. Suppose y # e is a nontrivial element of l-. Consider the function d(x, yx) 
on W", where d denotes hyperbolic distance. Evidently it is bounded away 
from zero, since for x E W", any arc in W" connecting x and yx projects to a 
closed homotopically nontrivial loop on M, and by compactness there is a 
smallest possible length associated with such a loop. Again using the 
compactness of the quotient manifold M, it is easy to see that there exists 
x, E W" such that d(x,, yx,) actually achieves the minimum. Let g be the 
geodesic passing through x, and yx,. Then y leaves g invariant, although it 
does not in general fix the points of g. In order to see that g is invariant, 
note that y maps g onto some geodesic g', which clearly passes through the 
point yx,. Suppose g # g', that is, 8 # K (cf. Fig. 13). Let x be a point on g 
between x, and yx,. By the triangle inequality, it must be the case that the 
geodesic arc connecting x with yx is shorter than the sum of the lengths of 
the geodesic segments connecting x to yx,, and yx, to yx. But this latter 
sum is clearly d(x, ,yx,) ,  which is the presumed minimum of the function 
d(x,yx).  It follows that 8 = K, so g is invariant under y. As we shall see, if 
y # e such a geodesic is unique, and is called the axis of y. In order to 
obtain a canonical form for y, which will in turn imply this last result, note 
to begin with that in the half-space model we can, by the transitivity of 
isometries on geodesics, conjugate y into some y' so that the geodesic I, 
which is the vertical half-line perpendicular to the boundary and emanating 
from the origin is invariant by y'. 

Now I, with the induced metric, is the half-line 0 < t -= co, with metric 
(dt)2/t2, and it follows from calculus that every isometry of I is either of the 
form S or TS, where S is a dilation t -+ I t  (A > 0), and T is inversion about 
the point t = 1; that is, T is the transformation t -+ l/t. For later con- 
venience, we will denote by H i  the Riemannian 1-manifold of which I is a 
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model. Now since every transformation of the form TS has a fixed point on 
I, namely, t = A- and since d(x ,  y'x) is bounded away from zero (since y' 
is conjugate to y), we conclude that the transformation y' is a pure dilation 
on I, which can be regarded as the restriction of a dilation 
S: (xl, . . ., x,,-~, t) -+ (Axl, . . ., At) on W". It follows that S-'y' is the 
identity on Z. Passing to the ball model, and letting Z correspond to a 
diameter, we see that S-'y' in this model is an element of O(n) fixing some 
l-dimensional subspace; that is, S -  '7' has a 1-dimensional eigenspace with 
eigenvalue 1. It follows that S-'y' can be identified in an obvious way with 
an element of O(n - 1). Returning to the half-space model, we summarize 
our conclusions. 

If M = r\W" is a compact hyperbolic manifold, then every y E r other 
than the identity is conjugate in the full isometry group of W" to a 
transformation of the form KS, where S is a dilation (xl, . . ., x,- 1, t) + 

(Axl,. .  A AX,,-^,^), and K is an element of O(n - 1) acting on 
(q, . . ., x,- l). Moreover, it is clear from this canonical form that for every 
such y, there is exactly one geodesic I , ,  such that ?(I,) = Z, . This geodesic is 
called the axis of y. 

Suppose now that y1 and y2 are two nontrivial elements of r which 
commute. Then y2(Z,,) = y2yl(Z,,) = y1y2(I,1); that is, the geodesic y2(ZJ is 
invariant under yl. Since the axis of y1 is unique, this shows that 
y2(Zyl) = I , , ,  so I,, is the axis of both yl and y 2 .  In other words, any two 
nontrivial commuting transformations in r are coaxial. 

Next suppose that r' is a nontrivial abelian subgroup of r. By the 
previous argument, all the nontrivial transformations in r' have the same 
axis, which we will call A. Since r is discontinuous, so is r: which can be 
regarded as acting discontinuously and in a fixed-point free manner on A, 
which is a model for W'. It follows that r' can be thought of as a group of 
dilations on W', and it is well known that such a group, if it is discon- 
tinuous, is infinite cyclic. Let yo E r' generate the transformations of r' on 
A. Then it is easy to see that yo generates the transformations of r' on W" as 
well, since otherwise there would be a y1 E r' such that y$yl is the identity 
on A but not on W", for some integer k. Since no element of r' can have a 
fixed point, this is impossible. Summing up, we have shown that any 
nontrivial abelian subgroup of r must be infinite cyclic. Note also, for later 
use, that the above arguments show that the centralizer of any nontrivial 
element of r must be infinite cyclic (6. Preissmann [l]). 

We next briefly describe the so-called Dirichlet fundamental domain D 
for 

Suppose xo is a point in W". Define D to be the set of x's in W" which 
satisfy d(x, xo) I d(x, yx,) for any y E r. Equivalently, D can be constructed 
as follows. For a nontrivial y E C consider the geodesic segment g, connect- 

taken about a point xo in W". 
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ing x,, to yx,. Let P, be the hyperplane which is the perpendicular bisector 
of gyr and let H, be the closed half-space consisting of the points on the xo 
side of p,,, together with P, itself. Then D is the intersection of all the H;s, 
and it is not ditficult to see that it is in fact the intersection of finitely many 
of them and is compact; that is, D is a compact convex polyhedron in W". 
Moreover, it is easy to see that the polyhedra of the form y(D) (y  E r) 
tesselate W"; that is, W" is covered by the union of the y(D)'s, and any two of 
them either have no points in common, or intersect only at their bound- 
aries, and in such a way that vertices always intersect vertices, and the 
intersection is the convex span of the common vertices. 

2. THE PRETRACE FORMULA 

We begin by recalling a few facts from previous chapters. 

(a) In the upper half-space model for W", the Laplacian is given by 

A = tZ(aZ/ax: + . . . + aZ/ax;- + a Z / a t Z )  - (n  - 2 ) t  alat. 

(b) The area A(r) of a sphere in W" of hyperbolic radius r is 
is the area of the unit sphere in R", so the sinh"-'r, where 

Laplacian in geodesic polar coordinates about a point p in W" is given by 

A = a2/arz + (n - I) coth r a/& + A ~ ( ~ ; ~ ) ,  

where AS(p;r) is the Laplacian on the geodesic sphere of radius r about p. 

Suppose now that k(p)  (-a < p < 00) is an even C" function having 
compact support. By setting k(x,y) = k(d(x,y)), where (x,y) E W" x W", we 
obtain a smooth function of x and y which depends only on the distance 
between x and y. We will call such a function a point-pair invariant. 

LEMMA 1. Suppose k(x,y) is a point-pair invariant. Then A,k(x,y) = 
Ay k(x, y), where the subscript indicates the variable in which the Laplacian 
is applied. 

PROOF: Let us look for a moment at A,k(x,y). In geodesic polar 
coordinates about y, k(x,y) = k(r), since k(x,y) is radial about y,  so 
Ax k(x, y )  = k"(r) + (n - 1) coth r k'(r), since k(r) = 0. That is, 
Axk(x, y) = k"(d(x, y)) + (n - 1) coth(d(x, y))k'(d(x, y)).To examine A,k(x, y) 
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we take geodesic polar coordinates about x,  repeat the argument, and find 
that A,k(x,y)  is given by the same formula. q.e.d. 

Suppose now that f is a smooth function on W". Then the integral 

s," 4x3 Y ) f  (Y )  dY 

A.s," k ( x , y ) f ( y )  dY = s," k(X,Y)(Ayf(Y)) dY, 

makes sense, and we claim that the Laplacian commutes with this operation 
off, that is, 

or what is the same thing, 

To see this, recall that (AF, C )  = (F, AG) if either F or G is compactly 
supported, so 

f,. &,Y)(A,f(Y)) dY = I (Ayk(x,Y))f(Y)  dY, 

JH"(AXk(X3 Y ) ) f ( Y )  dY, 

W" 

and by the last lemma, the integral on the right equals 

which proves the assertion. 
We next examine radial eigenfunctions of the Laplacian. Suppose q 

satisfies Acp = Iq for some I, and that cp is radial about a point x E W". 
Introducing geodesic polar coordinates about x ,  we see that 

(1) q"(r) + (n - 1) coth r q'(r) - I q ( r )  = 0, 

which is a second-order ordinary differential equation for cp. This equation 
has a singularity of the first kind at r = 0, and it follows from the standard 
theory of such equations that for any I, real or complex, the general 
solution is of the form c1 fl(r) + c,f2(r), where fl(r) is an entire function of r 
with fi(0) = 1, and f2(r) is defined for all r > 0, with a singularity at r = 0 
of logarithmic type if n = 2, and of type r-("-') if n > 2 (Olver [l], pp. 148- 
1533). In particular, for a n y  fixed 1, real or complex, and any point x E W", 
there is exactly one, function o, (x ,y ) ,  which is radial about x ,  with 
o,(x,  x )  = 1, and which satisfies AywL(x,y)  = h , ( x , y ) .  Since o , (x , y )  is a 
function only of d(x ,  y), it follows that it also satisfies A,o,(x, y) = Ao,(x, y). 
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Suppose now that f is a function on W". We define its radialization about 
a point x E W", written f,"(y), by setting f J ( y )  = i s , f (Ty)  d T ,  where S ,  is the 
subgroup of the isometry group of W" which stabilizes x ,  and d T  is 
normalized Haar measure on S,  . As we have already seen, the S,'s are all 
conjugate and can be identified with the orthogonal group O(n). 

It is clear that f J ( y )  is a radial function of y ,  with f x ( x )  = f ( x ) .  
Suppose now that k ( x ,  y )  is a point-pair invariant. We claim that 

s,. k ( x ,  Y ) f ( Y )  dY = s,. k(X,Y)f,(Y) dY. 

To see this, note that 

f,. 6x9 Y ) f J ( Y )  dY = 4x9 Y )  dY J f V Y )  d T  

= Jsx g-" k(X,Y)f(TY)dY 

= J-, d T J w n  4x9 T - ' Y ) f ( Y )  dY 

= s,. d T J W n  k ( % Y ) f ( Y )  dY 

W" SX 

which proves the assertion. 

THEOREM 1. Suppose cp is an eigenfunction of the Laplacian, with 
Acp = h p .  Then cp is also an eigenfunction for the integral operator cor- 
responding to any point-pair invariant, and its eigenvalue in the latter 
context depends only on 1, and not on (p; that is, there exists a function h, 
defined on the set of all possible eigenvalues, which we have seen in this 
case is all of C', such that 

JH" k(x7 Y )  cp(Y) dY = W)4W 

The fact that h does not depend on cp, while easy to establish, is of crucial 
importance for the development of the theory, because it shows that h can 
be computed by using a simple set of representative eigenfunctions, which 
makes unnecessary computations involving 9's about which we may a 
priori know very little. 
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PROOF OF THEOREM 1. We begin by noting that 

k(x9 Y )  V(Y) dY = s," k(x,  Y )  4 a Y )  dY = d X ) J  k(x9 Y)  4 x 9  Y )  dY 

I,. k(Tx,y)w,(Tx,y)  dY = s,. 
= Jmn k(x9 Y)WA(X, Y )  dY + 

W" 

Now it is easy to see that for a given A, the quantity jwn k(x, y )o , (x ,  y )  dy 
does not depend on x .  In more detail, bearing in mind that the isometry 
group of W" is transitive, note that for any isometry T, 

4x3 T -  'Y)%(X,  T -  ' Y )  4, 

It follows that if we set h(L) = Jwn k(x, y )o , (x ,  y )  dy, the theorem is proved. 

Let us now compute the function h. 
For this purpose it is helpful to have a simple collection of representative 

eigenfunctions, and in the half-space model, which is convenient for this 
purpose, such a collection is provided by functions of the form t" = e"'Og', 

where s is complex and we take the real branch of the logarithm. It follows 
from the expression for the Laplacian in the half-space model that 

(2) At" = S(S + 1 - n ) P  

Since s(s + 1 - n) takes on all complex values as s ranges over the 
complex plane, we can regard h as a function of a complex parameter r, 
related to s by the equation s = ((n - 1)/2) + ir. This will be compu- 
tationally very convenient. Note that in terms of r, (2) becomes 

At(("-l)/Z)+ir = - ( ( (n - 1)/2)2 + r 2 ) t ( ( n - 1 ) / 2 ) + i r  

It will also be computationally convenient to replace k(x , y )  = k(d(x ,y ) )  by 
an arbitrary function of the form L(Q(x ,  y)), where L ( p )  (0 5 p < 00) is a C" 
function with compact support and Q(x,  y) = Ix - y12/ta, where Ix - yI is 
the Euclidean distance between x and y ,  with x = ( x l , .  . ., x , , - ~ ,  t )  and 
y = (yl , .  . . , yn- 1, a). Note that Q(x,  y) is a C" strictly increasing function of 
d(x,  y ) .  Indeed, the relationship between d and Q is given by Q = ( 2  sinh d/2)2 ,  
so any L is automatically an even C" function of hyperbolic distance. 

We will now determine h(r) as a function of L(x,  y ) .  
By Theorem 1, 

~ ( ~ , ~ ) ~ ( ( n - l ) / Z ) + i r d ~  = h(r)t(("- 1 ) / 2 ) + i r  (3) 
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If we take x = (0,. . ., 0, I), and note that by the conformality of the 
metric, dy = a-" dy, . . . dy,- , do, the left-hand side of (3) becomes 

S _ , . . . S _ , d y , . . - d y . _ , ~  L((y: + ... + y i - ,  + (1 - a)2)/a)o"-")/2airdo/o 
m m m 

0 

After the transformation a- '/ 'yj + yj, this becomes 

s_m...I-m.Ll..' dy,_,IOmL(y: + . . .  + Y , " - ~  + (a''' - ~ - ~ ' ~ ) ~ ) a ~ ~ d a / o ,  
m m 

or 
m m m I-, . . .j-m dy, 1 . .  dy,- , I-, L(y: + . . . + y:- , + (2 sinh ~ / 2 ) ~ ) e ~ ~ "  du, 

if we set e" = a. 
Taking polar coordinates p = (y: + . . . + y,"- 

and changing the order of integration, this becomes 
0 = p- l (y, ,  . . ., y,- ,), 

eir"duIsm-2 dBjomL(p2 + (2 sinh ~ / 2 ) ~ ) p " - ~  dp, 

where d0 is the area element on .Sjn-'. Since the integrand is independent of 
0 and even in u, we find, after the transformation p2 + (2 sinh 1.42)~ -, p. 
that 

h(r) = c , - ~  cos ru du L ( p ) ( p  - z ( u ) ) ( " - ~ ) / ~  dp, 

where z(u) = (2 sinh ~ / 2 ) ~ ,  and for n = 2 we define co = 2. This will be our 
expression for h in terms of L. Notice that if n is even, the inner integral is a 
fractional integral evaluated at z(u), and if n is odd it is an ordinary iterated 
integral evaluated at z(u). In particular, if n = 3, it is simply -F(z(u)), where 
F is the antiderivative of L which vanishes at infinity. 

Let us next see how to evaluate h in terms of an arbitrary k ( x , y )  = 

If we think of k and L as functions of a single variable p (0 I p < a), 
then it is evident that the L which corresponds to a given k is obtained by 
setting L(p)  = k 0 6(p), where 6(p)  = z-'(p). Substituting k 0 6 for L in (4), 
and noting that z'(p) = 2 sinh p, we then find that h(r) is given by 

( 5 )  2c.,IOm cos ru d u r k ( p ) ( z ( p )  - z ( u ) ) ( ~ - ~ ) / ~  sinh p dp, 

which is our expression for h in terms of k. Note that if n = 3, this becomes 

(6) h(r) = 4%Jom cos ru d u l m k ( p )  sinh p dp. 

(4) JOrn L U ,  

k(d(x, Y)) .  
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Suppose now that M is a compact hyperbolic manifold. Then M can be 
regarded as a quotient of W" by a fixed-point free discontinuous group r of 
isometries, and we have seen in the last section that is torsion-free as well, 
since any nontrivial cyclic subgroup of r must be infinite. Suppose f is an 
L2 function on M. Then f can be regarded as a function on W" which is Lz 
on compact sets, and automorphic with respect to C that is, f ( yx )  = f ( x ) .  
Conversely any such function can be regarded as an Lz function on M. Now 
it is very natural to ask how the operator corresponding to a point-pair 
invariant acts on such an f. Accordingly, suppose k is a point-pair invariant 
corresponding to an even C" compactly supported function on (- 00, 00). 

For convenience, we will suppose that k is real, although this requirement 
can be easily dropped. Consider the operator 

(7) 

on the Hilbert space of functions on W" which are L2 on compact sets and 
automorphic with respect to where the Hilbert space inner product is 

( f 9 d  =I j-3 
M 

(remember that r-automorphic function which are L2 on compact subsets of 
W" can be regarded as Lz functions on M). 

Suppose now that F is a fundamental domain for r. Then the images of F 
under I' tesselate W", so we can write 

Consider the function K(x, y) = c, k(x, yy) (since k is compactly sup- 
ported there are only finitely many nonzero terms in the sum for any given 
x and y). 

It is easily checked that K ( x , y )  is biautomorphic, that is, 
K(y,x,y,y) = K ( x , y )  for any y l , yz  E I-'. In addition, K ( x , y )  is C" and 
K(x,  y) = R(y, x )  (since k(x, y) is a real point-pair invariant). It follows from 
this that K(x ,y )  can be regarded as the kernel of a Hlbert-Schmidt 
operator on Lz(M), given by 
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On the other hand, the action of K on a function f E L2(M) can be 
computed by (7), if we lift f to W". 

Suppose now that q,, ql, q2, . . . is a complete orthonormal sequence of 
eigenfunctions, real or complex, of the Laplacian on M ,  corresponding to 
eigenvalues 0 = 1, < 1, I 1, I -... (Following previous convention, we 
write Aq, + l,qn = 0.) 

If we regard the qis as automorphic eigenfunctions of the Laplacian on 
W", we have already seen that they satisfy 

S , N X ,  Y ) q j ( Y )  dy = h(rj)qj(x), 

where, following our convention about the sign of A,, r j  is either of the two 
roots of ((n - 1)/2)' + r'j = A j .  

In terms of K(x,  y) ,  this says that the qn's satisfy 

S, ~ ( x ,  Y )  q n ( Y )  dY = h(rn) q n ( x ) *  

That is, the q,'s are eigenfunctions of the Hilbert-Schmidt operator 
corresponding to the kernel K ( x , y ) ,  and since they are complete, they 
constitute a complete orthonormal set of eigenfunctions for this operator. It 
therefore follows from standard Hilbert-Schmidt theory (Riesz-Nagy [ 11) 
that 

2K(x ,  Y )  = C h(rJ qn(x)Vn(Y), 
n 

where the convergence is in Lz(M x M )  and we count both r,,'s correspond- 
ing to a given 1,. (If 1, = ((n - 1)/2)', we count r, = 0 twice.) 

In other words, 

(9) 

What can we say about the validity of (9) in the sense of pointwise 
convergence? From Theorem IV.14 we have that in two dimensions, 
(JcP.II = o(Q4) = O(r;/') 
(cf. also deRham [l]). Since k comes from an even C" function with 
compact support, it is easily checked that h is entire and that h(r,) = O(r,,-j) 
for any j 2 0, so it follows that the ,right-hand side of (9) must converge 
uniformly and absolutely to the left-hand side, since the equality is already 
true in L2(M x M ) .  This fact can also be derived from Mercer's theorem 
(Riesz-Nagy [l, p. 2451). 

In the event k is complex, the truth of (9) follows, in both the Lz and 
pointwise sense, by splitting k into its real and imaginary parts. We will call 

= O(1,) = O(r:), and in dimension m 2 3, ~~q,ll 
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the identity (9), in either its L2 or pointwise form, the pretrace formula. The 
function h is computed from (5).  Equivalently, if we start with a function L 
of Q(x, y), the pretrace formula is 

where h is given by (4). 
A natural question to ask in connection with the pretrace formula is: 

What are conditions on k, less restrictive than compact support, which will 
guarantee the L2 and/or uniform pointwise truth of (9)? We will not enter 
into a detailed discussion of this question, but remark that the hypothesis of 
compact support can be considerably weakened. In general, if we have a 
k(x,y)  for which we want to establish, say, the pointwise version of (9), we 
define h by (9, verify that the right-hand side of (9) is absolutely and 
uniformly convergent with this h, and then approximate k by a sequence of 
smooth compactly supported point-pair invariants, for which the sum on 
the left-hand side in (9) tends to the corresponding sum for k .  We next try to 
prove, for example, by dominated convergence, that the associated sequence 
of the right-hand sides of (9) converges to the right-hand side corresponding 
to k .  It should be pointed out in this context that k(p) should be O(e-cp), for 
some c > n - 1, in order to guarantee the absolute convergence of the left- 
hand side of (9), since the volume of the ball of radius r in W" grows like 
e(n - 1 )r , which implies that for a given y ,  the number of lattice points 'yy 

which are within distance r of a given x grows like e("-'? We leave the 
following as exercises for the reader. 

(a) If k is given by k(p)  = e-"'', for c > 0, then (9) is valid, with absolute 
and uniform convergence. 

(b) If 

k(p)  = 1 for 0 5 p 5 I, 

= 0 for p > r, 

then (9) is valid in the L2 sense. 

3. APPLICATIONS 
OF THE PRETRACE FORMULA 

We will sketch three applications of the pretrace formula. The first, due 
to Wolfe [l], is a hyperbolic version of Kendall's celebrated result on the 
number of Euclidean lattice points in a random oval (Kendall [l]). The 



3. Applications of the Pretrace Formula 279 

second, due to the author (Randol [9]), deals with ergodic properties of the 
projection to a quotient manifold of dilating spheres in W". The third, due to 
the author, describes analogs of classical electrostatics in hyperbolic mani- 
folds. Although the discussion of each of these examples can be carried 
out in arbitrary dimensions without any essential difficulty, we will in all 
cases work in W3, because of the exceptional simplicity of formula (6), which 
links k(x, y )  to h(r) in that case. 

A. Lattice-Point Estimates' 

Suppose M is a compact 3-dimensional hyperbolic manifold. As we have 
seen, we can regard M as a quotient of W 3  by a discontinuous group of 
isometries. For a given pair of points ( x , y )  in W 3  x W3, let NT ( x , y )  be the 
number of lattice-points of the form yy (y E r) which lie on the closed ball of 
radius T about x. Then if, for arbitrary x and y we define k, (x ,y )  to be 1 if 
d(x ,  y )  I T and 0 otherwise, it is clear that NT(x, y) = 1, k,(x, yy), and that 
NT(x, y )  is biautomorphic; that is, for any y ,  yz E NT(ylx,  y2y)  = NT(x, y ) ,  
so NAx,  y )  can be regarded as a function on M x M. By the exercise at the end 
of the last section, the L2 pretrace formula is valid for kT(x,y) ,  so we 
conclude that in the sense of L2 equivalence 

where the subscript on h indicates its dependence on the parameter T. 
Suppose now we regard NT(x,y)  as a random variable on M x M, where 
M x M is equipped with the product of normalized hyperbolic measure on 
each of the factors. Then it follows from (11) that the mean of NT(x,y) is 
A-lhAi) ,  where A is the volume of M. (Recall that in three dimensions the 
two rn's which correspond to A. = 0 are i and - i ,  and that (po = A-'".) 
Again by (1 l), bearing in mind that the functions cpn(x)ipn(y) are orthonormal 
on M x M with respect to the product of ordinary hyperbolic measure on 
each factor, we find that the variance of NT(x, y )  is given by 

where the prime means that the values rn = f i  are omitted from the sum. 

'Compare Giinther [l], Patterson [l], and Wolfe [l]. 
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We wish to estimate the variance as a function of T, and for this we need 
to compute hT(r). By (6), hT(r) will be given in this case by 

471 JOm cos ru du IUmk(p) sinh p dp 

= 411 

= (4w/r(l + r'))(cosh T sin rT - r sinh T cos rT) 

= (4w)(T cosh T - sinh T) 

= n sinh 2T - 2wT 

(cosh T - cosh u) cos ru du loT 
(13) ( I  # O,&i) 

(r = 0) 

( I  = ki). 
Note that the value of h,(+i) coincides with 

T 

V(T) = 4nJ0 sinh'udu, 

which is the volume of the ball of radius T in hyperbolic 3-space, and that 

h ~ r )  = O(e('+IrI)T) 

if r is imaginary and Irl < 1, and 

hT(r) = 0 ( ~ - 3 e ( ~ ) )  

if r is real, where e(T) = TeT if r,, = 0 is present, and equals eT otherwise. 
Note also that by Weyl's asymptotic formula for the eigenvalues, 

)r,,1-(3+E) is convergent, for any E > 0. 
Combining these facts, we are led to the following conclusions: 

(a) The expected value of NT(x,y) is A-'V(T). 
(b) The variance of N,(x, y) is given by 

where hT(r) is given by (13). In more detail, each imaginary r,, which is 
present in (14) contributes a term which is asymptotic to 

4 ~ - 2 $ l ~ , , ( i  + r,2)1-2e2(1+lrnl)T 7 

while the infinitely many terms corresponding to real r,,'s in (14) are in their 
aggregate O((e(T))'). In particular, the standard deviation is asymptotic to 

2A-'w(a(l + a2))-'e('+')T, 

where a is the largest absolute value in the interval (0,l)  of an imaginary r,, . 
If no such r,, is present, the standard deviation is O(e(T)). 
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Remark I :  Notice the special role played by the imaginary rn’s with 
Ir,J < 1 in this result, or what amounts to the same thing, the 1;s satisfying 
0 < 1, < 1. In general, the eigenvalues (if any) of a compact n-dimensional 
hyperbolic manifold which satisfy 0 -= An < ((n - 1)/2)’ are called small 
eigenvalues of the manifold (cf. Randol [ l]), and as we shall see, they play a 
prominent and striking role in many aspects of the theory. 

Remark 2: The pretrace formula can also be used to derive lattice-point 
estimates for fixed values of x and y (cf. Gunther [l]; Patterson [l]). 

B. Ergodic Properties of Projections 
of Dilating Spheres 

As before, we assume for simplicity that n = 3. Keeping the previous 
notation, define, for fixed x E W3, dp,(x, y )  to be normalized hyperbolic area 
measure on the sphere of radius T about x ,  and for fixed x E M, denote by 
d m d x , y )  (y E M )  the projection of d p , ( ~ , y )  onto M, that is, the dm, 
measure of a set in A4 is the measure with respect to d p ,  of its total 
preimage under the projection from W 3  to M. Then 

and the right-hand side of (15) can be analyzed using the techniques we 
have developed. By approximating the measure dp,(x,y)  by a family of 
smooth compactly supported functions, we find that the effect of dm,(x, y) 
on a C“ function f on M is given by the formula 

(16) JM f(y) dmT(x? y )  = 1 cn hT(rn) %(x), 
n 

where cn = jM f (x)&(x)  dx  is the nth Fourier coefficient of f ,  and h d r )  is 
computed in accordance with (6), with the function k(p )  replaced by 
(471. sinh2T)- times a &function concentrated at p = T. Carrying out this 
computation, we find that 

hTfr) = (sin rT)(r sinh T) -  *. 
To estimate the c,,’s, note that 

Ic,I = I(f, q,)I = G i  I(f, for any i 2 I 

= A, I(& d l  
I A,-’ Ildfll = O(rn-’i), 



282 XI. The Selberg Trace Formula 

by the Cauchy-Schwarz inequality, where the inner products and L2 norm 
are taken over M. 

On the other hand, we have already remarked (Theorem IV.14) that 
~ ~ q n ~ ~ m  I r:'2, so for large i, the series on the right in (16) converges 
absolutely and uniformly. Moreover, since it is easily checked that 

s, f+ 
COhT(+i)qO(X) = A-'  

which is the integral of f over M with respect to normalized hyperbolic 
measure, we conclude that the difference DJf) between the integral of f 
with respect to normalized hyperbolic measure and the integral o f f  with 
respect to dm,(x, y) is given by the formula 

D A ~ )  = c' cn hT(rn) qn(x), 
n 

where as before, the prime means that the values r, = f i  are omitted from 
the sum. Since as we have seen, Icnqn(x)I = O(,ln-j) for any fixed j 2 1, this 
implies that the asymptotic behavior of D T ( f ) ,  which is a standard measure 
of equidistribution of drndx,y), can be studied in terms of the hJrn))s. In 
particular, remembering that hT(r) = (sin rT)(r sinh T ) -  ', our analysis leads 
to the following conclusions: 

(a) If M has small eigenvalues, then DJf) = O(e('-l)T), where a is 

(b) If M has no small eigenvalues, then D T ( f )  = O(e-T).  
defined as in the previous example. 

Remark3: This account is adapted from Randol [9], in which pro- 
jections of dilations of more general sets in R" onto the n-torus are also 
discussed. 

Remark 4: Peter Sarnak has also studied projections of dilating spheres 
in W', using the wave equation. 

C. Electrostatics 

We retain the notation of the previous examples, and again for simplicity 
assume that M is 3-dimensional. In what follows, we will think of M as a 
conductor of unit conductivity. Additionally, we postulate a force law for 
M, that is, a smooth real-valued function H(p) ,  defined on [O,m), which we 
will assume arises from a potential k ( p )  by the relation k'(p) = -H(p) ,  where 
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k ( p )  is a smooth function on [O,co)  which vanishes at infinity and for which 
the pretrace formula (9) is valid, with uniform and absolute convergence. 
We will assume that the effects created by a charge concentrated at a point 
propagate along geodesics, with an attenuation given by the force law for 
M, and obey the law of superposition. More precisely, if a unit of charge is 
located at y E M, then its effect at x E M ( x  # y )  is given by I , ,H(L, , )K,  
where L, ranges over the lengths of the geodesic segments g,, connecting y 
to x ,  and V,  is the unit tangent vector to gn at x .  If a unit of charge with 
negative sign is located at y ,  we define its effect at x to be -1. H(L, , )K.  
Additionally, we think of vector fields on M as force fields, and assume that 
such a field F induces a current on M. The direction of the current at a 
point x E M is that of F at x .  Under the influence of F ,  the instantaneous 
rate of flow of charge out of a small piece Q of M having boundary dQ is 
assumed to be given by integrating the dot product of F with the outer 
normal to aQ over dQ, and therefore by the divergence theorem is equal to 
Ja div F .  

Ohm’s law suggests that we define the instantaneous power generated 
within S by the current induced by F to be JQ(F,  F),  that is, the square of the 
Lz norm of F over Q .  

Let us examine some of the consequences of these assumptions. 
It is evident from the definitions that if we lift everything to H3, then the 

effect at a point x E W 3  of a unit charge concentrated at y E W 3  is given by 
I , H ( d ( x , y y ) ) l / , ,  where V, is the unit tangent vector at x to the geodesic 
segment connecting yy to x .  Now it is easily checked that 
H(d(x, yy))V, = -Vxk(x, yy), where “VX” denotes the gradient taken with 
respect to the x variable, and k(x, y )  = k(d(x, y ) ) ,  so it follows that 

c H(&, YY)V, = - v x  c 4x7 w), 

-vxk(x,  W )  = -V, 1 Nrn)Vn(x)Tn(Y)- 

Y Y 

and by the pretrace formula, 

n 

Passing back to M, we conclude that the vector field corresponding to a 
unit charge located at y E M is given by 

(the gradient removes the constant function). 

define the vector field it produces to be 
Suppose now that we have a distribution m(y)  of charge on M. If we 
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it follows from (17) that 

(18) 

where a,, a,, a,, . . . is the sequence of Fourier coefficients of m(x) with 
respect to q,, ql, q2, .  . . . 

Suppose now that we have force fields F,(x) and F,.(x), corresponding to 
two charge distributions m and m‘ with Fourier coefficients a,, a,, a2, . . . 
and b,, b,, b,, . . .. What is the inner product of F, and F,,, that is, 
sM(Fm, Frn’)? 

It follows from (18) that the inner product will be given by 

1‘ x’ai5jh(ri)W$ (Vqi,Vqj) = C)an5nINrn)12An, 
i j  s, (19) 

n 

where the last conclusion follows from Green’s theorem for M. 

are zero, and 
In more detail, because of Green’s theorem, the nondiagonal terms in (19) 

S, ( v q n  9 v q n )  = -1 q n  G = 1,. 
M 

In particular, we conclude that the square of the L2 norm of the force field 
F,, corresponding to a distribution with Fourier coefficients a,, a,, a,, . . ., 
is given by the formula 

This leads at once to an interesting conclusion, which we express as a 
theorem. 

THEOREM 2. For any force law, a constant charge distribution on M 
always gives rise to the zero force field on M. If the function h does not 
vanish at any r, # fi ,  then the constant distributions are the only distri- 
butions having this property, which we will call neutrality. If, on the other 
hand, h vanishes at one or more of the rn’s # f i ,  then there are nontrivial 
neutral distributions. These distributions are precisely those whose nonzero 
Fourier coefficients occur at indices corresponding to rn’s at which h 
vanishes. 

Remark 5: It is possible to exhibit force laws for which there are non- 
trivial neutral distributions. Interestingly, there are an infinite number of 
Gaussian potentials, that is, k‘s of the form e-Bpz (B > 0) for which there 
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exist such distributions. In order to see this, note that if we integrate (6) by 
parts, we find that 

h(r) = ( 4 4 r )  k(p)  sinh p sin rp dp.  som 
It follows that if we define k(p) = e-Pz/4A ( A  > 0), then up to a multipli- 

cative constant depending on A,  h(r) = r -1e -Ar2  sin 2Ar (Bateman 11, p. 92, 
formula 371). From this it is clear that by appropriately selecting A, we can 
produce a zero of h at any nonzero real rn . On the other hand, it is easy to 
see that the conditions k(p )  > 0 and ( k ( p )  sinh p)' < 0 will ensure that h(r) is 
positive on the real axis, and on the segment of the imaginary axis between 
-i and i. To avoid later anomalies involving the potential energy of 
distributions, we will in what follows assume that h(rn) 2 0 for all r, # + i .  

Suppose now we begin with a distribution m(x) which is not neutral, and 
wish to describe its evolution toward a neutral distribution. What is the 
differential equation of this process? If we denote the distribution at time t 
by m(x, t) (m(x, 0) = m(x)), the corresponding force field by FJx, t), and 
recall that the instantaneous rate of flow of charge out of a small ball Q in 
M is given by JpdivxFm(x, t)dx, we easily conclude, by considering this 
quantity divided by the volume of Q as Q shrinks to a point, that 

ap t  m(x, t )  = -div,F,(x, t ) .  

Denoting the Fourier coefficients of m(x, t )  by a&), al(t), a2(t), . . ., and 
recalling that by (1 8), 

we conclude that 

This implies that 

or 
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We collect these conclusions into a theorem. 

and so, by (18), 

From this we see that m(x) decays exponentially into the neutral distri- 
bution whose Fourier coefficients are zero except at those n for which 
h(r,,) = 0, where the Fourier coefficient is simply a,(O). We are, of course, 
using the assumption that h(rn) 2 0 for all rn # + i .  

What is the energy expended in this process, that is, what is the potential 
energy of m(x)? 

Recall that the instantaneous power produced over all of M is given by 
JM(Fm,  Fm), and it follows from Theorem 3 and (20) that this equals 

1' lan(0)12e- W r n ) M  (h(rn))'An. 
n 

The total energy expended in moving to a neutral distribution is accord- 
ingly given by 

THEOREM 4. If the force law is such that h(rn) 2 0 for r, # f i ,  then the 
potential energy of a distribution m(x) having Fourier coefficients 
a,, al,  a,, . . . is finite, and is given by 

!Z 1' IanI'h(rn)* 
n 

Remarkb: This result can also be derived from the counterpart of the 
standard formula (Wermer [l, p. 331) for the energy of a distribution in 
terms of the potential function. 

COROLLARY. Under the circumstances of Theorem 4, the maximum 
potential energy which an L' distribution of norm 1 can have is 3 maxnh(rn). 
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This maximum is achieved for any normalized distribution whose nonzero 
Fourier coefficients occur at indices for which h(r,) is a maximum. 

Remark 7: This is only one of several possible corollaries of this type, 
each of which corresponds to a different admissible class of Fourier 
coefficients. The corollary suggests the possibility of an intrinsic notion of 
capacity for all of M, if one defines the capacity of M to be the maximum 
potential energy that M can hold, as a result of the presence of a suitably 
normalized charge distribution. Alternatively, one can minimize rather than 
maximize the potential energy. This will not give anything interesting for M 
itself, but for subsets it can. For a subset S one can, for example, take the 
infimum of the potential energy over the set of nonnegative measures 
supported on S and having suitably normalized L" Fourier coefficients. 

There are other avenues of investigation suggested by Theorem 4. For 
example, suppose we take a finite number of 6-functions on M, supported at 
points xl, . . ., xN. It would be interesting to know something about the 
stable configurations for such a collection, that is, the configurations for 
which the associated force field vanishes at xl, . . . , xN. The previous 
analysis predicts that with the passage of time, the charges will diffuse out 
and cease to be pointlike, but it is intuitively plausible, and can be proved 
using (17), that a configuration which minimizes potential energy is stable, 
and the potential energy in the case at hand can be described. In particular, 
the nth Fourier coefficient of such a distribution is ?jn(xl) + + ?j,,(xN), 
and so by Theorem 4, the question becomes one of finding local minima in 
the N-fold Cartesian product of M with itself for the function 

This is probably in general difficult, although there are some easy 
consequences of (21) that one can derive immediately. For example, if the 
xis are identically and uniformly distributed throughout M, and if we 
normalize the volume of M, then the expected value of the energy is 

(NP) 2' W"). 
n 

Remark 8: Although we have carried out the analysis in the context of 
W 3  because of the simplicity of the transforms which arise in that case, there 
is no intrinsic dimensional restriction involved, and similar conclusions are 
true for any W". Additionally, an analysis of this kind can be carried out, 
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using the Poisson summation formula, for quotients of Euclidean spaces by 
lattices of translations. 

Remark 9: There are, of course, many applications of the pretrace 
formula besides those which we have sketched in this section. For example, 
it can be used to study eigenvalue and eigenfunction asymptotics of M (cf. 
Randol [8]). 

4. THE TRACE FORMULA 

Suppose we set y = x in either form of the pretrace formula and integrate 
over M, thereby eliminating the eigenfunctions. Is the resulting trace 
formula of interest? 

In order to study this question, we will work in the covering space and 
take as our starting point the form of the pretrace formula given by (10). 
Setting y = x in (10) and integrating over a fundamental domain F of l-, we 
obtain 

c h(r,) = 2AL(O) + 2 X'J L(x, yx) dx .  

Let us group the terms on the right of (22) by conjugacy classes of r. Let 
{y} denote the conjugacy class of r determined by the element y. We are 
then led to consider sums of the form 

n Y F  
(22) 

1 J L ( x , y x ) d x .  
Y ~ Y O )  F 

A typical term of the last sum is of the form 

JF U X ,  Y;lYoYlx) dx = L(Y ,X ,YOY,X)  dx = L(x, Y O X )  d x .  s, J ~ F  

On the other hand, if y; 'yoy l  = y; 'yoyz,  then yO(yly;') = (yly;')yo, so 
that yly; E rye, where ry0 is the centralizer of yo in r; that is, yz = y'yl, 
with y' E rye. 

It follows from this that the sum on the right-hand side of (22) can be 
replaced by 

where the sum is now over one representative from each nontrivial con- 
jugacy class of and Dy = Uy,ylF, where y1 ranges over a set of repre- 
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sentatives from the orbits of the left action of r, on r. Now it is easy to 
check that D, is a fundamental domain for T,/W", and that the integral in 
(23) is the same for any two fundamental domains of r, which are not too 
pathological. In order to select a particularly advantageous fundamental 
domain, let us look at r, . As we have seen in the first section of this chapter, 
r, is infinite cyclic. Suppose 6 is a generator for r, such that y = 6" for 
some positive integer rn. By conjugation within the full isometry group, if 
necessary, we can assume that 6 is of the form KoSo, where So is a dilation 
(y,, . . ., yn-l,  t )  + (Nay,, . . ., N,t), with Na > 1, and K O  E O(n - 1) 
operates on the y,, . . ., yn-  variables. Such a change of coordinates on W" 
will of course have no effect on the computation of a typical integral in (23). 
Note that in such a coordinate system, y itself is of the form KS, where 
K = K t  and S = Sr (since K O  and So commute), and by analogy with N,, 
we define N ,  = NT, which is the dilation factor for y in this coordinate 
system. This is clearly a well-defined function on conjugacy classes. 

It is evident from this that the subset of W" defined by 1 s t I N, is a 
fundamental domain for r,, and we will now define D, to be this set. 

In view of this, we need to compute 
N6 

L(x ,yx )dx  = t -"d t  L((~w - KSw12 + (1 - N,)2t2)/N,t2)d~, s,, J',=, L - ,  
where we have set (y,,. . . , ~ " - ~ , y )  = (w, t), recalled that L(x ,y )  = 
L((x - yl'/at), and restricted KS to R"- in the obvious way. 

If we make the transformation (N;/'t)- 'w -+ w, this becomes 

where I is the identity transformation on R"-'. Setting 1, = log Na, 
I, = log N,,  this becomes 

L(I(I - KS)  wJ' + ~(1,)) dw. 

After the transformation (I - KS) w -+ w, this becomes 

N~-')/21,1det(Z - KS)I-' L(lw12 + z(1,))dw. 
S , n -  1 

If, now, we introduce polar coordinates (p,  0) in R"-', and then make the 
transformation p2 + z(I,) + p, exactly as in the steps leading up to (4), we 
find that the last quantity becomes 

tNF-')/21,1det(I - KS)I-'c. , l  L ( p ) ( p  - Z(I,))("-~)/~ dp. 
m 

z(l,) 
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By (4), the integral in this expression is the cosine transform of 
2 ( 7 ~ c , - ~ ) -  'h(r), evaluated at I,, so if we define 

g(u) = n- Jomh(r) cos ru dr, 

we have shown that 

L(x, yx) dx = Nr- ')/21,1det(l - KS)( -  ' g ( I J .  

Thus, if we define A(y) = l , ,  and note that the quantity Idet(l - KS)I-' is 
I, 

a well-defined function on conjugacy classes, we obtain 

(24) Ch(r , )  = 2AL(O) + 2 1 N~-')/2A(y)(det(l - KS)l-'g(I,,), 
n fY) 

where the sum on the right is over the nontrivial conjugacy classes of r. 
Notice that in (24) the only remaining vestige of the function L is the first 
term on the right, which suggests the possibility of regarding h or its 
transform g, rather than L, as the primary function and thereby directly 
studying the effects on (24) of various transform pairs. 

Suppose, for example, we regard g as the primary function. Then as we 
have remarked, (24) implies the relation 

(25) c,--",g(b(u)) = r L ( p ) ( p  - u ) ( " - ~ ) / ~  d P, 

where as before, b(u) = z -  ' (u).  
If we make the assumption that g is an even C" function of compact 

support, then G(u) = c;-'2g(b(u)) is C" with compact support on [O,oo), and 
if n 2 3 is odd, we conclude from (25) that 

(4, (26) L(u) = bnG((n-1)/2) 

while if n 2 2 is even, we find that 

- u)-U2 d p  = b G(("-2)/2)( 4, 
(27) J"* 
where we have set 6,  = (-l)(n-')/2(((n - 3)/2)!)-' if n is odd, and 
6, = (- 1)(n- 2)/2 (((n - 3)/2)((n - 5) /2 ) .  . . $)-I if n is even ( 6 2  = 1). 

Now (27) is an instance of Abel's integral equation, and it is well known 
(cf. Courant [ 11) that (27) implies that 

(28) L(u) = - 7 ~ - ~ b , , ~ * G ( ~ ~ " ) ( p ) ( p  - u)-'/' dp .  
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It follows directly from (26) if n is odd, and easily from (28) if n is even, 
that under the hypotheses on g, L(u) is C" with compact support on [O,co). 
For the case n even, one integrates the right-hand side of (28) repeatedly by 
parts, from which it is easily seen that L has arbitrarily many derivatives. 

That is, if g is an even C" function of compact support, then g 
corresponds to a valid L in the pretrace formula. Moreover, by the Paley- 
Wiener theorem, if the function h is an even entire function of exponential 
type, and of rapid decrease on the real line, then the corresponding g will be 
an even C" function having compact support, so there are realistic con- 
ditions on either h or g which will guarantee the validity of (24), with 
absolute convergence on both sides. 

Remarklo: It can be shown more generally that if h is even and 
holomorphic in a strip of width greater than n - 1 about the real axis, and 
if h(r) = O(r-("+&)) uniformly in this strip as r -00,  then (24) is valid, with 
absolute convergence on both sides. 

Let us now look more closely at L(0). 
Suppose n odd. Then since 

g(u) = R -  IOwh(r) cos ru dr, 

it follows from (26) that 

where 

If n is even, similar reasoning based on (28) leads to the conclusion that 

L(0) = /omh(r)@n(r) dr,  

where 
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Let us calculate a2(r) and Q3(r). We begin with Q3(r). By (29), 

Q3(r) = -(2a2)-’(a/au cos rd(u))I,=, = (2n2)-’ lim r(sin rd(u))d’(u) 
u + o  

= ( 2 2 -  lim r(sin rS(z(u)))d‘(z(u)) 

= (2n2)-’ lim r(sin ru)(csch u) 

u-ro  

u - to  

= (2.2)- lr2. 

We next calculate Q2(r). By (30), 

a2(r) = -(2n2)-’ p -  1/2(a/ap cos rd(p)) dp. Jo* 
Now for p > 0, 

a/ap cos rd(p) = -(r sin d(p))d’(p), 

so if we set u = d(p), p = z(u), the last integral becomes 

(2n2)- Iomr(sin ru)(csch u/2) du, 

where we have used the fact that z‘(u) = sinh u. 

881, that it equals (2n)-’r tanh nr. 
The last integral is a sine transform, and it follows from Bateman [l, p. 

Recapitulating, we have shown that 

a2(r) = (2n)-lr tanh nr, 

and 
2 - 1  2 Q3(r) = (2.n 1 r . 

In general, Qn(r) will be a polynomial of degree (n  - 1)/2 in r2 if n is odd, 
and will be a polynomial of degree (n - 2)/2 in r2 times rtanhnr, if n is 
even. We mention without proof that it can be shown using Harish- 
Chandra’s Plancherel formula for spherical functions (Harish-Chandra [ 11) 
that in general 

@,,(I) = nwn(2n)-Z~~(ir  + (n - 1)/2)1~1r(ir)I-~, 

where on is the volume of the unit ball in R”. It would be an interesting 
exercise to derive this from (29) and (30). 

Summarizing, for suitable transform pairs h and g, 

r m  
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or what is the same thing, 

1 h(rn) = 2AJOmh(r)Qn(r) dr + 2 1 N~'"''~2A(y)(det(I - S- 'K- ' ) l - lg (IJ ,  
n IYI 

(31) 

with absolute convergence of both sides. We will call the identity (31) the 
Selberg trace formula. 

Note that in 2 dimensions, if r is a group of directly conformal (i.e., 
holomorphic) transformations, which we can always assume to be the case 
by the uniformization theorem, then K is the identity for all {y}, and 

N,-'/21det(Z - S-'K-')l- '  = NY-'/'11 - NY-'1-' = jcsch 142, 

so in two dimensions, the trace formula becomes 

(32) 1 h(r,) = (A/n)Jmh(r)r  tanh nr dr + A(y)(csch IY/2)g(Iy). 
n 0 (Yl 

For reasons of notational economy, we will henceforth designate the 
quantity Idet(I - S-'K-')I-',  which occurs on the right-hand side of (31), 
by D(y) (Dfy) of course depends only on the conjugacy class of y). 

5. APPLICATIONS 
OF THE TRACE FORMULA 

A. The Geometric Information Contained 
in the Laplace Spectrum 

Suppose M is a compact hyperbolic n-manifold. We will call the sequence 
of eigenvalues 0 = A, < A, I A, I ..., with repetitions for multiplicities, 
the Laplace spectrum of M .  Knowing the Laplace spectrum of M is clearly 
equivalent to knowing the numbers {I,} which occur on the left side of the 
pretrace and trace formulas. 

Now it follows immediately from the Weyl asymptotic law for the 
eigenvalues that two manifolds having the same Laplace spectrum have the 
same dimension and volume. We remark that the Weyl law in the case at 
hand can be easily obtained from the trace formula (cf. Hejhal [l]). 

Let us examine the geometric meaning of the numbers { I ? ]  which occur 
on the right-hand side of the trace formula. Suppose y E r is an element of 
the conjugacy class associated to I , .  Then the axis I, of y projects to a 
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geodesic on M which must be closed, since it follows from the definition of 
2, that any two points on I ,  which are distance I, apart are identified by y. 
In this way, we can associate to y a closed geodesic on M of length I,, and it 
is evident that the closed geodesic resulting from this process depends only 
on the conjugacy class of y. 

Conversely, every closed geodesic g on M corresponds to a unique 
conjugacy class of r in the above way, for if we lift g to a geodesic I in Wn, it 
follows from the fact that g is closed, that there must be some y E r which 
takes a given point p1 on I to a point pz on I, with d(p , ,  p 2 )  = length(g). It 
is then clear that if S denotes the segment of I from p1 to p 2 ,  that S and y ( S )  
must join smoothly at p z ,  since otherwise the projection of S to M would 
have a corner; that is, I must be invariant under y ,  so I = I ,  and 
I, = length(g). Clearly such a y is unique for a given lift I of g, since if y1 and 
yz both have these properties, then y;'yl(p1) = pl, which is impossible 
unless y1 = yz .  It follows easily that if we consider all possible lifts of g, it is 
precisely the elements of {y} which correspond to g in the above way. 

That is, we can identify the nontrivial conjugacy classes of r with the 
closed geodesics of M, and the numbers {I,} are precisely the lengths of the 
closed geodesics. It is customary to call the sequences of the I;s, arranged in 
nondecreasing order and with repetitions for multiplicities, the length 
spectrum of M. 

Suppose now that two compact hyperbolic manifolds M and M' have the 
same Laplace spectrum. If we apply the trace formula (31) to both of them 
and subtract the resulting identities from each other, we conclude, since the 
volumes of M and M' must be identical, that the sum which is the second 
term on the right-hand side of the trace formula must be identical for M 
and M'. If now for a given I > 0, we let the function g in the trace formula 
range through a family of even functions whose restriction to [O,cx)) is 
supported in progressively smaller intervals about I, and such that 
g([)  = e((n-l)'z)' for any g in the family, we find that the following quantities 
are identical for M and M :  The numbers I, which can arise as the length of 
some closed geodesic, and associated with each such I, the sum of the 
corresponding numbers A(y)D(y). 

Let us examine the implications of this result for the 2dimensional case. 
In this case, as we have seen, we may assume that D(y) = 11 - N,-'I-', 

which is computable from t,  alone. 
Now among the nontrivial conjugacy classes of r there are the so-called 

primitive ones, which are the conjugacy classes not of the form {yk}, for any 
k 2 2. These correspond to the primitive closed geodesics on M, that is, the 
closed geodesics which do not wrap around themselves. 

Suppose now that two compact hyperbolic 2-manifolds have the same 
Laplace spectrum. By our previous remarks, the corresponding length 
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spectra must both have the same first element I,, and any conjugacy class 
corresponding to I ,  is clearly primitive. Now in 2 dimensions, we can 
compute the multiplicity rn, with which I ,  occurs, since as we have 
remarked, in this case D(y) is computable from I,, and for a primitive 
conjugacy class, A(y) = I,. For each j 2 1, we can then remove from each 
length spectrum m, elements of the form j l ,  . The first element of each of the 
two remaining sequences clearly corresponds to a primitive conjugacy class. 
It follows from repetition of this process that the length spectra of M and 
M’ must be identical, since any nontrivial conjugacy class is a positive 
integral power of a primitive conjugacy class; that is, in two dimensions, the 
Laplace spectrum determines the length spectrum. We therefore conclude 
that two compact hyperbolic 2-manifolds having the same Laplace spec- 
trum have the same volume and the same length spectrum. It follows from 
the Gauss-Bonnet theorem that they must also have the same genus, and 
therefore isomorphic fundamental groups, since they are of constant curva- 
ture -1  and have the same volume. Conversely, it is not difficult to show 
that two such manifolds having the same length spectrum and volume must 
have the same Laplace spectrum (cf. McKean [2]). We remark that there is 
considerable redundancy of information in these data. For example, it is not 
difficult to show that in the case at hand, the length spectrum determines 
the volume, and there are other redundancies as well (McKean [Z]). 

Is it perhaps the case that two compact hyperbolic 2-manifolds with the 
same Laplace spectrum are isometric? 

Wolpert [l] has shown that this is close to being correct, in the sense that 
the Riemann surfaces not characterized by their Laplace spectrum are, in a 
precise sense, very infrequent in an appropriate space of such surfaces. On 
the other hand, VignCras [l] has shown that in two and three dimensions, 
there exist nonisometric pairs of compact hyperbolic manifolds having the 
same Laplace spectrum (cf. also Sunada 111). In three dimensions this has 
the striking corollary that the Laplace spectrum does not even determine the 
fundamental group, since by the Mostow rigidity theorem (Mostow [l]), 
any two compact hyperbolic 3-manifolds having the same fundamental 
group must be isometric. 

B. The Asymptotic Behavior of the f,,’s2 

For T > 0, define G(T) = X I ,  I 1. 
What is the behavior of G(T) as T -, co? 

’DeGeorge [l], Hejhal [l], Huber [l]. Langlands [l], and Randol [S]. 
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We will study this question by studying the asymptotic behavior of a 
sequence of auxiliary functions culminating in G(T). The first auxiliary 
function is H(T), defined by 

H(T) = C A(y)(l + N,-("-")D(y). 
1 , s T  

In order to describe the asymptotic behavior of H(T), set 
fl = (n - 1)(1 - in), and introduce numbers aI, . . .,a,, by defining aj to be 
151 + (n - 1)/2, where rl, . . ., r,,, is the sequence, in order of decreasing 
absolute value, of those r,'s in the trace formula which are located on 
the open segment of the imaginary axis between ((n - 1)/2)i and 
((n - 1)/2)(1 - l/n)i. If there are no such r,'s present, we simply omit the 
terms arising from the a;s in all subsequent estimates. Finally, for typo- 
graphic convenience, introduce a function E d x )  (T, x > 0), by setting 
EAX) = x-'eTx. 

LEMMA 2. As T -, co, 
H(T)  = E d n  - 1) + ET(al) + + ET(a,) + O(eST). 

We will defer the proof of this lemma for the present and now examine 
some of its consequences. 

If we recall that D(y) = Idet(I - S-'K-l)l-l ,  that K-I and S - '  com- 
mute, and that the powers of K - '  are all orthogonal matrices and thus 
have columns which are unit vectors in W-', it follows easily from the 
Neumann series for (I - S- 'K- ' ) - ' ,  that D(y) = 1 + O(N;'); that is 

- ET(n - l), by Lemma 2. 

Thus, if we define 

W) = c w 9  

1,s T 

it follows from the last estimate and the fact that only a finite number of the 
N;s are less than any fixed bound, that $(T) - ET(n - 1). 

We therefore find that 

if n > 2, and =O(T) if n = 2. 
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Thus, by Lemma 2 and the fact that the last two estimates are in all 
dimensions less than O(eST), we find that in fact 

(33) $(T) = E,(n - 1) + E,(a,) + ... + &(a,) + o(ePT). 

Next consider the function 

W) = cs A(?), 
T 

where the sum is taken over the 1,'s corresponding to primitive geodesics. 
Evidently 

(34) $(T) = 9(T) + 9(T/2) + . . * + 9(T/k), 

where, for a fixed manifold M, k is of the order of T, since once k is greater 
than or equal to T/I17 (34) will certainly be valid. (As before, we are denoting 
the length of the smallest closed geodesic of M by I, .) 

(35) 

over the 1,'s corresponding to primitive geodesics. 

(36) n(T) = li(e("-l)T) + 
where li(x) = J'; &/log t .  

It now follows easily from (33) and (34) that 

9(T) = ET(n - 1) + &(al) + . + .  + &(a,) + o(esT). 

Next define n(T) = cfysT 1, where as in the case of 9(T), the sum is taken 

Now n(T) = S6Tx-l d9(x)  if 6 < I,, so it follows from (35) that 

+ . . . + li(eumT) + O(T-'eST), 

Finally, note that exactly as before, our original function G(T) satisfies 

G(T) = n(T) + n(T/2) + * * + n(T/k), 

so (36) implies the following theorem: 

Note that since li(x) - x/log x, this implies that 

G(T) - (n - l)-'T-'e("-')'. 

Remark 2 2 :  The principal term in the asymptotic estimate of Theorem 5 
does not depend on the manifold M, but only on the dimension. 

Remark 22: The "0" error term in all the estimates up to and including 
Theorem 5 can be very slightly improved by using, in the proof of Lemma 2, 
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known estimates for the remainder in Weyl's asymptotic law for the Laplace 
spectrum, but we will not carry this out. 

We must now prove Lemma 2. 
For this purpose, define a family g;(x) of functions for use as g's in the 

trace formula as follows: 

(a) Let ZT(x) denote the indicator function of the interval [- T, T I ;  that 
is, IT(x) = 1 if 1x1 I T and Idx)  = 0 if 1x1 =- T. 

(b) Suppose p(x) is a nonnegative C" function supported on [-1,1], 
and such that j! p(x)dx = 1. For E > 0, define pc(x) to be E - ~ ~ ( x / E ) .  Then 
p&(x) is supported on [-E, E ] ,  and p-2 p&(x) dx = 1; that is, the 9;s constitute 
a family of approximate &functions. 

(c) Finally, set ggx) = 2(cosh((n - 1)/2)x)(ZT * q&)(x). Then for any 
E, T > 0, gax) is a valid g in the trace formula, and the corresponding 
h in the trace formula, which we will denote by hCT(r), is given by 
S(r  + ((n - 1)/2)i) + S(r - ((n - 1)/2)i), where S(w) = (2w-'sin Tw)($&(w)), 
with the understanding that S(0) = 2T. 

Now define H,(T), which will be an approximation to 

Note that for any E > 0, H,(T - E )  I H(T) I H,(T + 

H(T), by setting 

4. 
On the other hand, it follows from the trace formula that 

where cs denotes the finite sum over those 3's on the nonnegative 
imaginary axis, and dpn(r) is the measure on [O,oo) given by 
dN(r)  - A@(r)dr, where N(r)  = cO<,ji, 1. 

we now set = e - ( ( n -  1)/2n)T 

Then if we note that by Taylor series considerations, $J&(x) = 
$(EX) = 1 + O(EX) for fixed x as x -, 0 ,  it follows that the term in xj" hCT(3) 

corresponding to 3 (1 I j I rn) is of the form 

(25: sinh ajT)&(iaj) = &(aj) + 0(&8JT), 
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so we easily conclude that 

(38) Ctlh;(5) = ET(n - 1) + ET(a1) + * . .  + ET(u,) + O(Ee'"-l)T) 
i 

= E A n  - 1) + &.(a,)  + ... + ET(a,) + O(epT). 

We still need to estimate the term J r h g r )  &,,(I) in (37). 
By Weyl's law, the total variation of dp,(r) over an interval [OJ] is O(x"). 
Now it follows from the form of &(I), that for real I, and any fixed k > 0, 

Ihgr)l I M(k)e(("- 1)/2)T (1 + r)-'(l + & r ) - k ;  

that is, 

To estimate the last integral, we break it up into two ranges, by setting 

In the range [O, l/c], 
sr = SP + J;,. 

11 + I1 - l), h&dI) = q e W -  1)/2)T 

while in the range [I/&, oo), 

1. h , ~ ( ~ )  = O(e(("-l)/2)TE-kI-(k+l) 

If we now integrate by parts, we easily obtain the estimate O(eP7) for both 
integrals; that is, 

(39) 

Combining (38) and (39), we conclude that 

(40) H,(T) = E A n  - 1) + &(a,) + + &(a,) + O(epT). 

But 

and 



300 XI. The Selberg Trace Formula 

so it follows from (40) that 

which concludes the proof of Lemma 2. 

C. Small Eigenvalues 

In the discussion of the last topic the small eigenvalues of M, if present, 
have once again played a major role. Do there exist manifolds having small 
eigenvalues? Can one characterize such manifolds? We will very briefly 
outline a method for obtaining an answer to the first question. It turns out 
that such manifolds exist in all dimensions, with arbitrarily numerous small 
eigenvalues as close to zero as one wishes (Randol [l]). 

Satisfactory answers to the second question are not known. There are 
interesting classes of hyperbolic manifolds which may not possess small 
eigenvalues. For example, it is known (Jacquet-Langlands [1]) that the 
Laplace spectrum of a compact hyperbolic 2-manifold corresponding to a 
quaternion lattice embeds in the discrete Laplace spectrum of the (noncom- 
pact) manifold associated with some congruence subgroup of SL(2, Z), and 
it is known (Selberg [2]) that for congruence subgroups, I, 2 &. It is quite 
possible, though unproved, that for such groups R ,  2 t. 

In order to discuss the first question we need a form of the trace formula 
somewhat more general than the version we have developed. In more detail, 
suppose x is a character of the discontinuous group r corresponding to a 
compact n-dimensional hyperbolic manifold M. 

Consider the problem Af + Af = 0 on W“, where the function f is 
required to transform under r by f ( y x )  = x ( y ) f ( x ) .  Then it can be shown 
(cf. Hejhal [l]; Selberg [l]) that there is associated with this problem a 
sequence 0 I A&) I A,(x) I . - . of nonnegative eigenvalues tending to 
infinity, and that the set of associated eigenfunctions is complete in the 
Hilbert space of measurable functions on W” which transform in the above 
manner and are L2 over a fundamental domain F of I-‘, with the inner 
product given by (f, g) = JF fi. 

It is possible to develop the pretrace and trace formulas within this more 
general context. In particular, the trace formula takes the form 

(41) 1 h(rn(x)) = 2~ Jrnh(r)@n(r) dr + 2 1 X(Y)N~(n-l)’2A(y)D(y)g(ly)i 
n 0 (Y) 

where the r,(x)’s correspond to the In(x)’s in the previously discussed way. 
Now by using (41) with appropriate transform pairs, it can be shown that 

the An(x>,s vary continuously with x. In particular, and this is the only fact 
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that is needed, if r admits a sequence of nontrivial characters converging to 
the trivial character xo,  then Ao(x) + 0 as x + xo (Randol [l]). 

Suppose now that G = r/[F, r] has elements of infinite order; that is, 
suppose the first Betti number of M is positive. Let g be a nontorsion 
element of a basis B of G, and define a character x of G by setting 
x(g) = exp(27~i/2~), for some very large positive integer N, and x(g’) = 1 for 
g‘ E B and g’ # g. Let K be a large positive integer which is nevertheless 
much smaller than N, and define a finite sequence xl, . . ., x K  of characters 
of G by setting x1 = x,  x2  = x:, . . ., x K  = x K -  1. 

Then the characters xl, . . ., x K  are also characters of r in an obvious way, 
and if 1 I m I K - 1, there exists y E such that x,(y) # 1 and x jy )  = 1 
for j > m. 

Now given a manifold M and any small E > 0, we can, by the continuity 
of the eigenvalues of x,  find N such that 0 I Ao(xj) I E for j = 1, . . . , K. 

Suppose accordingly that F,(x), . . . , FK(x) are eigenfunctions correspond- 
ing to such Ao(x,), . . ., A&,). Then the functions Fl(x) ,  . . ., FK are linearly 
independent, for if not, there exists an integer rn such that 1 I rn I K - 1, 
a constant c, # 0, and constants c,+ l,. . ., c K ,  such that 

2 

(42) c, F,(x) f ’ ’ * + CKFK(X) 0. 

Now suppose y E r is chosen so that ~ ~ ( 7 )  # 1, but x j y )  = 1 for j > m, 
and suppose xo is such that F,(xo) # 0. Then 

or 

(43) Crn Xrn(7) Frn(X0) + cm + 1 Frn + ~ ( x O )  + . . . + CK f ‘K(x0)  = 0. 

Subtracting (43) from (42), with the latter specialized to x = xo, we obtain 
a contradiction. 

Now let r’ be the kernel in r of the homomorphism xi. Then r‘ is of 
finite index in r, since x1 is a homomorphism into a finite group. 
Furthermore, for any $(x), y E r’ implies that e { y x )  = $(x). Thus the Fjx)’s 
are eigenfunctions of the Laplacian on the manifold M’ corresponding to r’, 
and since the <(x)’s are linearly independent, we conclude that the number 
of ,In’s which lie in [O, E] is at least K. It follows easily from the maximum 
principle for harmonic functions that none of these eigenvalues is zero, so 
M ’  has at least K small eigenvalues, if E < (n - 1)/2. 

Now it is proved in Millson [l] that in every dimension there are 
compact hyperbolic manifolds with arbitrarily large first Betti number, so it 
follows that the phenomenon of small eigenvalues occurs in all dimensions. 
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Remark 23: In two dimensions, every compact hyperbolic manifold has 
positive first Betti number, so any compact hyperbolic 2-manifold has finite 
covers with arbitrarily numerous small eigenvalues. 

6. CONCLUDING REMARKS 

The Selberg formulas, in the spirit in which we have presented them, were 
outlined in Selberg [l]. There is also a little-known and prescient note of 
Delsarte [Delsarte] which strikingly anticipates some of the later develop- 
ments. A forthcoming book by Cohen and Sarnak [l] will present a 
detailed treatment of various aspects of the general hyperbolic case, and the 
books of Hejhal [l, 21, which are encyclopedic in character, contain an 
enormous amount of detailed information about the 2-dimensional case. 

In order to maintain a reasonable size for this chapter, we have not 
discussed several important aspects of the pretrace and trace formulas; for 
example, the noncompact case, the Selberg zeta function, applications to 
more general groups, and connections with automorphic forms and arith- 
metic, as found, for example, in Jacquet-Langlands [l]. For a compre- 
hensive bibliography of the subject we refer the interested reader to the 
reference sections of Hejhal [l,  21. 
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Miscellanea 

In this chapter we collect various facts, problems, references, and proofs, 
which are either used in the previous chapters, or supplement and amplify 
earlier material. 

1. VOLUMES OF DISKS AND SPHERES 

We recall, here, how to explicitly calculate the volume on of the unit disk 
in R". First note that if c,-~ denotes the (n  - 1)-volume of S"-', then one 
has, using spherical coordinates on R", 

on = c,- , /n.  

Define the gamma function r(x), x > 0, by 
So it suffices to calculate c,- 1. 

r(x) = e - t t x - l  dt, s: 
and verify that 

r(x + 1) = x r ( x )  

for all x > 0, and 

r ( n  + 1) = n!,  

p e - t *  dt  = $r((n + 1)/2), JOW 
for all nonnegative integers n. 

Next, use spherical coordinates in R" to obtain 

303 
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for all n 2 1. Apply to n = 2, and conclude that 

e-'* dt = = r(i), 

and 

C, - = 2znl2/r(n/2). 

Another method of calculating c , - ~  is to use geodesic spherical coor- 
dinates in 9"" to prove 

c,-l = c,-z/Isinn-'t d t ;  

one can now iterate the formula. 

2. THE FOURIER TRANSFORM 

Forf, g in L1(R"), the convolution offand g,f * g, defined by 

(f * g)(x) = (2n)-"/2 f ( x  - Y M Y )  W Y ) ,  1. 
converges absolutely for almost all x, and satisfies 

I l f *  911L1 I (271)-"'Zllfll~111gII~I. 

( z , f ) (x )  = f ( x  - Y)Y 

Given f :  R" + @, y E R", one defines the function ry f by 

and verifies that i f f€  LP, p 2 1, then the map R" + Lp given by 

Y H Z y f  

is uniformly continuous. 
To everyfe L' is associated the Fourier transform off,! by 

f(<) = (2n)-n/zJ f(x)e-i(x*t) dl/(x). 

If(t)l I (271)-n'211fllL1 

08" 

One establishes directly that 
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for all 5 E R", and 
A ~, f ( t )  = e-'<Y,<)fit), 
A 

A 
er(y, 3 3  = C T , f l ( O ,  

f(W(t) = mW4. 

f * do =from. 
One also has that if g E L', then 

n 

Finally, the Riemann-Lebesgue lemma states that 

lim f(t) = 0 
r -  * 
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for all g E R". 
We now let Y(Rn) be the Schwartz space offunctions on R", that is, Y 

consists of thosefe C" such that for any integer N 2 0, and multi-index 
ct = ( a l ,  . . ., ct,,), we have 

(1 + IXIZ)N(D"f)(X) 

D" E: (-i)al+..-+un (a/ax,).l . . * (a/ax,)b.. 

c,m c Y E LP 

bounded on R", where 

Certainly, we have 

for all p 2 1; so Y is dense in Lp. One checks that if f, g E 9, then 
f * g E Y ,  and 

n 
D"(f * 9) = (07) * 9, ma = em, = x"f(x). 

Thus the Fourier transformf ~f maps Y to 9. 
One also checks that for 

#(x) = c-lxl% 

$(() = e-1<1*/2. 

we have 

Finally, one has for f E 9, the Fourier inversion formula 
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3. THE POISSON SUMMATION 
FORMULA 

Given the lattice r, of rank n, in R”, recall from Section 11.2 that the 
eigenfunctions of the associated torus Tare given by 

+y(x) = , - Z n i < y . x )  7 

where y E r* and x ranges over T. Show that 

vol T if y = y’ 

and conclude that for any f E L2(T) we have 

(1) 

in Lz( T), where 

In a fashion similar to that of Fourier series, one finds that the convergence 
in (1) is uniform for any f E Cm( T) .  

Given f E 9, one derives the Poisson summation formula 

as follows: Set 
g(4 = 1 f ( x  + Y) 

9 = c CY+Yl 

c f(r) = c c y ,  

cy = {(2n)”/2/vol T} f(2ny). 

w- 
and show that g E Cm(T).  Then expand g as a function on T by 

y o  

from which one obtains 

y o  

and, finally, verify that 

Next, we remark that Weyl’s asymptotic formula for eigenvalues of tori 
can be seen as a consequence of the Poisson summation formula. The 
argument is to pick, for t =- 0, 

f ( x )  = ,-1x12/41, 
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show that (2) implies 

(3) 

and then show that 
lim 1 e-l~12/41 = 0. 

P O +  ycr ,v+o 

Thus, by (11.3), we have 

(4) 1 epakf - (vol T)/(4nt)-"/' 
k = O  

as t + O', where (0 = I, c I ,  I I, I . . .} are the eigenvalues of T. Weyl's 
formula now follows from (4) and Karamata's Tauberian theorem (Feller [l, 
p. 442ff.l). 

It is not surprising that the Poisson formula implies the Weyl formula, 
since (3) is nothing but a rewrite of 

(VI.14) 

where p is the heat kernel of T. Indeed, if q: @ + M is a Riemannian 
covering, with deck transformation group r, and jj, p are the respective heat 
kernels of @, M (we are in a situation where the heat kernels are unique), 
then for all (a, 5, t) E @ x i@ x (0, + co) we have 

1 e-bt = J P ( X ,  x ,  t )  dI/(x), 
j = O  M 

P(9(%, qwx t )  = c Y . 5, t ) .  

We therefore have, for the torus T, 

where e is the euclidean heat kernel, which implies, easily, 

4. THE FOURIER TRANSFORM 
AND THE HEAT EQUATION 

We sketch the formal calculations which motivate guessing 

e(x, y, t )  = (4j7[t)-"/2p-Ix-y1'/4* 

as the fundamental solution of the heat equation on R". 
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For a function u: R” x [0, +a) + R we set 

~ 4 ,  t )  = (2n)-”/’ u(x, t )e - i (X* t )  dl / (x) ,  s,. 
that is, u( , t) is the Fourier transform, with respect to the space variable x, 
only, of u. 

Given u: R” x [0, +a) + R with 

4 30) =f, 

- l51”(4, t )  = ( W 4 ,  t )  = (WWt, t)  = (a /W(u(t ,  t)), 

u(4, t )  = c(()e-lclzf. 

45) = 4t, 0) = f(5); 

and satisfying the heat equation on R” x (0, + m), we have 

from which one concludes the existence of c(5) such that 

But 

so 

Thus 

which is (V1.16). 

5. EIGENFUNCTIONS ON SPHERES 
AND HYPERBOLIC SPACE 

We give here a more explicit representation of solutions to 

(5 )  T” + (n - l)(CK/SK)T’ + {A - l(1 + n - 2)S;’}T= 0 

(cf. (11.33), (11.34)) for the radial factor of eigenfunctions, on spheres and 
hyperbolic space, obtained via separation of variables. We are, therefore, 
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considering the case ic # 0. The case K = 0 corresponds to the euclidean 
case, and is discussed in Theorem 11.4. 

First set 

q(t) = g ' 2 -  '( t)T(t) .  

Then q(t)  satisfies the differential equation 

q" + (C,/S,)q' + {A + 4 4 2  - 1) 

- [(n/2 - 1)'C,Z + 1(1 + n - 2)]S;'}q = 0. 

Upon changing the independent variable by 

= c K ( t ) >  Ax) = dt), 
we obtain, for Ax), the associated Legendre equation 

dx 
d2P (1 - x2) - - 2x 
dx2 

of degree v given by 

(6) y = -1 + - ,/A/ic + (n - 112/4, 

and order p given by 

(7) p = d ( n  - 2)'/4 + Z(1 + n - 2). 

The solution of (9, bounded in the neighborhood oft  = 0, is therefore given 
by 

T(t) = s: -"'2(t)P:(C,(t)), 

where P: is Legendre's associated function of the first kind with v, p given 
by (6), (7), respectively. 

For more details, we refer the reader to the treatises by Hobson [l], 
Lebedev [ 13, and Olver [ 11. 

6. MINIMAL SUBMANIFOLDS 
OF EUCLIDEAN SPACES AND SPHERES 

Let Mk, M" be fixed Riemannian manifolds, k < n, and 0: M -, M a 
Riemannian immersion of M into M, or, in the language of Section 11.1, @ 
is a local isometry. Because all our calculations are local, we shall simply 
assume that 0 is an imbedding-more particularly, we shall think of 0 as 
the inclusion map of a closed manifold in M. 
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To each p E M, A?, denotes the tangent space to M at p, and M f  
the orthogonal complement of M, in M,. Given any 5 E M,, we let cT, cN 
denote the projections of 5 to M p ,  Mi, respectively. 

It is standard that if 6, V denote the Levi-Civita connections of the 
respective Riemannian metrics on M, M, then for any p E M, 5 E M,, and Y 
a tangent vector field of M defined on a neighborhood, in M, of p, we have 

9, Y = (Ve Y)T. 

Also, it is standard that in this situation, (V,Y>" only depends on the value 
of Y at p, not on the behavior of Yon a neighborhood of p. So, given r, q in 
M,, one extends q to a tangent vector field Yon a neighborhood of p in M, 
and defines 

Bt<, q )  = CV,Y>". 

Then B: M, x M, -P Mf is easily seen to be symmetric bilinear, and is 
referred to as the second fundamental form of M in M, the first fundamental 
form consisting of the restriction of the Riemannian metric of M to M .  The 
mean curvature vector H of M in M is defined to be the trace of the second 
fundamental form with respect to the first fundamental form. 

If x: U -P Rk is a chart on M, then 

k 

H = 1 grs(V,as)N, 
r .s=l  

where a,, . . ., ak are the coordinate vector fields on U associated to the 
chart, and grs is given by (1.21). 

Now let M = R". Then the map (Xl, . . ., X") H X A ,  for each A = 1, . . ., n, 
is a C" function 6n R", and the function 

4" = X A  0 @ 

is a C" function on M. We denote by A@ the R"-valued mapping 

A@ = (A4', . . ., A@) 

with the Laplacian calculated on M. (We shall take for granted the 
identification of tangent vectors to R" with vectors in R".) The key formula 
is 

(8) A@ = H 

for any Riemannian immersion 0: M k  + R". 
To prove (8) we first show that A@ is always normal to Q. We do the 

calculation with respect to a coordinate chart x: U + Rk on fi, and take 
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advantage of the identification of the abstract coordinate vector field dj with 
=: aj@. We have (using the notation of Section 1.1) 

(A@, a,@) = (1/&) ar(&?)gs, + C grs<aras@, a,@> 
r,s r,s 

= (l/Ji)aJi + C(argrs)gst + 1 grsCrgti 
r,s r,s,r 

= C C+grsalgsr - grsargsi + +{grsasglr + grsargls - grsalgsrII 

= 0;  

r,s 

in passing from the second term of the right-hand side of the first line to the 
third term in the second line we used the fact that 

(aras@,  a,@> = (vras ,  a,>, 
and Eq. (1.23); from the second to the third line we used the formula for 
differentiating determinants, and the explicit calculation of the Christoffel 
symbols in (1.31). 

Therefore, 

I” {(l/&)ar(Jggrs)as@ + as@} 

= H ,  

which concludes the derivation of (8). 

becomes 

(9) A@ = H - (k/a2), 

where @ denotes n + 1 coordinates of position in Rn+l and H denotes the 
mean curvature vector of fi in S”(a). Indeed, we now have 

What if M = Sn(a), the n-sphere of radius a in Pinf’? We claim that (8) 

(10) aras@ = Qras + (vraSIN + (arasq @/a>@/a. 

A@ = H + Cgrs(aras@, @)@/az. 

Using (8) as though M were in OF”’’, and applying it to (lo), we obtain 

r,s 

But, since 101 = a, 

(aras@, @> = -(a,@, a,@> = -grs, 

which implies (9). 
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A Riemannian immersion 0: M k  + M" is said to be minimal if the mean 
curvature vector vanishes identically on M. (The name derives from the fact 
that the Euler-Lagrange equation associated to the variational problem of 
finding immersions of least k-volume is H = 0.) From (8) we immediately 
have that a Riemannian immersion @ of M k  into R" is minimal if and only if 
the coordinate functions of the immersion are harmonic. From (9) we 
immediately conclude that if a Riemannian immersion CP of f i k  in S"(u) is 
minimal, then the' coordinate functions of the immersion are eigenfunctions 
of the Laplacian on M with eigenvalue k/u2. 

A theorem of Takahashi [l] gives the converse of this last result, namely, 
if@: M k  -P R" is a Riemannian immersion such that 

(1 1) A@ + I @  = 0 

on all of M, where 1 is a nowhere vanishing function on A, then @ is a 
minimal Riemannian immersion into S"-l(u) for some u, and 1 = k / d .  
Indeed, because A@ is always normal to A, we have from (11) that 

0 = ( c ,  A@) = -A(@, 5 )  
for all ( E TM.  Since 1 never vanishes, we have (0, () = 0 for all E T M ,  
from which one concludes immediately that (@I is constant on M. So, 0 
maps into S"-'(u) for some u > 0. Therefore, 

n 

-la2 = (0, A@) = C QAAQA 
A = l  

= {div(OA grad CPA) - lgrad 
A = l  

A 

= -C lgrad WI2. 

But for any Riemannian immersion, one has 
A 

11grad@A12 = k. 
A 

(12) 

The minimality of @ in S"-'(u) follows easily. 
A closer look at this last argument indicates (using (12)) that 

$Al@,12 = (@,A@) + k 

for any Riemannian immersion 0: M k  + R", the formula being employed in 
the above situation. For H the mean curvature vector of the immersion, we 
have 

(13) - :A1@l2 = (@,El) + k. 
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One easily concludes from (13) that if R is a regular domain in M,  with 
boundary r carrying outward (with respect to R and still tangent to A) unit 
vector field v, then 

kV(R) + [JQ (@, H) dV = (a, v) dA, (14) 

a formula of J .  H. Jellet [l]. We may now leave, as an exercise for the 
reader, the following generalization of A. Hurwitz' proof of the classical 
isoperimetric inequality (Chavel [ 2 ] ) :  Assume r is connected and M is 
minimal in R". Then 

J', 

with equality if and only if R is the intersection of a disk in R" with a k- 
dimensional affine space. (Formulas (141, (15) and the result also apply when 
k = n, with H defined to be identically 0.) Note that when k = 2, formula 
(1 5 )  is, in fact, 

(16) LZ(r) - ~ X A ( Q )  2 0, 

a result originally due to Carleman [l]. We refer to Chavel [2] for other 
references, and for the extension of (15) to simply connected ambient spaces 
of nonpositive sectional curvature. 

Takahashi's theorem may be used to construct minimal immersions of 
homogeneous spaces into spheres, as follows: M is a Riemannian manifold 
such that its group of isometries G acts transitively on M ,  that is, given 
distinct x, y E M ,  there exists g E G such that g . x = y. For any g E G, we 
have the usual action g* acting on functions on M .  Since G is a group of 
isometries, it preserves the volume element of M ,  and, therefore, its action 
on functions preserves the Lz-inner product of functions on M .  

Let W be a finite-dimensional subspace of Cm(M), invariant under the 
action of G .  Then, with the inner product on W inherited from L2(M), W is 
viewed as a finite-dimensional Euclidean space with a group G* of orthog- 
onal transformations. The space M may be mapped into W, by assigning 
to every x E M ,  the uniquely determined element of W ,  A(x), for which 

(A(X), 4 )  = 4(x) 

for all 4 E W. If {4,, . . ., +1} is an orthonormal basis of W, then 

One checks that for any g E G ,  we have 

(18) s*(Nx)) = A(9 - .x), 
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from which one proves that 11A11 is constant on M-so A maps M into a 
sphere in W. In fact, from (17), one has that the radius of the sphere is 

From (18) one has that A is C". One checks that the pullback of the 
metric on W to M via A is an invariant Riemannian metric with respect to 
G. Therefore, if for any x E M the fixed-point group of x acts irreducibly on 
M,,  then the pullback of the metric on W to M via is conformal to the 
original metric on M. The homogeneity of M then implies that A is a 
homothety. The homothety is nontrivial as long as A is not the constant 
map, that is, as long as W does not consist exclusively of constant functions. 
When A is a nontrivial homothety, we may rescale the metric on W to make 
A into a local isometry. One finally shows that A is a Riemannian covering 
of M onto A(M). 

For W we pick finite-dimensional eigenspaces corresponding to nonzero 
eigenvalues of the Laplacian all of whose elements are in L2. Then 
Takahashi's theorem will guarantee that A is a minimal immersion. The 
example of the first two eigenspaces on the standard sphere (corresponding 
to nonzero eigenvalues) are discussed in Berger-Gauduchon-Mat [ 1, 

A closer analysis of the function A: M -, W yields the result (Li [2]) that 
if M is a compact homogeneous Riemannian manifold, with diameter d, 
then 

I ( M )  2 n2/4d2; 

and if the fixed-point action on tangent spaces is irreducible, then the 
estimate can be improved to 

1(M) 2 n2n/4d2. 

General introductions to minimal submanifolds are to be found in 
Lawson [l] and Osserman [l]. Papers in which the above discussion is 
developed are, for example, Calabi [2], doCarmo-Wallach [l], Li [3], and 
Wallach [l]. 

JdimwIvcM). 

pp. 175-1781. 

7. NORMALIZATION 
OF GEOMETRIC DATA 

We collect here various formulas describing the effect of changing a given 
Riemannian metric ( , ), on an n-dimensional manifold M, to the 
Riemannian metric 
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We denote the new data with the same notation as the original data except 
for the A over the appropriate symbol. 

We start by assuming that a is a positive function on M ,  thereby 
describing a conformal change of metric, that is, the measurement of angles 
in the new metric is the same as in the original one. 

For the expressions of the Riemannian metric, given in local coordinates 
by (1.21), we have 

(20) d .  Jk =gZg. Jk 7 B j k  = a-2gik,  lj = 02”s. 

Therefore, we have for n-dimensional volumes 

(21) d V =  u”dl / ,  

and for ( n  - 1)-dimensional volumes 

(22) dA = a”-l dA.  

We also have, for a function f on M, 

A 

A 

n 
grad f = a-2 grad f.  

When n = 2, the Dirichlet integral (1.77) satisfies 

One also has for the Laplacian 

(25) = a-’A; 

so the metrics have the same collection of harmonic functions. From among 
the many, and far-reaching, consequences of this fact we cite one striking 
example: The Poisson integral formula for the unit disk in the Euclidean 
plane, solving the Dirichlet problem for the unit 2-disk, becomes, when the 
unit 2-disk is endowed with the hyperbolic metric, the solution to the 
Dirichlet problem on the complete hyperbolic plane for given “boundary 
values at infinity.” In particular, Liouville’s theorem, that there are no 
bounded nonconstant entire harmonic functions, is false for the hyperbolic 
plane. (Actually, Poisson integral formulas also exist for higher-dimensional 
hyperbolic spaces, but they are not nearly as effortless as the 2-dimensional 
case.) 

We also note that when n = 2, the Gauss curvatures are related by 

k = a-’(K - 26 In a). 

We now assume that a is a positive constant; so the new Riemannian 
metric is homothetic to the original one, that is, in addition to the same 
measurement of angles, one has that the distortion of length of tangent 
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vectors is constant on all of TM. Of course we have as mentioned (20H23). 
Equation (24) becomes 

(26) d[f, h] = o"-'D[f, h]. 

Equation (25) still remains valid. So any eigenfunction of the Laplacian A 
remains an eigenfunction of $, except that if I was the original eigenvalue, 
the new eigenvalue 1 will be 

(27) 1 = o-212. 

The Levi-Civita connection 6 is the same as the original one V, and the 
is equal to R. For sectional curvatures one has Riemann curvature tensor 

(28) R = c - ' K ,  

for Ricci curvatures 

(29) Ric = a-' Ric, 

and for scalar curvatures 

(30) S = a-'S. 

h 

For Cheeger constants (Definition IV.l) one has 

(31) fj = a-lij, 

and for the Sobolev and isoperimetric constants (Definitions IV.2, 3) one 
has 

(32) 2 = 5 ,  5=3.  

8. GEODESIC COORDINATES 

We are given the Riemannian manifold M and a point p E M. Recall 
from Section 111.1 that 3, denotes the largest open set in M, such that for 
any ( E a,, the geodesic 

Y C ( 4  = exp t5 

minimizes the distance from p to ye@), for all t E [0,1]. The image of 3, 
under the exponential map is denoted by D,, and exp maps a, dil€eo- 
morphically onto D, . 

For fixed ( E G,, let z, denote parallel translation by t units along ye,  

W)? = t-,{R(Y;(t)> zt?)Y;(t)l 
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for any E M, (where R is the Riemann curvature tensor), the orthogonal 
complement of R< in M,, d ( t ;  <) the path of linear transformations of <' 
satisfying 

(33) d " + 9 d = O  

(34) d ( 0 ;  t) = 0, d'(0; 5 )  = I ,  

with initial conditions 

and 

&(t; 5 )  = det d ( t ;  5) .  

Then the Riemannian metric on D, can be expressed by 

ds2(exp t5)  = dt2 + Id(t; 5 )  d<I2, 

with volume element 

dWXP 4 = &; 5 )  dt  dP,(S), 

U e x P  t5) = J a t ;  5 )  dP,(O. 

where d p p  is the (n - 1)-dimensional volume element of G,. The (n - 1)- 
dimensional volume element of S(p; t) n D, is given by 

Note that for small t we have the Taylor expansions 

d(t; 5 )  = t I  - t3B(0)/6 + O(t4), 

&(t; 5 )  = tn-'(l - t 2  Ric(5, 5)/6 + O(t3)), 

from which one obtains the classical formula 

We now consider Riemann normal coordinates on D, . Fix an orthonormal 
basis {el, . . ., en} of M, and map n: a, -, R" by 

n'(q) = <(exPlDp)-'(q)> ej>, 

that is, 

[ = C liej * nj(exp l)  = [j. 
i 

For fixed 5 E 6, we have 
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and the vector field aXy&t)) along rr(r) is given by 

qY&)) = (exPp)*l,< = t - ’  TQ), 
where T{t) is the Jacobi field along yc satisfying 

I J O )  = 0, (V, Y)(O) = ej. 

One now easily shows that for all c E Dp, 

gjk(exp 5) = 6jk - !dR(c, ej)c, ek> + O(ici3)9 

gjk(exp C) = 6jk + f (R ( I ,  ej)C, ek) + o(K13h 
Jg(exp C) = 1 - i R ~ N ,  C )  + 0(ici3). 

Note that 

algjk(P) 

for all j ,  k, I and that for any C2 functionf, we have 

(Af )(P) = i (a2f/ad2)(P). 
j = l  

As an exercise, we consider the eigenvalues of small geodesic disks, 
namely, we consider 6 > 0 for which B(p; 6) G D,, and fix Riemann normal 
coordinates on B@; 6). An easy argument based on the above formulas, the 
Rayleigh theorem, and the max-min methods, show that if A, is the kth 
Dirichlet eigenvalue of the unit disk in R”, then 

(35) nk(B(p; 6)) - Ak/62 

as 6 1 0. 
A slightly trickier result is that 

(36) - s(p)/6 

as 6 10. To prove (36) we note that for cp = & on D, we have 

A((cp-”2)(exP c) = $S(P) + O(II1) 

by the above formulas. Next, associate to any f~ CZ(B@; 6)) the function 
F E C:(B(p; 6)) given by 

F = ( ~ “ 2 s .  
Then 

Af = F A ( v - ” ~ )  + ( P - ” ~  1 a,{gjkakF). 
j.k 
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Since cp never vanishes on B(p; 6), we conclude that the eigenvalue problem 

Af+ IZf= 0 

is equivalent to the eigenvalue problem 

LF + IZF = 0, L = 1 dj(g”dk) + cp”2A(Cp-”2). 
j . k  

Working with L, and the above arguments, one can obtain (36) as above. 
We note that (36) might be viewed as a variant infinitesimal (with respect 

to 6 )  Cheng theorem (cf. Theorems 111.5, 7) in that raising the “curvature” 
lowers the eigenvalue. 

We now consider Fermi coordinates based on a submanifold. Let M k  be a 
closed submanifold of M” k < n, and W M  the normal bundle of fi in M ,  that 
is, %M = ypsa Mi endowed with a natural differentiable structure. Let 
n: W M  + M be the projection map and Exp: W M  + M the exponential 
map, that is, 

Exp = exp)%fi. 

We also let G%& denote the unit normal bundle, that is, 

GWfi = %M n GM. 

Now fix 5 E GWM, p = ~ ( 5 ) .  Then there exists a symmetric L,: M, + M, 
such that 

@(u, U ) t O  = (Lp, v>, 

for all u, u E A,,, where B is the second fundamental form of M in M (cf. 
Section 6) .  L, is often referred to as the Weingarten map of 5 .  Note that L, is 
given explicitly by 

L, u = - (V” Y ) T ,  

where Y is any extension of to a normal vector field along M 
A vector field Y along y, is said to be transverse if 

(i) Y(0) E, M,,,,, 
(ii) ((v, Y)(O) + L,(Y(O)), M P >  = 0. 

A transverse vector field arises from a transverse variation of ys as follows: 
Let p = n(t), a(&) a path in M with a(0) = p ,  &) a unit vector field along a, 
orthogonal to M, with ((0) = t, and let 

v(t, E )  = Exp tr(E). 
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Then q =: a,ule=, is transversal. Indeed, q(0) = a'(0) E h,. Furthermore, 
since L,(q(O)) E h,, we have at t = E = 0, 

((V,~)(O) + L~(v(o)), A,> = ( Y a e u  - (veatu)', A,> 
= ( v , a , u  - veatU, A,) = 0. 

It is standard that the collection of transverse Jacobi fields along ye  is an 
n-dimensional vector space; that ty ; ( t )  is always a transverse Jacobi field; 
that the Wronskian 

(V,X, y >  - (YY x> 
of transverse Jacobi fields X, Y along ys  is constant; and that the transverse 
Jacobi fields along ys ,  always orthogonal to y s ,  are an (n - 1)-dimensional 
subspace of all the transverse Jacobi fields along y e .  

The point yc(/3), fl > 0, is said to be a focal point of h along ys if there 
exists a nonzero transverse Jacobi field Y, along ys, vanishing for t = f l .  The 
classical argument of Jacobi shows that ye  cannot minimize distance to M 
past a focal point of M along ye.  It is also standard that to each c E G%M 
the distance 

c(<) =: sup{ t > 0 : d ( h ,  y&)) = t }  

from z(t) to its cut point yC&(t)) along y c ,  is positive and that yc is the only 
minimizing geodesic from M to yr( t )  for all t E (0, ~(5)). 

We set 

ah  = {tt  E % h : O  I t < ~(t) ,  5 E G%h}, D h  = Exp D M ,  

SA(S) = {( E %zrii:l(l < S}, 

Gh(S) = {l E % M :  14-1 = S}, 

Sh(6) = { q  E M : d(q, A) = S}. 

Then we always have 

Bh(S) = Exp Sh(S) ,  Sh(S) n D h  = Exp Gh(S) n ah. 
To describe the Riemannian metric on D h  in terms of distance from M 

we let C(E) be a path in %a, a(&) = (11 0 t ) (e) ,  and 

Then 

and d,u has constant length equal to 1. For t = 0 we naturally have 
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so = 0. 

<a,v,  a , u )  = o 
for all t, E .  

equation along yC(,, . The initial data are given by 
The study of a , u  is based on the fact that d , u  is a solution to Jacobi's 

(a,u)(o, 4 = o'(4 

(as mentioned above), and 

( F a ,  u)(o, E )  = (v, a, u)(o, 6 )  = v, = - &(,) oT'(&) + (v, 5 ( ~ ) ) ~ .  
For E = 0 set l(0) = 5, ~' (0)  = 5, and [(V&&jO()]" = q. Then (a,u)(t,O) is the 
Jacobi field along yr  which is the sum of the transverse Jacobi fields Z, Y 
along y e ,  where 

(37) Z(0) = 6, (V,Z)(O) = - L<5, 

(38) Y(0) = 0, (v,Y)(O) = 71. 

When k = n - 1, that is, dim M = dim M - 1, then Mi is l-dimen- 
sional, and the Jacobi field Y of (38) vanishes identically. Then for 
5 E GYIM, p = n 0 5, we may express the Riemannian metric on D&f by 

ds2(Exp t5 )  = d t2  + Id(t; 5 )  dp?, 

where d p  denotes the generic element of h, = tl, and d ( t ;  5 )  is the 
solution of (33) satisfying 

(39) d(0;  t) = I ,  d'(0; 5)  = - L, . 

The volume element on DM is given by 

dV(Exp t5) = &(t; 5 )  dt  ds(n 0 C), 

where d A  is the (n - 1)-dimensional volume element of A. If we write dA 
for the (n  - 1)-dimensional volume element on S f i ( 6 )  n DG, then we have 

dA(Exp 6t)  = &(a; 5 )  &(n 0 5) .  

A 
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9. THE LEVY-GROMOV 
ISOPERIMETRIC INEQUALITY 

We first require a Bishop comparison theorem for Fermi coordinates 
based on a codimension 1 closed submanifold M of a given Riemannian 
manifold M. Such estimates go back to Berger [l], Grossman [l], and, 
more recently, to Heintze-Karcher [l]. We keep the notation from the end 
of the previous section. 

We assume, for convenience, that M is complete, that IC is a real constant 
satisfying 

w r ,  r )  2 (n - 1)Klr I2  

for all r E TM, and that 6 is a real constant, and 5 an element of G%M for 
which 

tr L, 2 (n - 1)6. 

JJt) =: {CK(t) - 6SK(t)}”- l  

in (0, + co]. Then for d(t; 5 )  satisfying (33) with initial conditions (39), and B 
the first zero of &(t; 5 )  in (0, +GO], we have 

Let fi,,a be the first zero of 

(40) B B K . d  

and 

(41) &(r; 5 )  JK,d(t) 

on [O , f i ] ,  with equality in (41) at to E (0, /I] if and only if 

(42) L, = dI, 

and 

(43) 

on all of [0, to]. 

geodesic sphere of radius 

w = ICI, d( ; 5 )  = (C, - 6S,)I 

Note that in the spaceform M, with the hypersurface M consisting of a 
we have 

5)  = JK.d(t) 

for 5 pointing into the sphere and 

5 )  = JK,-a( t )  

for 5 pointing outward from the sphere. 
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To prove (40), (41), set 

t = min{p, fiK,a>, u = d'd-', cp = tr u = a/&; 
then, as in the proof of the Bishop theorem (Section 111.3), cp satisfies the 
differential inequality 

(44) Cp' + cp2/(n - 1)  + K(n - 1) 5 0. 

For 

$ = (n  - '){'K - "K}'/{'K - " K } ,  

we have 

$' + $'/(n - 1) + K(n - 1) = 0, 

$' = -(n - 1) (K + 62)/{cK - 6SK}',  

cp(0) I -(n - 1)s = $(O). 

If K + d2 # 0, then +' never vanishes on [O,z), so there exists a C" 
function e(t) defined on [O,  z) by 

d t )  = $(W, 
which implies 

(+' e)(i - e )  2 0. 

Should K + 6' > 0, then +' is always negative, and e(0) 2 0, 8' 2 1 on 
[0, z), from which one has O(t) 2 t and 

d t )  *(t), 

which implies (41) on [O ,  z). In particular, /? = z, which implies (40), (41). If 
we have cp(to) = $(to) for any to E (0, p), then 8' = 1 and cp = + on all of 
[u, to] .  The conclusions (42), (43) then follow as in the Bishop theorem. 

If K + 6' < 0 then one argues in a similar fashion. 
If K + h2 = 0, then for sufficiently small E > 0, K + (6 - E)' # 0, and if 

we let $E denote the function $ but with 6 replaced by 6 - E, we then have 

cp 5 *e 

cp(t) I $(t)  = -(n - 1)6 

on [0, 7) for all E > 0, which implies 

on [0, z) which yields inequality (41) with 

JK,Jt) = e-(n-')dr. 
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If there exists to E [O,p] for which &(to) = e-'"''6'0 , then cp(t) = 

-(n - 1)6 and cp'(t) = 0 on all of [0, to ) .  Thus we have equality in 
(43) on all of [0, to), which implies (42), and (43) on all of [0, t o ] .  

Now also assume that M is compact, and M a compact, codimension 1, 
submanifold of M dividing M into domains M, ,  M,. Then there exist 
6 E (- 00, + 00) and 

P1 f l K . 6 ,  Pz P K , - 6  

such that 

(47) 

Indeed, let A? vary over all compact, codimension 1, submanifolds of M 
which divide M into domains M i ,  M ;  satisfying 

V(Ml) = V(M;). 

Let fi, be the submanifold in this collection for which A(M') achieves a 
minimum. Then the regular points of fi, have constant mean curvature, 
say 8 .  (We leave the discussion of the existence of A,, and the lack of effect 
of possible singularities on the ensuing argument, to Gromov [l] and 
Schoen [l].) Furthermore, the domains Ml,o, M2,0 are covered by 
Exp %G. Then the claim follows easily from (40). 

An easy application of the above result is that the Cheeger constant t)(M) 
satisfies 

b(M)  2 {J:M)C;-l]-l, 

which by Cheeger's inequality (Theorem IV.11) provides a lower bound for 
A(M) in terms of the diameter of M, and a lower bound of the Ricci 
curvature of M-a result originally due to Li-Yau [l] (their estimate being 
sharper). 

A second application is the isoperimetric inequality discussed in Remarks 
1,2 of Section IV.2. Again M is compact with Ricci curvature bounded 
below by (n - l ) ~ ,  and IC > 0. Set 

fl  = v(M)/v(MK)* 
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Then B -= 1 by the Bonnet-Myers theorem (Section 111.3). Let R be a 
domain in M with smooth boundary, and D the geodesic disk in M, for 
which 

B = w=Ww. 
Then 

(48) A(8Q 2 BA(dD), 

with equality in (48) if and only if M is isometric to M,, and R is isometric 
to I>. Indeed, there exist pl, p2 and 6 so that 

(49) A(an) v(n)A(s,(B,,~))/v(BK(BK.d)), 

and, at the same time, 

(50) A ( W  2 W w ) A ( s , ( B , ,  - d / V K ( B K *  -a)). 

Furthermore, the function A(SK(z)) /V(  B,(T)) is strictly decreasing with 
respect to z. So, if B,,& is less than the radius of D, then (49) implies 

A(8R) 2 V(R)A(dD)/V(D) = BA(8D). 

If, on the other hand, is greater than the radius of D, then 
n/& - flK,a = &-a is less than the radius of MK\D, and (50) implies 

A(dQ) 2 v(M\sl)A(d(~o,\D)/v(M~\D) = BA(8D). 

So (48) is proven. The case of equality is easy. 

10. HEAT CONDUCTION ON THE 
EUCLIDEAN UPPER HALF-SPACE 

In this section we give an explicit solution to the initial-boundary value 
problem for the heat equation on the Euclidean upper half-space: 

rw; = (x E rw":x" > O}. 

Although this example does not fit into the theory of Chapter VII, it has the 
advantage of possessing easily obtainable formulas. 

The idea is that to each x = (x', . . ., x") in rW: we associate its reflection 
in the plane X" = 0, x* = (x', . . ., -x"); and, for 

e(x, y ,  t )  = (47rt)-"/2e-I"-y1'/4' 
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the heat kernel of R", and 

l/(n - 2)cn-,Ix - y1n-2, 

-(1/2x) lnlx - Yl,  

n > 2, 
n = 2, 

W Y )  = { 
the Newtonian potential of R", we define 

4x9 Y ,  t )  = ex, Y,  t )  - ex, Y*, t),  

G(x, Y )  = WG Y )  - w, Y*X 

to be our candidates for the Dirichlet heat kernel and Green's function, 
respectively, on R: . Both functions satisfy (i) their appropriate differential 
equation in the x variable, (ii) are perturbations of the free space kernels by 
global solutions of the respective differential equations, (iii) are symmetric in 
the space variables, (iv) are positive on R;, and vanish on aR; = R"-'. 

For the moment, assume that n > 2. Then from the substitution 

t = IX - yI2/4t 

we have 

= JX - y l - n + ~ ( ~ / 2  - i ) p R n / 2  = $(x,Y) 

(cf. Section XII.l), which is the formula (VII.49) for R = R", n > 2, which 
implies, in turn, (VII.49) for R = R: with q, G above. 

Now suppose that$ R: + 08, q: R"-' --* R are bounded and continuous, 
and seek a solution u(x, t )  to the heat equation on R: x (0, + co) with 

lim u( , t) =f, lim u(x, ) = q(w).  
t l 0  x+waaQ 

Then (VII.27) suggests that we consider 

4x9 0 = SS,: 4(x, Y ,  t ) f ( Y )  d V Y )  

-J;dt/@"-, a.,(" a4 w, t)cp(w) dA(w). 

To treat the two integrals, we set 
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First note that 

Ix - Y*l 2 lx - Yl, 

so that 

O < q < e  

on all of R:. Also, whenever x is restricted to a compact subset K in R:, 
then 

ix - y*{ 2 d(K, IWn-1) > 0 

for all y in R:. Using these comments and the arguments of Section VI.2, 
one can easily verify the convergence of the integral u1 ; that differentiation 
of u1 with respect to x and t may be carried out under the integral sign; 
and, therefore, u1 is a solution to the heat equation; and that 

lim ui( , t )  =f, 
(10 x-an 

lim u1 = 0. 

To estimate u1 for large values oft, one has 

- - WPIIII [ JoA +[I] Jz 
for any A > 0. Given any E > 0, there exists A > 0 such that 

(1 - &)(Y" + x") I v" - x" 5 y" + x" 

for all y" 2 A. Fix this value of A; then 

from which one concludes 
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for all E > 0. Therefore 

lim u1 = 0. 
i T + m  

To study u2 note that 

(aq/av,)(x, w, t )  = - (x"/t)e(x, w, t )  ; 

so 

u2(x, t) = dz (x"/t)e(x, w, T ) c ~ ( w )  dA(w). 

We leave it to the reader to establish that u2 is a solution to the heat 
equation, identically equal to 0 at time t = 0. 

(51) 1: 
If we consider the substitutions 

(i) w = i + r t ,  r > 0, 5 E §"-', 

(ii) r = 2JIs, 

(iii) p = (X")2/4t, 

then 

u2(x, t )  = n-@ ds 

. J- C p ( i  + x"st/JP) d ~ n - ~ ( t ) ,  
s.n-2 

where d§"-2 is the (n - 2)-dimensional volume element on §"-'. We leave 
it to the reader to legitimize the formal limit: 

by Section 1. 

substitution 
To investigate what happens to u,(x, t )  as t t+m, we apply the 

p = Ix - W12/4t 

directly to (50), and obtain 
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It is not too hard to justify the formal limit 

(~G/av,)(x, w)cp(w) dA(w), - -  

which is the classical solution to the Dirichlet problem for Laplace's 
equation Au = 0 on the Euclidean upper half-space. 

Our calculi':on, therefore, yields Theorem VII.6 for R: . 

11. THE MAXIMUM PRINCIPLE 
FOR THE LAPLACIAN 

The strong maximum principle. Let M be a Riemannian manifold with 
Laplace-Beltrami operator A, and let u be a bounded C2 function on M 
which satisfies 

(52) Au 2 0 

on M. If there exists xo in M for which 

u(x0) = sup u 
M 

(53) 

then 

on all of M. 
Furthermore, if u E C2(M)  n C ' ( M )  (cf. Definition VII.2) satisfies (52) on 

all of M, and M has a nonempty boundary with xo E M satisfying (53), and 
the interior sphere condition at xo (i.e,, there exist y E M, r > 0, such that 
B(y; r) c D, c M ,  xo E B(y; r)) ,  then 

at xo . 
We refer the reader to Protter-Weinberger [l, Section 11.31 for a proof of 

the theorem when M is diffeomorphic to a domain in Euclidean space. A 
standard continuation argument then extends the result to all of M. 

44 = 4 x 0 )  

aqav  > o 



330 

Of course, if one is given 
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Au I 0 

instead of (52), on all of M, then one has a corresponding minimum 
principle. For solutions of Laplace's equation, both principles are valid. 

12. RECENT PROGRESS 
ON EIGENVALUE 

AND HEAT KERNEL ESTIMATES 

We start by noting that for Neumann eigenvalues (0 = p,, < 
pl I p z  I . . a }  of a regular domain M in R", the Polya conjecture 
(cf. Remark 11.1) reads as 

(pk)"" I {(2n)"/W,,} k/vol M 

for all k = 0, 1,2, . . . . The conjecture has yet to be proved or disproved. 
Partial results can be found in Li-Yau [4]. Compare also the discussion 
below. 

Next, recall that Theorem IV.9 gives estimates for lower bounds of 
Dirichlet eigenvalues in terms of the Sobolev(-isoperimetric) constant and 
the volume. Furthermore, once one knows the Sobolev constant, the 
estimates of the eigenvalues have the form 

Ak 2 const - kl/f"-l)V-zl" 

(for example, when n > 2). Of course, it is desirable to improve the above 
estimates to the form 

A k  2 COnSt . (k/V)2in, 

which will reflect the growth indicated by the Weyl formula (naturally, for 
regular domains in R", the Polya conjecture is that the constant is that of 
the Weyl formula.) As remarked in Remark IV.3, any estimate of the form 

(54) 

implies 

W 

A, 2 {Ae}-Z/"k2/" 

for all k = 1,2, . . . . We summarize the argument of Cheng-Li [l], in the 
spirit of Section IV.4, to obtain an estimate of the form (54). 
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n 

But from the inequality (IV.26) (we are assuming, for convenience, that 
n =- 2) we have, for 

f ( Y )  = 4(x, YI 4% 

the inequality 

S, lgradflz d ~ 2  c(M)tlf2lln/(n-z), 

where c is given by (IV.27). Holder's inequality implies 

( n +  2 ) l n  

Itfz11nl(n-2) {JM12j  {JM~fl)La9 

and naturally, we have 

/Mlfldvs 1. 

One concludes 

(a ,q)(x,  X ,  t )  I - c (M){q (x ,  X ,  t)}(n+Z)'n. 

From 

lim q(x, x ,  t) = +a, 
ti0 

one now has 

(55)  q(X, X ,  t )  I {C(M)t}-"'Z = {c (n) /~(M)} t -" / ' ,  

where c(n) is a constant depending only on n, and s(M) is the Sobolev(- 
isoperimetric) constant of M .  Thus (55 )  gives an upper bound on the trace 
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of the heat kernel depending only on the Sobolev(-isoperimetric) constant of 
M. Therefore, 

c ,-A*' = I q(x, x, t )  d ~ ( x )  I {c(n)V(M)/s(M)}t-"/2, 
m 

& = l  M 

which implies 

(56) 2 c(n){s(M)k/V(M)I2/" 

for all k = 1,2, . . . . 
Next, let M be a compact Riemannian manifold of dimension n 2 2, 

diameter d,  and volume V having Ricci curvature bounded below by 
(n - l ) ~ ,  K I 0. In Section 111.3, we derived Cheng's comparison theorem 
(Theorem 111.7) and gave (Remark 111.4) a crude upper bound 

I,{M) I c(n, K ,  a2 
(where c ( n , ~ , d )  denotes a constant depending on n, K, and d) for large 
values of j .  For K = 0 we had, explicitly, 

LAM) 5 4 c D j 2 / d 2  

for all j = 1,2, . . .. A better estimate was obtained in Li-Yau [l]; namely, 
for all j = 1,2, . . ., we have 

(57) J-j I c,(n, K ,  d) + cz(n, K ,  d){U + l)/V}2/n, 

which is consistent with the growth with respect to j ,  given by the Weyl 
formula. For K = 0, the estimate becomes 

(58)  A j  I c(n){G + l)/V)21" 

for all j = 1,2, . . . . 
For lower bounds on eigenvalues, we have already mentioned, im- 

mediately following Theorem V.4, that I, may be bounded below in terms 
of n, K, d alone (Li-Yau [l]). A weaker estimate in terms of the same data 
(due to Gromov [l]) was derived, here in Section 9. For K = 0, H. Z. Yang 
and J. Q. Zhong [l] have recently proved the sharp estimate 

I ,  2 n2/d2 .  

For lower bounds on the higher eigenvalues, preliminary estimates were 
obtained in Li-Yau [l]. These were improved, using upper bounds for the 
heat kernel, in Li-Yau [4], to yield 

A j  2 c(n,j, K ,  4 
for all j = 0,1,2, . . ., which, when K = 0, becomes 

for allj = 0,1,2, . . .. 
I j  2 c(n)j2/"/dz 
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Although we have only discussed the eigenvalues of a compact manifold, 
the above papers of Li and Yau also contain results (and references) for the 
Dirichlet and Neumann eigenvalues. 

In Section VIII.3 we derived lower bounds for the Dirichlet heat kernel 
on geodesic disks when the Ricci curvature is bounded from below. These 
were then extended to lower bounds for the heat kernel of a complete 
noncompact Riemannian manifold with Ricci curvature bounded from 
below. When A4 is compact with nonnegative Ricci curvature and heat 
kernel p ,  Li and Yau [4] have shown that 

(59) p(x, x, t )  2 (4at)-"/Z 

for all (x, t) in M x (0, + 00). Inequality (59) is also valid when M is a 
regular domain, with convex boundary, and nonnegative Ricci curvature 
and p is the Neumann heat kernel. One has, then, for the eigenvalues, 

e-Akt 2 (4nt)p"/2V(M) 
k = O  

when M is compact, and 

1 e-P* '  2 (4nt)-"/' V ( M )  
k = O  

for the Neumann eigenvalues of M a regular domain with convex boundary 
and nonnegative Ricci curvature. (This is the "Polya conjecture" for the 
Laplace transform of Neumann eigenvalues.) 

New upper bounds on the heat kernel have been developed in Li-Yau 
[4]; namely, if M is a complete Riemannian manifold with Ricci curvature 
bounded below by (n - l ) ~ ,  IC I 0, and p is the heat kernel, then 

for all 6 > 0, where c(n, 6) -+ 00 as 6 -P 0. Note that the estimate (60) is 
sharp (except for the c(n,6) in the front) when M = Sk x R', k + 1 = n (in 
which case, K = 0). If the Ricci curvature is not bounded from below, then 
one also has a corresponding estimate for x, y restricted to geodesic disks 
centered at some fixed point. 

A corresponding lower bound of the form 

is also derived in Li-Yau [4]. 



A P P E N D I X  

Laplacian on Forms 

Jozef Dodziuk 

The Laplace operator acting on functions has a natural generalization to 
differential forms. In the theory of this new operator, also called the 
Laplacian, the interplay among analysis, topology, and geometry is even 
more striking. One of the most exciting aspects of this interplay is the heat 
equation approach to index theorems, which will be outlined in Section B 
for the special case of generalized Gauss-Bonnet formula (cf. Atiyah-Bott- 
Patodi [l] and Gilkey [2]). References for the classical theory of the 
Laplacian on forms include deRahm [ 13, Yano-Bochner [ 11, and Warner 
[l]. The aim of this section is to describe the flavor of this beautiful subject 
and to entice the reader to further exploration. No attempt is made to give 
proofs or to make an exhaustive survey of the area. 

A. DERAHM-HODGE THEORY, 
VANISHING THEOREMS 

For a smooth manifold M", let AP(M) denote the space of C" differential 
forms of degree p = 0, 1,2, . . ., n with real coefficients. The exterior de- 
rivative d maps AP(M) into AP+'(M) and the resulting complex (the deRham 
complex of M) 

(Al) 0 + AO(M) : A'(M) 5 . . . : A"-'(M) 5 A"(M) --* 0 

contains a great deal of topological information about M. Namely, we have 

THEOREM A1 (deRham). The-cohomology of the deRham complex of 
M is isomorphic to the singular cohomology of M with real coefficients 
(more precisely, the isomorphism is given by integration of forms over 
smooth singular chains). 

334 
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From now until further notice we require M to be compact, oriented, 
Riemannian, and without boundary. The Riemannian metric ( , ) induces 
inner products in fibers of various tensor bundles over M ,  also denoted by 
( , ). It also induces the * operator mapping forms of degree p to forms of 
degree n - p .  For a form a E A P M , ,  *a is uniquely determined by requiring 
that 

(A21 (a, B), d V  = B A * a, 

for all /3 E I I " -~M, .  Identifying decomposable covectors q 1  A q 2  A ... A q p  
with span{?,, q 2 ,  ..., q,} one can interpret * as taking the orthogonal 
complement. For two smooth forms a, /3 E Ap(M), we define their L2 inner 
product as 

(a, B) = JM<a, P> d v  = a A * B. I (A31 

The operator 6 = (-l)np+"+l * d* is the formal adjoint of d in the sense that 

(A41 (da, B) = (a, 8/31 

whenever ~ E A ~ - ' ( M ) ,  / ~ E A " - P ( M ) .  This is an easy consequence of 
Stokes's theorem. It is worth mentioning that, under the duality M ,  E M: 
induced by the Riemannian metric, -6 on forms of degree one corresponds 
to the divergence of vector fields. 

(A5) 

Note that A,, = - 6d is just the Laplacian on functions, since 6 I A o ( M )  = 0. 
One often writes Ap = A if keeping track of degree is not crucial. A form w 
is called harmonic if Aw = 0. The space of all harmonic p-forms will be 
denoted by X P ( M ) .  By (A4) w is harmonic if and only if d w  = 60 = 0. 
Another consequence of (A4) is that A is symmetric, that is, (AM, /3) = (a, AB) 
for a, /3 E A*(M). We mention that in case of the flat torus Rn/Z", in the 
natural coordinate system induced from R", the Laplacian is computed by 
applying the ordinary Euclidean Laplacian to the coefficients of a differen- 
tial form. 

A fundamental result relating the Laplacian to the topology of M is the 
theorem of Hodge (cf. deRham [ 13 or Warner [ 13). 

The Laplace operator Ap: A p ( M )  ---* A P ( M )  is now defined as 

Ap = - (d6 + ad), p = 0 , 1 , 2 , .  . ., n. 

THEOREM A2. For every p = 0,1,2, . . ., n, AP(M) admits the orthog- 
onal direct sum decomposition 

AP(M) = d A P - ' ( M )  @ H P ( M )  @ GAP+'(M), 
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that is, every form o E AP(M)  can be written as w = da + h + S/3, with 
u E AP-‘(M), /3 E AP+’(M), and Ah = 0. da, h, and S/3 are determined 
uniquely. As a consequence X p ( M )  is isomorphic to the deRham coho- 
mology of M in dimension p .  

One can see easily that Theorem A2 is implied by existence of the 
orthogonal sum decomposition 

AP(M) = .%?’(M) @ AAP(M). 

In case of functions this reduces to the familiar fact that the equation 
Au =f can be solved for u if and only i f f  is orthogonal to constants, 
that is, if j w f d V =  0. One can see the way the Hodge theorem comes 
about by pretending that the spaces of differential forms are finite dimen- 
sional. If this were so, (A,Ap(M))’ = ker A; = ker A, = X P ( M )  and 
AP(M)  = Z P ( M )  0 Ap AP(M).  In general such heuristic, “finite-dimensional” 
arguments produce correct results for the Laplacian on a compact mani- 
fold. However, to justify them one has to work considerably harder. A 
proof of the Hodge theorem based on the heat equation for Ap will be 
sketched below. 

The Hodge theory gives a relation between the topology and analysis on 
M .  One way in which geometry enters is via the following formula which 
goes back to Bochner (cf. Yano-Bochner [l], or deRham [l]). 

PROPOSITION A3. For 0 c p I n and o E A’ 

(a) 

(b) 

AO = - (V*Vo + F’o), 

4Alol2 = (Am, W) + (F,o, W) + lv0.11~. 

Here V denotes the covariant derivative induced by the Levi-Civita con- 
nection, V* is its formal adjoint, and Fp is an algebraic operator involving 
the Riemann curvature tensor. For p = 1, F’ is given by the Ricci tensor. 
Thus applying the second formula above to a differential df one obtains 
formula (111.56). 

This proposition leads to a method (due to Bochner) of proving “vanish- 
ing theorems,” that is, theorems which assert that under certain assump- 
tions on curvature some cohomology groups are trivial. A scheme for 
proving such theorems is given by 

THEOREM A4. Suppose Fp 2.0, that is, (F,o, o), 2 0 for all x E M 
and all o E APM,. Suppose further that there exists xo E M for which 
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(Fpw, w ) ~ , ,  > 0 for all nonzero p-forms w E APM,. Then every harmonic 
form of degree p is identically zero. 

This theorem gives a method for proving vanishing theorems. The real 
work is always in proving that F, > 0. We indicate how the method works. 
One can use either (a) or (b) of Proposition A3. Using (a) and Aw = 0, we 
obtain 

0 = (Vw, Vw) + (F,w, 0). 

Both terms are nonnegative so that Vw = 0. It follows that (w,w)  is a 
constant, which must be zero in view of strict positivity of F, at one point of 
M .  Alternatively, if w is not identically zero, 101 attains a positive maximum 
at a point xo E M .  Using (b) we see that 

+Alwl2 = (F,w, w )  + (Vw, Vo) 2 0 

at xo. By the maximum principle 101 = const so that 

(F,w, w )  + (Vw, Vw) = 0. 

As above w must be zero identically. 
It is rather surprising that such a simple result has so many deep 

consequences (cf. Yano-Bochner [l]). It applies not only to the Laplace 
operator, but also to the 8-Laplacian in Kahlerian geometry (cf. Morrow- 
Kodaira [l]) and to the Dirac operator on spinors (cf. Hitchin [l]). It 
exhibits very nicely the interaction between spectral properties (the kernel of 
A), topology (cohomology), and geometry (curvature entering via F,). We 
quote just one result proved fairly recently by Gallot and Meyer [l]. 

THEOREM A5. Suppose the curvature operator p :  A2M, + A2Mx has 
a positive lower bound at every point x E M. Then M is a real homology 
sphere, that is, H*(M,  R) s H*(S", R). 

B. THE HEAT EQUATION ON FORMS 

Consider the initial value problem 

('46) A,,w = b / a t ,  O(X, 0) = o~(x), 

where w is a C" p-form on M depending smoothly on a parameter 
t E [O,co). This problem admits a fundamental solution, often called the 
heat kernel, e,(x, y, t )  whose value at a point (x, y ,  t )  E M x M x (0, m) is a 
linear map from ApM, to M M , .  Using the duality M y  z M,* given by the 
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Riemannian metric we can also think of ep(x,y,  t) as an element of 
APM, @ NM,,, that is, a double form. The e,(x, y ,  t) depends smoothly on 
( x ,  y,  t )  E M x M x (0, a), and its defining property is the fact that 

4% t )  = s, ep& Y ,  t )  A *WO(Y) W Y )  

is a solution of (AS). To be precise we require that M x ,  t )  satisfies the heat 
equation for t > 0 and extends to a C m  function on M x [0, 00) if oo is 
smooth. Solutions of (A5) are unique (e.g., by the energy method). Therefore 
ep(x, y ,  t) is unique if it exists. 

A modification of the method of Minakshisundaram employed in 
Chapter VI to construct eo(x, y ,  t) = Ax, y,  t) yields existence of the funda- 
mental solution of the heat equation on forms for 0 < p I n (cf. Patodi El]). 

THEOREM B1. Given a C" form coo E AP(M), the unique solution of 
(A5) is given by 

(A71 

where the kernel ep is a symmetric double form on M x M depending 
smoothly on a parameter t > 0. The kernels ep(x, y,  t) have the properties 

that is, for every integer k 2 0 
k 

ep(x, x ,  t)  = 1 t-(n/2)+jCp,j(x) + O(tk-("'2)) 

as t approaches 0. Each Cp,j  is a smooth double form, the estimates are 
uniform on M, and the coefficients of Cp,j  are given by universal (but not 
unique) polynomials in Riemann curvature tensor and its covariant 
derivatives. 

j = O  

Milgram and Rosenbloom [l] showed that the Laplacian itself can be 
studied via the heat equation. In particular the Hodge theorem follows from 
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basic properties of the heat kernels e,(x, y ,  t ) .  We outline the argument. Let 
P(t)w(x) = JM ep(x, y, t )  A *w(y) d%,  for a form w E AP(M). One first shows 
that the limit 

Ho = lim P(t)w 
I -  m 

exists for every w E AP(M). Clearly P( t )Hw = Ho and therefore 

a a 
at at 

0 = - HW = - P(t)Hw = AHw, 

so that Ho is harmonic. Next consider G o  = J; ( P ( t ) o  - Hw) dt ,  and 
compute 

a 
A G ~  = Jorn~p(t)w = sorn at P(t)w = lim p(t)w - lim ~ ( t ) w  = HW - w .  

Of course, in this formal argument convergence of the integral defining Gw 
and differentiation under the integral sign have to be justified. This is not 
difficult since, in fact, P ( t ) o  - Hw decays exponentially as t goes to infinity. 
The equalities prove that o = Ho - AGw = Hw + dSw + Sdw, which is 
the Hodge decomposition of w. Compare Sections VI.1, VII.3. 

As in the case of functions one can also derive the spectral decomposition 
of the Laplacian and H.  Weyl’s asymptotic formula from the properties of 
the heat kernel. The argument differs only in notational detail from the 
proofs of the Sturm-Liouville decomposition and the Weyl’s formula in 
Chapter VI. 

1+m 1 - 0  

THEOREM B2. The completion L2Ap(M)  of AP(M)  with respect to the 
L2 norm has an orthonormal basis (P~,,, (p2,,, (p3,,, . . . consisting of eigen- 
forms of A,. One can order the eigenforms so that the corresponding eigen- 
values Ak,, satisfy 

(AlO) 

in particular the multiplicities are finite; 

(i) 0 I A1,, I ,Iz,, I A3,, I . . . -, co, 
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We next describe how the heat kernels can be used to obtain a link 
between local and global invariants of the manifold M. Taking the trace 
and combining the asymptotic expansion (A9) with (A lO)(iii) we obtain 

(A1 1 ) s, tr e,(x, x, t )  d W  

m 

- - 1 e - A k . p t  - t-n/2(ao,p + al,p + t2a2,, + a * - ) ,  

t+0+  
k = l  

where aj,p = JM tr C,,Ax) dV(x). On one side of this formula we have 
eigenvalues which are global invariants of M. The other side contains 
integrals of locally defined functions. 

To sketch the heat equation approach to generalized Gauss-Bonnet 
theorem we need some notation. For A 2 0, and 0 5 p I n let AP(1) be the 
eigenspace of Ap belonging to the eigenvalue A. Of course AP(L) is finite 
dimensional and it is nonzero only for countably many values of L. Clearly 
Ap(A) is perpendicular to Ap(p)  for 1 # p, and, since dA = Ad, 66 = AS, 
dAP(I) c Apf'(il) and 6AP+'(1) c Ap( l ) .  It is an easy exercise in linear 
algebra to see that, for rZ > 0, the sequence 

0 -+ AO(1) 5 A'(A) 5 * * * 5 A"(L) + 0 

is exact. Therefore, for rl > 0, 
n 

p = l  
c (- l)P dim AP(A) = 0. 

It follows that 
n n 

1 (-l)p 1 e-"dimAP(l) = 1 e-lr 1 (-1)Pdim AP(L) 
p = l  120 120 p = o  

n 

p = o  
= 1 (-l)PdimAP(O) 

n 

= c (-1)P dim &'P(M) = x(M), 
p = o  

where x(M)  is the Euler characteristic of M. This expression for x ( M )  
combined with (Al l )  gives 
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It follows immediately that for j < 4 2 ,  c”p0( - ~ ) P U ~ , ~  = 0, that z ( M )  = 0 
for n odd and that for even n 

n 

X(M) = c (-l)Pa”,z,p* 
p = o  

We recall that 

The following theorem was conjectured by McKean and Singer [l] as a 
“fantastic cancellation.” It was proved independently by Gilkey [ 11 and 
Patodi [l]. 

THEOREM B3. 

where R is the integrand in generalized Gauss-Bonnet formula (cf. Chern 
C11)- 

Gilkey’s proof is particularly elegant. He proves that the construction of 
the heat kernels forces the forms (xi=,, (-l)p tr C,jx))  dV to have certain 
functorial properties. He then shows that the dimension of the space of 
forms with these properties is zero when j < n12, and is one for j = n/2. The 
proof is completed by verifying that R has the required properties and that 
jsZk R = 2 for all k. 

We remark that other classical index theorems (Hirzebruch signature 
formula, Riemann-Roch formula for compact Kahler manifolds) can be 
given similar proofs (cf. Gilkey [ 11). One can also prove the Lefschetz fixed- 
point formula (as well as Atiyah-Bott [ 11 generalization of it) using the heat 
equation (cf. Kotake [l]). 

C. EIGENVALUE ESTIMATES 

The situation here is much worse than in the case of functions. Such tools 
as the maximum principle or Harnack inequality which hold for elliptic (or 
parabolic) equations are not available for systems (e.g., for the Laplacian on 
forms). Similarly, the beautiful relationship between geometric invariants 
(e.g., isoperimetric constant or Cheeger’s constant) and analytic ones 
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(Sobolev constant, the smallest eigenvalue) have not been generalized to the 
Laplacian on forms. The case of Cheeger’s inequality deserves some discus- 
sion. The following example is due to E. Calabi and its understanding leads 
to Cheeger’s inequality. Let M be the surface of the dumbbell pictured in 
Fig. 1 on page 79. If the radius of the tube tends to zero, then Al, the first 
positive eigenvalue of Ao, approaches zero. One can think of the space M 
splitting into union M’ of two disjoint manifolds. The multiplicity of zero 
as an eigenvalue of A. is one for M and two for M‘. Assuming that the 
spectrum varies continuously under such drastic deformation of the mani- 
fold, A,(M) has to approach zero. Cheeger’s insight is that this is the 
only way to make A 1  approach zero. Similarly, in the case of forms, the 
convergence of the smallest positive eigenvalue of A, to zero ought to 
correspond to creation of a new cycle of dimension p. It appears that some 
kind of isoperimetric constant involving cycles of codimension other than 
one might give a lower bound for the lowest eigenvalue of Ap.  No such 
result has been proved. 

Finally, as another indication that much less is known about the 
Laplacian on forms, no comparison theorems for heat kernels exist (cf. 
Sections VI11.3 and 4). It is not even clear that any comparisons are 
possible since one deals with vector-valued functions. 

Having pointed out the difficulties one encounters we review some of the 
known eigenvalue estimates for A, . 

The simplest lower bound for Ao,p follows from Weitzenbock identity, 
Proposition A3 (Lichnerowicz’s theorem, (111.55), is a special case). 

THEOREM C1. Suppose Fp 2 a > 0 at every point of M .  Then 
Al,p 2 a. 

The proof is straightforward. The theorem may be regarded as a quanti- 
tative version of the vanishing Theorem A4. Concrete results are proved by 
examining which geometric conditions guarantee that Fp is bounded below 
by a positive constant. The following is an example. 

THEOREM C2 (Gallot and Meyer [l]). Suppose that the curvature 
operator px:  A2Mf -+ AzM: satisfies px 2 K > 0 for all x E M. Then for 
every p, 1 I p I 4 2 ,  

A1,p 2 K p ( n  - p + 1). 
The equality is attained for the sphere of constant curvature k. 
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We remark that this gives a lower bound of Al,, for all p ,  1 I p I n - 1, 
since * maps P ( M )  isomorphically onto A"-P(M) and *A = A*. 

Lower bounds for higher eigenvalues of A, were obtained by Li [l]. His 
departure point is also the Weitzenbock identity A3, which easily leads to 
the inequality 

for every eigenform w E AP(M) belonging to the eigenvalue A. As above K 

denotes the lower bound of the curvature operator. Setting f =  101 and 
integrating, one obtains 

I', f"'-'Af I ( A  - An - pF)llfll:l. 

I ~ l I A ~ l  5 (1 - - P).)14z 

On the other hand, 

21 - 1 
fz'-'Af= (21 - 1) (f"'-ZVJ Vf) = - II Vf 'I1 ;. I l 2  

The scheme described in Section IV.4 applies to the functionf and yields 
(among other things) a lower bound for Lj, ,  in terms of the volume, the 
lower bound of the curvature operator, the Sobolev constant, p , j  and the 
dimension of M. 

D. BOUNDARY-VALUE PROBLEMS 

There are boundary conditions for A,, which are natural generalizations 
of Dirichlet and Neumann boundary conditions for Ao. As in the case of 
functions their understanding helps even in the study of A, for manifolds 
without boundary. To describe these boundary conditions we need some 
notation. Let M be a smooth, compact, oriented, Riemannian manifold 
with smooth boundary d M .  Suppose q is the unit inward pointing normal 
in the cotangent space at a boundary point x E 8M.  A differential form 
w E APMf can be decomposed uniquely into its normal and tangential 
components w = wtan + O,, ,~,  where w,,,, = ,u A q, wtan E Ap(8M)f, 
p E App1(i3M):. 

Analogous to Dirichlet boundary conditions are absolute boundary 
conditions 

a t a n  = 0, (6w)tan = 0. 

Relative boundary conditions 

wnonn = 0, (dw)no,m = 0 

generalize the Neumann conditions. 
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Either of these boundary conditions gives rise to an elliptic, self-adjoint 
boundary value problem. Formally, the theory is very similar to what we 
outlined for the boundaryless case. For example, the deRham-Hodge 
theory holds (cf. Conner [l]; Ray and Singer [l]). In particular, harmonic 
forms which satisfy absolute (respectively, relative) boundary conditions 
represent the absolute cohomology of M (respectively, the relative coho- 
mology of the pair (M, aM)). Indeed, this is the source of the terminology. 

Heat equation methods have been used successfully to study these 
boundary value problems (e.g., by Ray and Singer [l] and by Cheeger [2]) 
and to some other nonlocal boundary value problems in connection with 
index theorem for manifolds with boundary (cf. Atiyah-Patodi-Singer [ 11). 
H. Weyl's asymptotic formula holds in this context and gives the asymp- 
totic rate of growth of the eigenvalues but almost no eigenvalue estimates 
are known for Ap with either absolute or relative boundary conditions. 
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